FEDD  DOCUMENT 


Note  that  this  document  bears  the  label  "FEDD,"  an 
acronym  for  "FOR  EARLY  DOMESTIC  DISSEMINATION." 

The  FEDD  label  is  affixed  to  documents  that  may  contain 
information  having  high  commercial  potential. 

The  FEDD  concept  was  developed  as  a  result  of  the 
desire  to  maintain  U  S.  leadership  in  world  trade  markets 
and  encourage  a  favorable. balance  of  trade.  Since  the 
availability  of  tax-supported  U.S.  technology  to  foreign 
business  interests  could  represent  an  unearned  benefit, 
research  results  that  may  have  high  commercial  potential 
are  being  distributed  to  U.S.  industry  in  advance  of  general 
release. 

The  recipient  of  this  report  must  treat  the  information 
it  contains  according  to  the  conditions  of  the  FEDD  label 
on  the  front  cover. 


ASA  /Contractor  Report  3251 


rfj l-V&L- 


PAN  AIR— A  Computer  Program  for 
Predicting  Subsonic  or  Supersonic 
Linear  Potential  Flows  Xbout 
Arbitrary  Configurations  Using  a 
Higher  Order  Panel  Method ,  i 


Volume!.-*- Theory  Document 

1  (Version  1.0),  > 


)  fCL 


Alfred  E.j Magnus  Michael  A.jEpton 
Boeing  Military  Airplane  Company 
Seattle,  Washington 


Prepared  for  >■ 

Ames  Researcbr^nT&K 
and  f  j  ) 

Langley  Research  j^rtiter ...  . 
under  ContracyNAS2-9830/  j 

and  for  the 

Air  Force  Aeronautical  Systems  Division 
Air  Force  Wright  Aeronautical  Laboratories 
Naval  Coastal  Systems  Center 


Up  -  'VOl 


/  ^ 


Because  o)  its  significant  early  commercial  potential,  this  information,  which  has  been  developed  under  a  U.S.  Government 
program,  is  being  disseminated  within  the  United  States  In  advance  of  general  publication.  This  information  may  be 
duplicated  and  used  by  the  recipient  with  the  express  limitation  that  it  not  be  published.  Release  of  this  information  to  other 
domestic  parties  by  the  recipient  shall  be  made  subject  to  these  limitations.  Foreign  release  may  be  mado  only  with  prior 
NASA  apr'oval  and  appropriate  export  licenses.  This  legend  shall  be  marked  on  any  reproduction  of  this  information  in  whole 
or  in  part.  Pate  for  generatrekne  August,  1982. 


NASA 

National  Aeronautics  and 
Space  Administration 


<4  c  /  a 

J  7  $■  /tft  ¥0 


.  *»■!»« 


Si 


Mwimm 


Ames  Research  Center 

Mt  'flett  Field,  California  94035 


1.  Report  No  2  Govtfnrr*nt  Acc«uion  No. 

__N_ASA  CR-3251 _  \  AV‘  A  0?3  1  V S' _ 

4.  Title  and  Subti'te 

PAN  AIR  -  A  computer  program  for  predicting  subsonic  or  super¬ 
sonic  linear  potential  flows  about  arbitrary  configurations 
using  a  higher  order  panel  method 

Volume  1  -  Theory  Document  (Version  1.0) _ 

7.  Author(s) 

Alfred  E.  Magnus  and  Michael  A.  Epton 

9  Performing  Organisation  Name  and  Andrew 

Boeing  Military  Airplane  Company  / 

P.  0.  Box  3707 
Seattle,  Washington  98124 


17.  Sponsoring  Agency  Name  and  Address 

o  NASA,  Washington  D.C.  20546 
o  AFWAL  and  ASO,  Wright-Patterson  AFB,  Ohio  45433 
o  NCSC,  Panama  City,  Florida  32407 


3.  Recipient's  Catalog  No. 
b  Report  Date 

April  15  s  1980 _ 

6.  Performing  Organization  Code 
8.  Performing  Organization  Report  Mo 


D180-24910-3  ^ _ 

To.  'work^Unit  No.  " 

11.  Contract  or  Grant  No 

NAS2-3830 

13.  Type  of  Report  and  Period  Covered 

Contractor  Report 
January  1 978- Apr  i  1  1980 

14  Sponsoring  Agency  Code 


.  .a  Supplementary  Notes  Technicul  Monitors: 

NASA-Ames:  Larry  L,  Erickson,  Ralph  L.  Carmichael,  Alan  0.  Levin 
NASA-langley :  David  S.  Miller,  James  L.  Thomas  ASD:  James  R.  Snyder 

AFWAL:  Capt.  Jay  DeJongh,  William  A.  Sotnmayer  NCSC:  Neill  S.  Smith 

16  Abstract.'/ 

An  outline  of  the  derivation  of  the  differential  equation  governing  linear  subsonic  and 
supersonic  potential  flow  is  given.  The  use  of  Green's  Theorem  to  obtain  an  integral  equation 
over  the  boundary  surface  is  discussed.  The  engineering  techniques  incorporated  in  the  PAN  AIR 
(Panel  Aerodynamics)  program  (a  discretization  method  which  solves  the  integral  equation  for 
arbitrary  first  order  boundary  conditions)  aie  then  discussed  in  detail. 

Items  discussed  include  the  construction  of  the  compressibility  transformation,  splining 
techniques,  impos i t io>  of  the  boundary  conditions,  influence  coefficient  computation  (including 
the  concept  of  the  finite  part  of  an  integral),  computation  of  pressure  coefficients,  and  com- 
f  putatioi.  of  forces  and  moments.,.. 


17.  Key  Words  (Suggested  by  Authorial)  18,  Distribution  Statement 

aerodynamics,  linear  potential  flow, 

panel  methods,  Prandtl -Glauert  equation,  FEDD  Distribution, 

splines,  Influence  coefficients,  discretization  STAR  Cateqory  02 


19.  Security  CUtvif.  (of  thi*  repoM) 

20.  Security  Clasaif.  (of  this  page) 

21.  No.  of  Pages 

22.  Price' 

unclassified 

unclassified 

693 

$16.50 

’For  sal*  jy  the  National  Technical  Information  Scrvict,  Springfield,  Virginia  22161 


4±ar?  -y 


NASA-langley,  1980 

t  A  A  ,  i 


Contents 


Page 

List  of  F igures  xi 

1,0  Introduction  1.0-1 

2. 0  Fundamental  Fluid  Mechanics  2.0-1 

2.’  The  Nav ier-Stokes  Equations  2.1-1 

2.2  Euler's  Equation  2.2-1 

2.3  The  Unsteady  Potential  Equation  2.3-1 

2.4  The  Steady  Non-Linear  Potential  Equation  2.4-1 

2.5  The  Prandtl-Glauert  Equation  2.5-1 

3.0  Panel  Method  Theory  3.0-1 

3.1  Coordinate  Scaling  3.1-1 

3.2  Green's  Theorems  3.2-1 

3.3  Discretization  3.3-1 

4.0  An  Overview  of  PAN  AIR  4.0-1 

4.1  Historical  Development  of  Panel  Methods  4.0-1 

4.2  Summary  of  PAN  AIR  Technology  4.2-1 

4.2.1  Basis  Function  Computation  4.2-2 

4. 2. 1.1  Subpanel  Splines  4.2-2 

4. 2. 1.2  Outer  Splines  4.2-3 

4.2.2  Panel  Inf luence  Coefficients  4.2-4 

4.2.2. 1  Near  Field  PIC's  4.2-5 

4. 2. 2. 2  Far  Field  PIC's  4.2-6 

4.2.2  Potential  and  Velocity  Influence  4.2-6 

Coefficient  Assembly 

4.2.4  Aerodynamic  Influence  Coefficient  4.2-7 

Matrix  Construction 

5.0  Elaboration  on  the  Technology  in  PAN  AIR  5.1-1 

5.1  Networks  and  Panels  5.1-1 

5.2  Coordinate  Transformations  5.2-1 

5.3  Network  Edge  Matching  5.3-1 

5.4  Control  Points  and  Boundary  Conditions  5.4-1 

5.4.1  Control  Point  Location  5.4-1 

5.4.2  Boundary  Conditions  5.4-1 

5.4. 2.1  Impermeability  Boundary  Conditions  5.4-2 

5. 4. 2. 2  Thin  Surfaces  5.4-4 

5. 4. 2. 3  Thick  Configurations  5.4-5 

5.-  2.4  Superinclined  Surfaces  5.4-7 

5. 4. 2. 5  The  General  Boundary  Condition  5.4-8 

5.5  Singularity  Splines  5.5-1 

5.5.1  The  Matrices  B^  and  5.5-1 

5.5.2  The  Definition  of  SPSPL  5.5-3 

5.5.3  Construction  of  the  Matrics  B  5.5-4 

5.5.4  Construction  of  SPSPL  5.5-6 


i  i  i 


5.6  Influence  Coeff icients  5.6-1 

5.6.1  Computation  of  Potential  and  Velocity  5.6-1 

5.6.?  Reformulation  of  the  Doublet  Velocity  Integral  5.6-4 

5.6.3  The  Far  Field  Expansion  5.6-6 

5.7  The  Aerodynamic  Influence  Coefficient.  Matrix  5.7-1 

5.7.1  Non-Standard  Boundary  Conditions  5.7-2 

5.7.2  Symmetry  5.7-3 

5.7.3  Known  Singularity  Parameters  5.7-6 

5.7.4  Multiple  Right  Hand  Side  5.7-8 

5.7.5  Updatability  5.7-9 

5.8  Solution  of  the  System  oi  Equations  5.8-1 

5.9  Post-Solution  Features  5.9-1 

5.9.1  Computation  of  Potential  and  Velocity  5.9-1 

5.9.2  Pressure  Computation  5.9-2 

5.9.3  Velocity  Corrections  5.9-2 

5.9.4  Force  and  Moment  Computation  5.9-4 

6.0  A  Guide  to  the  Appendices  6.0-1 

7.0  References  7,0-1 

8.0  List  of  Symbols  8.0-1 

9.0  Engineering  Glossary  9.0-1 

Appendices 

A. O  Fundamental  Fluid  Mechanics  A. 0-1 

A. l  The  Small  Perturbation  Assumptions  A. 1-1 

B. O  The  Prandtl-Glauert  Equation  U. 0-1 

B. l  Existence  and  Uniqueness  B.l-1 

B.2  Wakes  and  Modeling  B.2-1 

B.3  Removal  of  Line  Vortex  Terms  B.3-1 

B. 4  Linear  Sources  and  Quadratic  Doublets  B.4-1 

C. O  The  Design  Problem  C.0-1 

C. l  Linearized  Design  C . 1-1 

C.2  Sequential  Design  C.2-1 

C.3  Iterative  Design  C.3-1 

C. 4  Stability  C.4-1 

D. O  Geometry  of  Networks  and  Panels  D.0-1 

D. l  Networks  D. 1-1 

0.1.1  Network  Types  D.l-1 

0.2.1  Wake  Networks  and  the  Kutta  Condition  D.l-1 

D.1.3  Indexing  D.l-2 

D.l. 4  Collapsing  of  Network  Edges  D.l-2 

0.1.5  Additional  Network  Processing  D.l-3 

D  2  Basic  Panel  Geometry  0.2-1 

E. O  Matrices  and  Coordinate?  E.0-1 

E. l  Vectors  and  Dual  Vectors  E.l-1 

E.2  Metric  Matrices,  Dual  Matrices,  and  Inner  Products  E.2-1 

E.3  Coordinate  Transformations  E.3-1 


iv 


F. O  Edge  Matching  F.O-1 

F.l  Continuity  Requirements  F.l-1 

F.2  Network  Abutments  F . 2—1 

F.3  Automatic  Abutment  Searches  F.3-1 

F.4  Doublet  Matching  Along  Abutments  F.4-1 

F.5  Abutment  Intersections  F.5-1 

F.6  Gap-Filling  Panels  F .6—1 

G. O  Control  Point  Locations  G.0-1 

H. O  Boundary  Conditions  and  Onset  Flows  H. 0-1 

H. l  Reduction  of  User  Specified  Boundary  H.l-1 

Conditions  to  Standard  Formulation 

FI. 2  Program  Overrides  of  User  Boundary  H.2-1 

Condition  Specifications 

H.2.1  Superinclined  Panel  Override  FI, 2-1 

FI. 2. 2  Nullification  of  User-Input  Boundary  Conditions  FI. 2-2 

FI. 2. 3  Source  and  Doublet  Matching  Boundary  Conditions  H.2-2 

FI. 2.4  Closure  Boundary  Conditions  FI. 2-3 

H. 2.5  The  Boundary  Condition  Hierarchy  H.2-5 

h . 3  Onset  Flows  H.3-1 

I . 0  Singularity  Spl ines  I. 0-1 

I. 1  Oute-  Splines  I. 1-1 

I. 1.1  Source  Spline  Vectors  tor  Analysis  Vectors  I. 1-1 

1. 1.1.1  Neighboring  Singularity  Parameters  1.1-2 

1. 1.1. 2  Computation  of  a  Local  Coordinate  System  1.1-2 

1. 1.1.3  The  Bilinear  Fit  at  Panel  Corner  Points  1.1-3 

'.1.2  Doublet  Spline  Vectors  for  Analysis  Networks  1.1-5 

1. 1.2.1  The  Quadratic  Least  Squares  Fit  for  Panel  1.1-6 

Corners  or  Panel  Edge  Midpoints 

1. 1.2. 2  Neighboring  Points  for  Least  Squares  Fit  1.1-8 

1.1. 2. 3  Construction  of  a  Local  Coordinate  System  I. 1-9 

1. 1.2. 4  We'ghts  for  the  Least  Squares  Fit  1. 1-10 

1. 1.2. 5  Edge  Splints  for  Non-Smouth  Abutments  I. 1-11 

I. 1.2. A  Edge  Splines  for  Smooth  Abutments  1.1-15 

1.1.3  Doublet  Spline  Vectors  for  Wake  Networks  1.1-17 

1.1.4  Source  Splines  for  Design  Networks  1.1-17 

1.1.5  Doublet  splines  for  Design  Networks  1 . 1  - x 7 

1.2  Subpanel  Splines  1.2-1 

1. 2. 1  Source  Subpanel  Splines  1.2-1 

1.2.1. 1  Prel iminar ies  1.2-1 

1.2. 1.2  Inversion  of  the  Matrix  of  Coordinates  1.2-2 

I  2.1.3  The  Extension  Matrix  '.2-6 

1.2.2  Doublet  Subpanel  Splines  1.2-6 

1. 2. 2.1  Continuity  Requirements  1.2-6 

1. 2. 2. 2  Definition  of  Kappa  Quantities  1.2-7 

1. 2. 2. 3  Computation  of  Kappa  Quantities  1.2-8 

1. 2. 2. 4  The  Doublet  Extension  Matrix  1.2-12 

1. 2. 2. 5  The  Matrix  of  Coordinates  1.2-12 

1. 2. 2. 6  inversion  of  1.2-14 


v 


1.3  Full  Panel  and  Half  Panel  Splines 

1.3.1  Full  Panel  Spline  Matrices 

1.3.2  Ha’f  Panel  Spline  Matrices 
(Background  Material) 

1. 3. 2.1  Requirements  for  the  Source 
Half  Panel  Spline  Matrix 

1. 3. 2. 2  Computation  of 

1. 3. 2. 3  The  Extension  Matrix  XH$ 

1. 3. 2. 4  Requirements  for  the  Doublet 
Half  Panel  Spline  Matrix 

1. 3. 2. 5  Computation  of 

1. 3. 2. 6  The  Extension  Matrix  XU*5 

1.4  Far  Field  Moments 

1.4.1  The  Defining  Equations 

1. 4. 1.1  Source  Far  Field  Moments 

1. 4. 1.2  Symmetrization 

1. 4. 1.3  Doublet  Far  Field  Moments 

1. 4. 1.4  Doublet  Velocity  Far  Field  Moments 

1.4.2  Construction  of  the  Far  Field  Moments 

1. 4. 2.1  Prel iminaries 

1 

1. 4. 2. 2  FFM 

S 

2 

1. 4. 2. 3  FFM 

b 

3 

1. 4. 2. 4  FFM 

S 

1. 4. 2. 5  r'FM° 

D 

1 

1. 4. 2. 6  FFM 

D 

2  3 

1. 4. 2. 7  FFM  and  FFM 

0,0  D,0 

4 

1 .4.2.8  FFM 

D 

5 

1. 4. 2. 9  FFM 

D 

6 

1.4.2.10  FFM 

D,Q 


1.3-1 

1.3- 1 

1.3- 3 

1.3- 3 

1.3- 5 

1.3- 7 

1.3- 8 

1.3- 9 

1.3- 12 

1.4- 1 
1.4-1 

1.4- 1 

1.4- 2 

1.4- 3 

1.4- 4 
1.4-4 

1.4- 4 

1.4- 5 


1.4-7 


1.4-10 


1.4-12 


1.4-13 


1.4-13 


1.4-14 


1.4-16 


1.4-18 


vi 


1.4.3  Basic  Far  Field  Mounts  1.4-19 

1. 4. 3.1  Reduction  to  Line  Integrals  I .4—20 

1. 4. 3. 2  Computation  of  the  Line  Integrals  1.4-22 

I. 5  Constrainted  Least  Squares  I,c-1 

1.5.1  Definition  of  the  Problem  1.5-1 

1.5.2  Elimination  of  the  Weights  1.5-1 

1.5.3  The  Case  of  No  Exact  Constraints  1.5-2 

1.5.4  Reduction  of  the  General  Case  1.5-2 

J.O  Panel  Influence  Coefficient  Calculation  J.l-1 

J. l  Introduction  and  Notation  J.l-1, 

J.1.1  Definitions  J.l-1 

J.1.2  Summary  J.l-2 

J. 1.2.1  Near  Field  Versus  Far  Field  J.l-2 

J. 1.2.2  The  Domain  of  Dependence  J.l-3 

J. 1.2.3  Near  Field  and  Intermediate 

Field  PIC  Calculation  J.l-3 

J. 1.2.4  Far  Field  PIC's  J. 1-6 

J.1.3  Integration  Techniques  J.l-7 

J.  1.4  flotation  J.l-8 

J.2  The  Distance  Algorithm  J.2-1 

J.2,1  The  Far  Field  Criterion  J.2-1 

J.2. 2  The  Intermediate  Field  Criterion  J.2-3 

J.3  Supersonic  Influence  Test  J.3-1 

J.3.1  Definition  of  Dp  J.3-1 

J.3. 2  A  Zero  Influence  Test  J.3-1 

J.3.3  Panel  Wholly  Within  the  Mach  Cone  J.3-4 

J.3.4  The  Influence  Test  For  a  Subpanel  J.3-4 

J.3. 4.1  The  Point  of  Closest  Approach  J.3-5 

J. 3.4.2  The  Winding  Number  Test  J.3-7 

J.3.4. 3  half  Panels  and  Projected  Panels  J.3-8 

J.4  Cylindrical  Coordinates  J.4-1 

J.4.1  Fundamental  Results  J.4-1 

0,4.2  The  Mach  Disk  J.4-2 

J.4. 3  The  Case  of  the  Mach  Disk  Lying  Within  the  Panel  J.4-2 

0.4.4  Arbitrary  Intersection  of  the  Mach  Disk 

With  the  Panel  J.4-3 

J.4. 4.1  Corner  Points  J.4-4 

J.4. 4. 2  The  Phase  Function  J.4-4 

J.4. 4. 3  Edges  and  the  Mach  Disk  J.4-7 

J.4. 4. 4  Eage  Tangents  and  Normals  J.4-7 

J.4. 4. 5  The  Function  P(tf)  J.4-10 

J.5  Hyperbolic  Coordinates  J . 5—1 

J.5.1  Fundamental  Results  J.5-1 

J.5. 2  Subsonic  Edges  J.5-8 

J.5. 3  Supersonic  Edges  J. 5-12 

J.5. 4  Comp'  tation  of  the  Integrals  J . 5-16 

J.6  The  Panel  Integral  Matrices  J.6-1 

J.6.1  Preliminaries  J.6-2 

J. 6,1.1  Transformation  Rules  J.6-2 

J.6. 1.2  Transformation  of  the  Integrals  J.6-3 

J.6. 1.3  Singularity  Strength  Coefficients  J.6-5 

J.6. 1.4  Uniform  Formulas  for  Local  Variables  J.6-6 

J.6. 1.5  Differentiation  Formulas  J.6-9 


vi  i 


I 


k 


/ 


I 

I 


J.6.2  Source  Potential  and  Velocity  J.6-10 

J.6.2. 1  Source  Potential  J.6-10 

J.6.2. 2  Tangential  Source  Velocity  J.6-12 

J.6.2. 3  Normal  Source  Velocity  J.6-13 

J.6.3  Doublet  Potential  and  Velocity  J .6-15 

J.6.3.1  Doublet  Potential  J . 6-15 

J.6.3. 2  Tangential  Doublet  Velocity  J . 6-16 

J.6.3. 3  Normal  Doublet  Velocity  J.6-18 

J.6.4  Reduction  to  Fundamental  Integrals  J  ^-19 

J.6.4.1  Definition  of  the  Integrals  J  -r3 

J.6.4, 2  Source  Potential  and  Velocity  J.b-20 

J.6.4. 3  Doublet  Potential  and  Velocity  J.6-/3 

J.6.5  The  Fundamental  Integral  in  Terms  of 

Panel  and  Edge  Functions  J . 6—25 

J.6.5. 1  Computation  of  a  J . 6—25 

J.6.5. 2  Computation  of  b  J.6-27 

J.6.5. 3  Computation  of  jf  J . 6-28 

J.6.5. 4  Computation  of  b  J .6-28 

J.6.5. 5  Computation  of  B  J.6-30 

J.6.5. 6  Computation  of  F  J . 6—33 

J.6.5. 7  Computation  of  H  J.6-33 

J.6.6  The  Origin  Shift  J . 6—35 

J.6.7  Finite  Parts  of  Singular  Integrals  J . 6-41 

J.6.7.1  Definition  of  a  Finite  Part  J . 6-41 

J.6.7. 2  Properties  of  a  Finite  Part  J.6-41 

J.6.7. 3  Finite  Parts  and  the  Integral  Equation  J . 6-42 

J.6.7. 4  Finite  Parts  and  PIC  Computation  J . 6-42 

J.6.7. 5  Summary  of  Finte  Part  Integrals  J.6-43 

J.7  Edge  and  Panel  Functions  J.7-1 

J.7.1  Expressions  For  Edge  and  Panel  Functions  J.7-1 

J.7. 1.1  Subsonic  Flow  J.7-1 

J.7. 1.2  Subsonic  Edges  of  Subinclined  Panels 

in  Supersonic  Flow  J.7-2 

J.7. 1.3  Supersonic  Edges  of  Subinclined  Panels  J.7-3 

J.7. 1.4  Super* nc lined  Panels  J.7-3 

J.7. 1.5  Uniform  Formulas  J.7-4 

J.7. 2  Computation  of  Edge  and  Panel  Function 

Arguments  in  Reference  Coordinates  J.7-4 

J.7. 2.1  Computation  of  h  J.7-5 

J.7. 2. 2  Computation  of  v  J.7-5 

J.7. 2. 3  Computation  of  a  J.7-7 

J.7. 2. 4  Computation  of  g  J.7-8 

J.8  Rationalization  Formulas  J.8-1 

J.8.1  Edge  Functions  J.8-1 

J.8. 1.1  Non-Sonic  Edges  J.8-2 

J.8. 1.2  Nearly  Sonic  Edges  J.8-6 

J.8. 1.3  Essentially  Sonic  Edges  J.8-10 

J.8. 2  Panel  Function  Computation  J.8-12 

J.8. 2.1  The  Standard  Rationalization  J.8-12 

J.8. 2. 2  A  Special  Rationalization  J.8-18 


viii 


i 


* 

* 


J.9  Far  Field  PIC's  J.9-1 

J.9.1  The  8asic  Principle  J.S-] 

J.9. 2  Computation  of  the  Gradient  J.9-4 

J.9. 3  Source  Velocity  J.9-5 

J.9. 4  Doublet  Potential  J.9-6 

J.9. 5  Doublet  Velocity  J.9-7 

J.9. 6  Symmetrization  J.9-8 

J.9. 6.1  Source  Potential  J.9-9 

J.9. 6. 2  Source  Velocity  J.9-9 

J.9. 6.?  Doublet  Potential  J . 9-10 

J. 9.6.4  Doublet  Velocity  J . 9-10 

J.10  Line  Vortex  PIC's  J.10-1 

★ 

J.10.1  Computation  of  v  J.10-1 

D 

J. ll  Singular  Behavior  of  Integrals  J . 11-1 

J.ll.l  Discontinuous  Source  Strength  J . 11-1 

J.11.2  Discontinuous  Doublet  Strength  J.ll-5 

J.ll. 2.1  Doublet  Potential  J.ll-5 

J. 11.2.2  Doublet  Velocity  J.ll-5 

J.ll.3  Discontinuities  in  Doublet  Gradient  J . 11-6 

J.ll. 4  Singularities  of  the  Panel  Function  J.ll-8 

J. 11.4.1  The  Plane  h  =  0  J.ll-8 

J.ll. 4. 2  Discontinuities  Due  to  Cn  J. 11-10 

J.ll. 4. 3  Discontinuitues  in  J^  (4>)  J. 11-12 

J. 11.4.4  Summary  of  Panel  Function  Behavior  J. 11-14 

J.ll. 5  Singularities  of  the  Edge  Function  J. 11-15 

J.ll. 5.1  Supersonic  Edges  J. 11-15 

J.ll. 5, 2  Subsonic  Edges  J. 11-16 

J. 11.5.3  Subsonic  Nearly  Sonic  Edges  J. 11-17 

J.ll, 5. 4  Supersonic  Nearly  Sonic  Edges  J. 11-19 

J.ll. 5. 5  Essentially  Sonic  Edges  J. 11-19 

J.ll. 6  Singularities  in  Subsonic  Flow  J. 11-19 

J.ll. 6.1  Discontinuous  Source  Strength  .1.11-19 

J.ll. 6. 2  Discontinuous  Doublet  Gradient  J. 11-20 

J.ll. 6. 3  Discontinuous  Doublet  Gradient  J. 11-22 

J.ll. 7  Discontinuous  Source  Strength  in 

Supersonic  Flow  J.ll-?9 

J.ll. 7.1  Source  Potential  J. 11-22 

J. 11.7.2  Source  Velocity  J. 11-23 

J.ll. 8  Discontinuous  Doublet  Strength  in 

Supersonic  Flow  J. 11-23 

J. ll. 9  Discontinuous  Doublet  Gradient  in 

Supersonic  Flow  J. 11-24 

K.O  Matrix  Assembly  K.0-1 

K. l  Symmetry  Planes  K.l-1 

K. 1.1  One  Plane  of  Geometric  Symmetry  K.l-1 

K.1.2  Two  Planes  of  Symmetry  K.l-4 

K.l. 3  Networks  Lying  on  a  Plane  of  Symmetry  K.l-6 

K.l. 4  Networks  Lying  on  a  Plane  of  Symmetry  K.l-8 

K.2  Known  Singularity  Parameters  K.2-1 


* 

•4 


ix 


K.3  Aerodynamic  Boundary  Conditions  K.3-1 

K.3.1  Combining  for  Symmetry  K.3-1 

K.3. 2  Computing  influence  on  Image  Pansis  K.3-1 

K.3. 3  Partial  Rows  K.3-3 

K.3. 4  Data  Manipulation  Problem  K.3-3 

K.3. 5  Imposition  of  the  Boundary  Conditions  K.3-4 

K.4  Closure  K.4-1 

K.5.  Matching  L.F-1 

K.6  The  Update  Capability  K.fc-1 

L. O  The  Constraint  Matrix  L.0-1 

M. O  Computation  of  the  Minimal  Data  Set  M.0-1 

M.l  Recovery  of  the  Singularity  Parameters  M.l-1 

M.2  Singularity  Strength  Calculation  M.2-1 

M. 3  Computation  of  Potential  and  Normal  Mass  flux  M.3-1 

N. O  Surface  and  Wake  Flow  Properties  N.0-1 

N. l  Veloc ity  Computat ion  N.l-1 

N.2  Pressure  Formulas  N.2-1 

N.2.1  Prel imi nary  Resul ts  N.2-1 

N. 2.2  Constant  Density  Flow  N.2-2 

N.2. 3  Compressible  Flow  N.2-3 

N. 2.4  Limitation  of  the  Formula  N.2-4 

N.2. 4.1  The  Vacuum  Pressure  Coefficient  N.2-5 

N.2. 4. 2  The  Critical  Speed  N.2-5 

N.2. 4. 3  The  Pressure  Coefficient  at  the  Critical  Speed  N.2-7 
N.2. 5  The  Isentropic  Formula  Under  Simplifying  Assumptions  N.2-7 

N.2. 5.1  Second  Order  Theory  N.2-8 

N.2. 5. 2  The  Second  Order  Theory  Under 

Additional  Assumptions  N.2-10 

N.3  Velocity  Corrections  N.3-1 

N.3.1  The  First  Velcocity  Correction  N.3-1 

N.3.2  The  Second  Velcocity  Correction  N.3-2 

N.4  Onset  Flow  Calculations  N.4-1 

N.4.1  Bernoulli's  Equation  N.4-1 

N.4. 2  Pressure  Formulas  N.4-2 

N. 4. 3  Simpl i fying  Assumptions  N.4-4 

N. 5  Associated  Data  N . 5- 1 

O. 0  Forces  and  Moments  0.0-1 

O. 1  Basic  Formulas  0.1-1 

0.2  Integration  Procedure  0.2-1 

0.3  Leading  and  Side  Edge  Force  0.3-1 

O. 3.1  Thin  Airfoil  Theory  0.3-1 

0.3.2  Linearized  Three-Dimensional  Theory  0.3-i 

0.3.3  Application  in  PAN  AIR  0.3-3 

0.4  Coordinate  Transformations  0.4-1 


x 


List  of  F igures 


Figu-es  are  placed  at  the  end  of  each  numbered  section  or  appendix.  Page 

Section  a 

3.1  Region  V  of  space  with  boundary  S  3.4-1 

3.2  A  surface  S  dividing  regions  V}  and  V2  3.4-1 

3.3  A  surface  5  which  does  not  divide  space  into  2  separate  regions  3.4-2 

3.4  Basis  function  for  constant  strength  panels  3.4-2 

Section  4 

4.1  Historical  overview  of  panel  methods  4.3-1 

4.2  Oivision  of  panel  into  subpanels  4.3-2 

4.3  Panel  and  far  field  control  point  4.3-2 

Section  5 

5.1  Network  geometry  5.10-1 

5.2  Decomposition  of  panel  into  5  planar  regions  5.10-1 

5.3  Definition  of  compressibility  directions  in  *e-ms  of  angles  5.10-2 

of  atcack  and  sideslip 

5.4  Superinclined  surface,  r  =  1  5.10-2 

5.5  Subinclined  and  Mach-inclined  surfaces  5.10-3 

5.6  Gap  between  leading  edge  of  wing  and  body  5.10-3 

5.7  Example  of  abutment  intersection  5.10-4 

5.8  Control  point  locations  5.10-4 

5.9  Thin  wing  boundary  conditions  5.10-5 

5.10  Two  solutions  for  potential  in  enclosed  volume  5.10-5 

5.11  Thick  wing  boundary  conditions  5.10-6 

5.12  Boundary  conditions  on  superinclined  surfaces  5.10-6 

5.13  Singularity  parameter  locations  5.10-7 

5.14  Singularity  parameters  in  the  neighborhood  of  the  panel  5.10-8 

5.15  Neighboring  source  parameters  for  a  panel  corner  point  5.10-9 

5.16  Neighboring  doublet  parameters  for  a  panel  corner  point  5.10-9 

5.17  Neighboring  doublet  parameters  for  a  panel  edge  midpoint  5.10-10 

5.18  Panel  points  and  midpoints  5.10-10 

5.19  Opposite  orientations  of  adjacent  networks  5.10-11 

5.20  Conf iguruLion  and  image  5.10-11 

5.21  Pressure  coefficient  rules  5.10-12 

5.22  Surfaces  of  integration  for  leading  edge  force  5.10-12 

Appendix  A 

A.l  Thin  wing  at  small  angle  of  attack  A. 2-1 

A. 2  B'unt  object  at  small  Mach  number  A. 2-1 

A.  3  Small  perturbation  "engine-on"  case  A. 2-2 

Appendix  B 

B. l  An  exterior  boundary  value  problem  B.5-1 

B.2  A  region  of  finite  volume  B.5-1 


xi 


B.  3 

Specification  of  normal  flow  on  both  sides  of  a  surface 

B.  5-2 

B.  4 

A  superincl i ned  surface 

B.  5-2 

B .  5 

A  boundary  value  problem  with  no  unique  solution 

8.5-3 

B.  6 

The  domain  of  dependence 

B.  5-3 

B.  7 

A  permeable  surface  inclined  to  the  freestream 

8.5-4 

B.  8 

A  region  which  fails  to  be  simply  connected 

B.  5-4 

B.  9 

Airplane  and  wake 

B.  5-5 

B.  10 

Leading  edge  vortices  from  a  highly  swept  wing 

B.  5-6 

B.  1 1 

Panel  edge  on  a  network  edge 

B.  5-7 

B.  12 

Two  adjacent  panel  edges 

B.  5-7 

B.  13 

Three  adjacent  panels 

B.  5-8 

B.  14 

Intersection  of  3  surfaces  (cross-section) 

B.  5-8 

B.  15 

Region  of  integration  in  neighborhood  of  P 

B.  5-9 

Appendix 

C 

C.l 

Design  boundary  conditions  on  a  thin  configuration 

C.  5-1 

C .  2 

Indexing  of  network  points 

C.  5-1 

C .  3 

A  panel 

C.5-2 

C.4 

Design  boundary  conditions  for  a  thick  wing 

C.  5-2 

C .  5 

A  constant  doublet  strength  spline 

C.5-3 

C.6 

Stability  for  constant  doublet  spline 

C.5-3 

C.7 

Quadratical ly  varying  doublet  spline 

C.  5-4 

C.8 

A  single  interval 

C.5-4 

C.9 

Stability  for  a  quadratic  doublet  spline 

C.5-5 

C.10 

Instability  of  analysis  spline  with  boundary  conditions 

C.5-6 

C.ll 

A  doublet  spline  for  design  problems 

C.5-7 

C.  12 

Stability  for  design  boundary  conditions 

C.5-7 

Appendix 

D 

0.1 

Locations  of  source  singularity  parameters 

D.  3-1 

0.2 

Doublet  analysis  and  design  singularity  parameter  locations 

D.  3-2 

0.3 

Doublet  wake  singularity  parameter  locations 

D.  3-3 

D.4 

Network  and  panel  indexing 

D.  3-4 

0.5 

Network  with  an  edge  to  be  collapsed  by  the  program 

D.  3-4 

D.6 

Network  with  revised  geometry 

D.  3-5 

D.  7 

Panelling  of  data  wing 

D.  3-5 

0.8 

A  panel 

D.  3-6 

D.  9 

A  subpanel 

D.  3-7 

D.  10 

Definition  of  skewness  parameters 

D.  3-8 

0.11 

Impermissible  network  (two  adjacent  collapsed  edges) 

D.3-9 

Appendix 

E 

E.l 

Surface  S  in  compressibility  and  scaled  coordinates 

E.4-1 

E.2 

Illustration  of  the  transformat  ion  law  for  n-dS 

E  .4-2 

E .  3 

Definition  of  the  compressibility  vector  c0  in 
terms  of  ac  and  ec 

E.4-2 

Appendix  F 

F.l  Impermissible  network  intersection  (in  cross-section)  F.7-1 

F.2  Leading  edge  vortex  (in  cross-section)  F.7-1 

F.3  Simulation  of  a  vortex  core  by  a  line  vortex  F.7-2 

F.4  Multiple  pairwise  abutments  involving  the  same  edges  F.7-2 

F.5  Each  network  edge  is  a  refinement  of  the  other  F.7-3 

F.6  Edge  1  is  a  refinement  of  edge  2  F.7-3 

F.7  Control  points  on  a  supersonic  leading  edge  are  used  for  F.7-4 

doublet  matching 

F.8a  Six  network  wing  with  wakes  r . 7-5 

F.8b  Doublet  distribution  arising  from  specification  of  u  at  trailing  edge  F . 7-5 

F.9  One  edge  is  not  precisely  a  refinement  of  the  other  F.7-6 

F.10  An  abutment  intersection  with  4  abutments  F.7-6 

F.ll  An  abutment  intersection  with  6  abutments  F.7 -7 

F.12  Another  abutment  intersection  with  4  abutments  F.7-8 

F.13  Line  segment  and  point  diagrams  corresponding  to  three  1.7-9 

abutment  intersections 

F.14  Gap-filling  panel  F.7-10 

F. 15  Gap-filling  panels  on  an  abutment  with  3  network  edges  F.7-10 

Appendix  G 

G. l  Control  point  locations  G. 1-1 

G.2  Division  of  network  edge  into  two  abutments  G.l-1 

G.3  Control  point  recession  vectors  G.l-2 

G.4  Recession  of  corner  control  points  when  subpanel  is  triangular  G.l-2 

or  nearly  triangular 

G. 5  Subpanel  1,  projected  G.l-3 

G.6  Abutment  with  3  network  edges  (cross-section)  G.l-3 

G. 7  Hypothetical  locations  of  £  control  point  G.l-4 

Appendix  H 

H. l  Boundary  condition  locations  for  source  networks  H.4-1 

H.2  Boundary  condition  locations  for  doublet  networks  H.4-2 

h'.3  Columns  of  panels  illustrated  by  cross- hatching  H.4-4 

H.4  Design  of  upper  surface  of  thicK  wing  H.4-4 

H.5  Pattern  of  streamlines  on  imposition  of  a  closure  boundary  condition  H.4-5 

H.6  Boundary  condition  categories  H.4-5 

H.7  Total  internal  stagnation  H.4-6 

H.8  Onset  flow,  not  parallel  to  compressibi 1 i ty  direction  H.4-6 

H.9  Propeller  slipstream  H.4-7 

H.  10  Airplane  undergoing  small  rol 1 ing  motion  H.4-7 

Appendix  I 

I .  la  Panel  source  parameter  locations  1.6-1 

I.lb  Panel  doublet  parameter  locations  1.6-1 

I.lc  Panel  singularity  parameter  locations  for  a  nine-panel  network  1.6-2 

1.2  Neighboring  source  parameters  for  analysis  network  1.6-3 

1.3  Thin  wing  with  curved  planform  1.6-3 

1 . 4a  Neighboring  singularity  parameters  (P0  away  from  network  edge)  1.6-4 

I . 4b  Neighboring  points  for  least  squares  fit  (P0  near  network  edge)  1.6-4 


xi  i  i 


I. 4c  Neighbc-ing  points  for  least  squares  fit  (P0  near  a  smooth  abutment)  1.6-5 

1.5  Basis  vectors  for  local  coordinate  system  for  spline  vector  construction  1.6-6 

1.6  Projections  to  tangent  plane  of  points  on  curved  surface  1.6-6 

I. 7a  Unequal  spacing  in  a  non-smooth  abutment  (second  edge  is  a  1.6-7 

refinement  of  the  f'rst) 

I. 7b  Identification  of  points  on  a  network  edge  1.6-7 

1.8  Differentiable  2-D  quadratic  spline  1.6-8 

I. 9a  Neighboring  singularity  parameters  for  points  P0  on  a  smooth  1.6-9 

abutment 

I. 9b  Parameterization  of  an  abutment  1.6-10 

I- 9c  Panel  edge  on  coarse  network  1.6-10 

I. 10a  Neighboring  point  for  least  square  fit  (P0  on  a  doublet  1.6-11 

design  network) 

1,10b  Edge  of  a  doubles  design  network  1.6-11 

1. 11  Adjacent  panels  i .6-12 

1.12  Panel  defining  points  and  subpanel  local  coordinate  systems  1.6-12 

1.13  Subpanel  local  coordinates  1.6-13 

1.14  Triangular  coordinates  1.6-13 

1.15  Values  of  differentiable  doublet  distribution  on  a  square  panel  1.6-14 

1.16  Values  of  doublet  distribution  on  square  panel  with  Pan  Air  spline  1.6-14 

1.17  An  interval  with  midpoint  1.6-15 

1.18  Quadratic  doublet  distribution  on  a  subpanel  1.6-15 

1.19  Division  on  panel  into  half  panels  1.6-16 

1.20  Diagram  of  half  panel  i  1.6-16 

1.21  Standard  half  panel  1.6-17 

1.22  Computation  of  basic  far  field  moments  1.6-17 


Appendix  J 


J.l  Domain  of  dependence 

J.2  Superinclined  panel  partially  within  Dp  without  corners  in  Dp 

J.3  Notation  used  frequently  in  Appendix  J 

0.4  Two  region  approxiniati ons  to  panel 

J.5  Region  in  which  intermediate  field  PIC  is  not  performed 

J.6  Splitting  a  panel  into  half  panels 

J.7  (X,?)  coordinate  system 

J.8  Subsonic  and  supersonic  edges 

J.9  Point  of  closest  approach 

J.iO  Subinclined  and  superinclined  panel 

J.ll  P*  lies  in  the  interior  of  the  subpanel 

J.12  Region  of  integration,  I'fl  Ch  for  a  typical  subpanel 

J.13  P|<±,  Q(<±  when  C^,  c  E' 

J.14  Edge  numbering  for  various  panel  configurations 

J.15  Phase  angle  4'  exceeds  u 

J. 16  Coordinate  systems  in  the  {£',  n‘)  plane 

J.17  Determining  if  an  edge  of  I'  is  an  edge  of  E'fl  Ch 

J.18  Definition  of  p($),  the  upper  limit  of  integration  for  p 

0.19  Region  of  integration  for  superinclined  panel 

J.20  Transformation  to  (s,t)  variables  and  region  of  integration 

J.21  Numbering  of  edges  of  E' 11 

J.22  A  region  E'  with  edge  E,  oriented  tangent  t  and 
outward  edge  normal  if 

J.23  An  edge  E  and  its  image  E' in  the  s  -  t  coordinate 
system  (subsonic  edge) 


J. 12-1 
J. 12-1 
J. 12-2 
J. 12-3 
J. 12-4 
J. 12-4 
J. 12-5 
J. 12-5 
J. 12-6 
J. 12-6 
J. 12-7 
0.12-7 
J. 12-8 
J.  ,12-8 
J. 12-9 
J. 12-9 
J. 12-10 
J. 12-11 
J. 12-12 
J. 12-13 
J. 12-13 
J. 12-14 

J. 12-14 


xi  v 


J.  24 


An  edge  E  and  its  image  E ' in  the  s  -  t  coordinate  J.i2-15 

system  (supersonic  edge) 

J.25a  Region  of  integrat’on  for  subinciined  panel  J. 12-16 

J.25b  Region  of  integration  for  subinclined  panel  J. 12-12 

J.26  Polygon  I'c  approximating  I'DOp  J .  12- 18 

J.27  Illustration  of  supersonic,  nearly  sonic  edges  on  .1.1.2-19 

which  v  changes  sign 

J.28  An  example  of  a  super  inclined  panel  with  g^  =  h^-a^s  C  J. 12-19 

J.29  Evaluating  v  on  the  boundary  of  np  :  the  various  special  cases  J. 12-20 

J.30  The  value  of  d1  for  some  special  conf igurations  J. 12-21 

J.31  Region  with  nearly  sonic  edge  J. 12-22 

J.32  Potential  lines  of  discontinuity  in  J+  J. 12-22 

J.33  Panel  corners  on  Mach  lines  J. 12-23 

J.34  A  point  lies  on  the  extension  of  an  edge  (subsonic  flow)  e. 12-24 

J.35  A  point  lies  on  the  extension  of  an  edge  (supersonic  flow)  J. 12-24 

J.36  Edge  barely  intersects  Dp  J. 12-25 

J.37a  The  Mach  wedge  in  cross-section  J. 12-25 

J . 37b  Mach  wedge  behind  supersonic  panel  edge  0. 12-26 

J.38  Subsonic  nearly  sonic  edge  J. 12-27 

J.39  The  distances  h,  v,  a,  g,  and  R  in  subsonic  flow  J. 12-28 


Appendix  K 

K.l  Reflection  of  point  or  velocity  vector  in  plane  of  symmetry 

K.2  Reflection  of  point  in  2  planes  of  symmetry 

K.3  Vertical  tail  on  a  plane  of  symmetry 

K.4  Reflections  of  abutments  at  and  away  from  a  plane  of  symmetry 

K.5  Abutment  on  two  planes  of  symmetry 

K.6  Extra  singularity  parameter  and  control  point  dependent 
on  existence  of  updateable  network 

Appendix  M 

M.l  Neighboring  control  points  for  potential  spline  computation  M. 4-1 

Appendix  0 

0,1  Effect  of  leading  edge  force  0.5-1 

0.2  Vectors  associated  with  leading  edge  force  0.5-1 


K.  7-1 
K.  7-1 
K.  7-2 
K.  7-2 
K.  7-3 
K.7-3 


xv 


/ 


1.0  Introduction 

PAN  AIR  (an  abbreviation  for  “panel  aerodynamics")  is  a  system  of  computer 
programs  designed  to  analyze  subsonic  and  supersonic  inviscid  flows  about 
arbitrary  configurations.  It  is  one  of  a  sequence  of  computer  programs 
developed  over  the  past  two  decades  which  ^all  in  the  category  of  "panel 
methods."  Generally  speaking,  a  panel  method  is  a  program  which  solves  a 
linear  partial  differential  equation  numerically  by  approximating  the 
configuration  surface  by  a  set  of  oanels  on  which  unknown  "singularity 
strengths"  are  defined,  imposing  boundary  conditions  at  a  discrete  set  of 
points,  such  as  panel  centers,  and  thereby  generating  a  system  of  linear 
equations  relating  the  unknown  singularity  strengths.  The  equations  are  then 
solved  for  the  singularity  strengths,  which,  once  known,  provide  information 
about  the  properties  of  the  flow. 

PAN  AIR  differs  from  earlier  panel  methods  in  two  signified  respects. 
First,  it  Is  a  "higher  order"  panel  method;  that  is,  the  singularity  strengths 

not  constant  on  each  panel.  This  is  necessitatea  by  the  more  stringent 
requirements  of  supersonic  flow  problems.  Numerical  solution  of  the 
differential  equation  relevant  to  supersonic  flow,  namely,  the  wave  equation, 
is  far  more  sensitive  to  numerical  panel  method  idiosyncracies  than  solution 
of  Laplace's  equation,  which  governs  subsonic  flow.  The  potential  for 
numerical  error  is  greatly  reduced  by  requiring  the  singularity  strength  to  be 
conti nuous. 

It  is  th<s  "higher  order"  attribute  which,  in  turn,  allows  PAN  AIR  to  be 
used  to  analyze  flow  about  arbitrary  configurations.  The  A-230  program 
(Reference  1.1),  for  instance,  can  only  u.ialyze  flow  about  thick  objects  such  as 
bodies  and  thick  wings,  while  the  Woodward  program  (Reference  1.2)  can  only  deal 
with  "linearized"  configurations,  in  which  a  wing  is  represented  by  its 
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mean  surface.  So,  PAN  AIR  can  handle  the  simple  configurations  considered  in 
preliminary  design,  and  at  the  same  time  serve  as  an  "analytical  wind  tunnel" 
which  can  analyze  the  flow  about  detailed,  complex  configurations. 

Second,  PAN  AIR  includes  advanced  software  technology  as  well  as  advanced 
engineering  technology.  It  has  been  developed  in  accordance  with  Systematic 
Software  Development  Methodology,  an  approach  that  emphasizes  modular, 
structured  software.  The  separate  "modules"  communicate  with  each  other  only 
through  a  "data  base"  of  Information  residing  on  a  disk.  Thus,  changes  in  one 
module  affect  other  modules  in  a  clearly  identifiable  manner. 

The  basic  Version  1.0  PAN  AIR  capabilities  include: 

(a)  the  ability  to  handle,  within  the  limitations  of  linear  potential 
flow  theory,  completely  arbitrary  configurations,  using  either  exact 
or  linearized  boundary  conditions, 

(b)  the  ability  to  handle  asynmetric  configurations  as  well  as  those  with 
one  or  two  planes  of  symmetry, 

(c)  the  ability  to  handle  symmetric  configurations  In  either  symmetric  or 
asymmetric  flow, 

(d)  the  ability  to  superimpose  an  increments!  velocity  on  the  freestream, 
either  locally  or  globally,  in  order  to  simulate  effects  such  as  a 
rotational  motion,  differing  angles  of  attack  for  different  portions 
of  a  configuration,  or  a  propeller  slipstream, 

(e)  the  ability  to  calculate  pressures,  forces  and  moments  using  a 
variety  of  pressure  formulas  (such  as  isentropic,  linear,  etc), 
including  the  forces  and  moments  due  to  flow  through  the  surface, 

(f)  the  ability  to  calculate  leading  edge  and  side  edge  thrust  forces  and 
moments  for  thin  configurations,  and 
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(g)  the  ability  to  perform  non-iterative  design  of  a  configuration,  a 
process  in  which  a  desired  pressure  or  tangential  velocity 
distribution  is  specified.  The  program  then  determines  the 
"residual"  normal  flow  through  the  surface  required  to  obtain  the 
desired  pressure  distribution. 

This  document  has  been  structured  to  provide  an  overview  of  the  theory  of 
potential  flow  in  general  and  PAN  AIR  in  particular  with  detailed 
mathematical  formulations  reserved  for  the  appendices.  Section  2  contains  a 
brief  discussion  of  fluid  dynamics,  outlining  without  proofs  the  steps  from 
the  Navier-Stokos  equations  to  the  linear  differential  equation  solved  by  PAN 
AIR.  Section  3  discusses  the  general  theory  of  panel  methods  without 
discussing  PAN  AIR  in  particular.  Section  4  is  an  overview  of  PAN  AIR  as  it 
compares  to  older  panel  methods.  Section  5  is  devoted  specifically  to  PAN  AIR. 

A  complete  oiscussion  of  the  theory  of  potential  flow  and  PAN  AIR  will  be 
given  in  the  appendices. 

This  document  is  not  intended  to  be  a  textbook  on  fluid  dynamics,  and  thus 
detailed  derivations  which  are  available  in  standard  texts  will  not  be 
repeated  here;  rather,  the  appropriate  reference  will  be  given.  The  standard 
fluid  mechanics  references  we  will  use  are  the  works  of  Kellogg 
(1.3),  Liepmann  and  Roshko  (1,4)  and  Ward  (1.5).  Those  appendices  dealing 
with  items  of  theory  unique  to  PAN  AIR  will  be  more  thorough,  however, 
referring  to  outside  sources  only  when  questions  of  abstract  linear  algebra 
are  involved.  There  will  be  a  correspondence  between  appendices  and  portions 
of  the  actual  computer  code,  with  each  appendix  either  supplying  background 
information  or  discussing  the  theory  behind  a  module  or  part  of  a  module  of 
PAN  AIR. 
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A  glossary  containing  the  definition  of  all  technical  terms  is  contained 
in  this  document.  When  a  term  first  appears,  it  will  be  given  in  quotes,  and 
briefly  defined.  The  glossary  will  give  a  more  detailed  definition  if 
necessary. 

The  authors  wish  to  thank  Kathleen  Crites,  Michele  Sorensen,  and  Valerie 
Spura  for  their  efforts  in  typing  this  document  and  Forrester  Johnson  for  his 
assistance  in  its  preparation. 
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2.0  Fundamental  Fluid  Dynamics 

In  this  section,  we  will  outline  the  process  by  which  one  arrives  at  a 
second  order  linear  partial  differential  equaton,  called  the  Prandtl-Glauert 
equation,  which  describes  steady,  irrotat ional,  inviscid  flow  in  a  perfect 
fluid.  Our  starting  point  is  the  Nav ier-Stokes  equations,  which  describe  flow 
in  a  fluid  under  very  general  circumstances.  The  assumption  that  viscosity 
can  be  neglected  permits  the  Navier-Stokes  equations  to  be  replaced  by  a 
simpler  system  of  equations  including  a  "continuity  equation",  a  "momentum 
equation,"  two  "energy  equations,"  and  "Euler's  equation."  The  further 
assumptions  of  "irrotationality"  and  "isentropic  flow"  lead  to  the  "unsteady 
potential  equation."  The  assumption  of  steady  flow  leads  to  the  "steady 
non-linear  potential  equation."  Finally,  the  "small  perturbation  assumption" 
leads  to  the  "Prandtl-Glauert  equation."  The  remainder  of  this  document  will 
deal  with  the  numerical  solution  of  the  latter  equation. 
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2.1  The  Navi er-Stokes  Equations 

The  basic  equations  describing  the  flow  of  a  viscous  compressible, 
heat-conducting  fluid  are  the  Navier-Stokes  equations.  These  are: 

(a)  The  equation  of  continuity, 


jr  +  Z 


3  a(pv,} 


i=l  a7! 


=  0 


(2.1.1) 


where  V=  (~£%~  »  "gX"’  ~aT*)  'S  9raci^enfc  operator  with  respect  to 
the  location  vector  x"  =  (x^,x2,x3),  and  where  we  have  used  the  convenient 
index  notation  as  an  alternate  to  ~x  =  (x,y,z). 

y  -►  _y. 

Also,  t  is  time,p(x,t)  is  the  density,  and  V  (x,t)  is  the  total  velocity,  with 
V  -  (V^  V2,  v3). 

(b)  The  momentum  equation 
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j  =  1.2.3 
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(2.1.2) 


where  t  is  the  portion  of  the  "stress  tensor"  which  vanishes  for  a 
frictionless  fluid,  f  (x,t)  is  an  external  body  force  per  unit  mass  exerted 
on  the  fluid,  and  pCit, t)  is  the  pressure. 

(c)  The  energy  equation 

1  3 


3 

3t 


{pe  +  7  Pi  V  i  +  p )  ♦  £  p  e  +  Ip  |y" )  ^  +  D)Vl' 

■if*  £  V 


(2.1.3) 


2.1-1 


where  e(x,t)  is  the  "internal  energy"  of  the  fluid,  k  is  the  coefficient  of 
heat  conductivity  for  the  fluid,  arid  T(x,t)  1\  the  temperature. 

(d)  The  equation  of  state 


f (  P,  P,  T)  “  0 

where  the  function  f  depends  on  the  type  of  fluid, 
can  be  written  as 


(2.1.4) 

For  a  perfect  gas,  (2.1.4) 


p  =  PRT 

where  R  is  a  constant. 


(2.1.5) 


The  equations  in  this  section  are  derived  in  Liepmann  and  Roshko  (1.4), 


2.2  Euler's  Equation 

The  Navier-Stokes  equations  can  be  simplified  by  the  neglect  of  viscosity, 
which  is  equivalent  to  setting  the  tensor  T. .=  0.  Combining  the  momentum  and 

‘  J 

continuity  equations,  we  obtain 


j  «  1,2,3 


(2.2.1) 


where 


_d 

dt 
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Equation  (2.2.1)  is  called  Euler's  equation.  We  can  obtain  a  full  system  of 
equations  including  (2.2.1)  (see  Liepmann  and  Roshko  (1.4),  p.  183,  for 
details)  as  follows. 


The  continuity  and  energy  equations  can  be  reduced  to  two  energy  equations: 


and 
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(2.2.2) 
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where  q  is  the  amount  of  heat  added  to  the  fluid  per  unit  mass. 


In  addition,  it  follows  from  (2.1.5)  and  (2.2.3)  that  a  perfect  gas  obeys 
the  equation 


9e  r  (2.2.4) 

It  v  at 


where  Cv  is  the  specific  heat  of  the  gas  at  constant  volume. 
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2.3  The  Unsteady  Potential  Equation 


The  equations  of  section  2.2  can  be  reduced  to  a  single  equation  (see 
Landahl,  section  1.2,  for  details)  if  four  further  assumptions  are  made. 
First  we  assume  "isentropic  now11  so  that  no  heat  is  added  to  the  fluid,  and 
thus 


q  »  0 


Second,  we  assume  irrotationality,  that  is. 


(2.3.1) 


V  X  V  =  0  (2.3.2) 

which  is  shown  in  Liepmann  and  Roshko  (p.  196)  to  be  equivalent  to  the 
existence  of  a  "potential"  function^?,  t)  such  that 


(2.3.3) 


v  (J> 


Third,  we  assume  the  existence  of  a  freestream  potential  ,  whose  gradient 
is  the  uniform  velocity  attained  at  points  sufficiently  distant  from 

the  disturbance  being  analyzed,  and  thus  write 


-  ♦« 


(2.3.4) 


and 


(u,v,w)  «  Vi 


(2.3,5) 


f 


The  quantities  ♦  and  v  are  called  the  perturbation  potential  and  velocity, 
respectively.  For  convenience,  we  assume  the  freestream  VM  is  aligned  in 
the  x  direction  and  has  magnitude  1. 
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rourth,  we  assume  that 


v  «  a , 


(2.3.6) 


everywhere,  where  a n  is  the  freestream  speed  of  sound.  Equation  (2.3.6)  is 
generally  called  a  small  perturbation  assumption,  but  the  reader  is  warned 
that  other  "small  perturbation"  assumptions  exist  in  the  literature  and  in 
this  document. 

Eased  on  these  four  assunptions,  one  can  obtain  (denoting  differentiation 
by  s.  ascripts)  the  unsteady  potential  equation  (siting  Mm  for  ;vw,/  a  ) : 
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2.4  The  Steady  Non-Linear  Potential  Equation 

If  we  assume  the  flow  conditions  do  not  change  with  time,  we  can  eliminate 
the  time  derivative  terms  in  (2.3.7),  obtaining  (see  Landahl,  (2.1)) 


(1  -  Mo, )  ^xx  +  #xx  +  0  zz 
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(2.4.1) 


where  Y  is  the  ratio  of  specific  heats. 

Equation  (2.4.1)  is  often  called  the  "small  perturbation  transonic  equation" 
because  it  holds  at  transonic  speeds  (that  is,  for  M  a  1)  under  the 
assumption  (2.3.6).  Of  course,  the  assumptions  of  steady,  inviscid, 
irrotational,  and  isentropic  flow  must  also  hold. 
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2.5  The  Prandtl-Glauert  Equation 

So  far,  each  reduction  of  the  Navier-Stokes  equations  to  a  simpler  form 
has  been  based  on  precisely  defined  assumptions.  But  the  conditions  under 
which  (2.4.1)  reduces  to  a  linear  differential  equation  are  not  so  precisely 
def  i  ned. 


If  Mj,  =  0,  (2.4.1)  reduces  to 

v2<fr  =  0  (2.5.1), 

a  linear  partial  differential  equation  known  as  Laplace's  equation.  But 
(2.4.1)  reduces  to  a  linear  differential  equation  even  if  Mro  *  0. 

Suppose 


M  J  !  V  i  «  |  l  -  Mi  |  (2.5.2) 

and 

mL  !v;«  1  (2.5.3) 

which,  like  (2.3.6),  are  called  small  perturbation  assumptions.  Under  those 
assumptions,  the  steady  non-linear  potential  equation  reduces  (see  Appendix  A) 
to  the  Prandtl-Glauert  equation: 

U  1  vxx  Vyy  zz  (2.5.4) 

Equations  (2.5.2)  and  (2.5.3)  should  be  considered  carefully  by  any  user 
of  PAN  AIR,  since  they  best  indicate  when  PAN  AIR  will  provide  a  reasonable 
analysis  of  the  flow  about  a  configuration.  Equation  (2.5.2)  clearly  cannot 
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he  satisfied  for  1,  and  thus  the  Prandtl-Gl auert  equation  does  not 

describe  "transonic"  flow.  Equation  (2.5.3)  does  not  hold  for  M^ »  1,  and  so 
(2.5.4)  does  not  describe  "hypersonic"  flow. 

But  there  is  no  precise  answer  to  the  question:  for  what  range  of  Mach 
numbers  does  (2.5.4)  describe  the  flow?  For  a  thick  configuration,  or  one  at 
a  high  angle  of  attack,  the  perturbation  quantities  u,  v,  and  w  tend  to  be 
large,  and  thus  (2.5.2)  and  (2.5.3)  only  hold  for  a  narrow  range  of  Mach 
numbers.  For  a  very  slender  configuration,  at  a  small  angle  of  attack, 

(2.5.3)  and  (2.5.4)  hold  for  a  much  wider  range  of  Mach  numbers.  But  deciding 
whether  (2.5.4)  is  a  "reasonable"  approximation  for  a  particular  configuration 
and  a  particular  Mach  number  may  be  very  difficult,  and  depend  greatly  on 
one's  definition  of  "reasonable." 

The  remainder  of  this  document  will  deal  with  the  solution  of  the 
Prandtl-Gl  auert  equation.  Using  Green's  Theorem,  (2.5.4)  is  converted  to  an 
integral  equation  over  the  configuration  surface.  The  integral  equation  is 
then  solved  by  a  "discretization"  process:  the  configuration  surface  is 
divided  into  panels,  "boundary  conditions"  are  imposed  at  a  discrete  set  of 
points,  and  a  system  of  linear  equations  is  generated.  The  system  of 
equations  is  solved,  and  data  of  aerodynamic  interest  is  calculated  from  the 
solution. 
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3.0  Panel  Method  Theory 

In  this  section,  we  outline  the  process  by  which  the  Prandt 1-Glauert 
equation 


<■  -  »->  ♦«,  ♦  ♦„  *  *a  ■ 0 


(3.0.1) 


is  converted  to  an  integral  equation, 
method  solves  that  integral  equation. 


and  the  way  in  which  a  general  panel 


3.0-1 


3.1  Coordinate  Scaling 

Equation  (3.0.1)  is  further  simplified  by  performing  a  scaling  of  the 
coordinate  system.  If 


s  =  sign  (1  -  Mw?) 


and 

3  -  /s  (1  -  M*) 


(3.1.1) 


(3.1.2) 


then  we  define 


x  =  x 
y  =  By 

z  =  6  z 


(3.1.3) 


In  this  new,  scaled  coordinate  system,  (3.0.1)  can  be  written 


s  6  — 
Y  XX 


+  <j> 


vy 


+  $  — 
zz 


0 


(3.1.4) 


But  equation  (3.1.4)  is  just  the  same  as  (3.0.1)  with  M*,  s  0  or  = 
}[2~.  Thus,  the  subsonic  case  reduces  to  the  =  0  case  while  the 
supersonic  case  reduces  to  the  M^,  =  ^2  case.  Equation  (3,1.4)  is  called 
Laplace's  equation  if  s  =  1,  and  the  wave  equation  if  s  -  -1.  These  equations 
occur  in  other  branches  of  physics  (for  instance,  Laplace's  equation  occurs  in 
electrostatics),  and  thus  PAN  AIR  potentially  has  applications  in  fields  other 
than  fluid  mechanics. 


For  the  rest  of  section  3,  we  will  assume  =  0  (note,  incidentally, 
that  this  does  not  meanlY^I  =  0;  rather,!!/*)  =  1  and  the  freestream  speed  of 
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sound  a#  is  infinite).  A  similar  discussion,  for  the  case  ,  is 

given  in  Ward  (1.5).  The  integral  equation  (3.2.7)  which  results  may  be 
generalized  to  arbitrary  subsonic  and  supersonic  Mach  numbers,  as  discussed  by 
Ward  in  sections  2.8  and  2.10. 
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3.2  Green's  Theorems 

There  are  a  number  of  theorems,  all  of  them  slightly  different 
formulations  of  the  same  result,  known  as  Green's  theorem  or  theorems.  It  is 
one  of  these  results,  often  known  as  Green's  third  identity  (see  Kellogg,  p. 
219)  which  allows  us  to  convert  Laplace's  equation  to  an  integral  equation. 
The  most  fundamental  version  of  these  theorems  is  also  known  as  the 
"divergence  theorem",  cr  Gauss’  Theorem,  which  states  that  if  F(x)  is  a 
"well-behaved"  function  (that  is,  continuously  differentiable)  on  a  "nice" 
region  V  in  space  with  boundary  S  (see  figure  3.1),  then 
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(3.2.1) 


where  n(x)  is  an  outward-pointing  unit  normal  to  the  surface.  This  theorem  is 
discussed  on  p.  39  of  Kellogg. 

Green's  third  identity  follows  from  (3.2.1).  We  need  some  notation  to 
state  this  result,  however.  Let  U  be  a  twice  continuously  differentiable 
function  in  a  region  V  of  space.  Let  P  be  a  point  in  V,  S  the  boundary  of  V, 

Q  an  arbitrary  point  of  integration  on  S,  and  R  =  I  P  -  "q  |.  Then 
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This  result  is  derived  in  Chapter  VIII  of  Kellogg,  where  minus  signs  appear 
because  the  normal  points  inward.  Also, 


V  =  V  '  V 


3 

E 

1=1 


2 


av 


(3.2.3a) 


A  number  of  results  follow  by  substituting  into  (3.2.2)  a  function  $ 
satisfying  Laplace's  equation 


vz  4>  =  0 


(3.2.3) 


First,  letting  ?  approach  S  we  find  that  $  Is  finite  as  we  approach  S. 

Thus,  $  is  an  integrable  function  over  S.  Next,  let  V  be  a  region 

consisting  of  all  of  space  except  for  a  surface  S,  which  is  thus  the  boundary 
of  V.  We  illustrate  two  such  cases.  In  figure  3.2,  S  is  a  closed  surface, 
and  thus  V  is  divided  into  two  regions:  V^,  the  "interior"  of  S,  and  V?, 

the  "exterior".  In  figure  3.3,  S  is  not  closed,  and  thus  V  consists  of  a 

single  region.  Let  us  define  the  "upper"  surface  of  S  as  the  surface  bounding 
that  portion  of  V  Into  which  n  points,  where  n  is  the  outward-pointing  normal 
for  a  closed  surface,  and  may  be  chosen  arbitrarily  otherwise.  Let  us 
write  and  to  denote  the  limiting  values  of  $  at  a  point  on  S, 
approaching  from  above  and  below.  Then  (see  p.  221  of  Kellogg) 
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Equation  (3.2.4)  is  the  fundamental  integral  equation  which  a  panel  method 


solves.  Two  quantities  are  generally  introduced  because  of  their  importance 
in  the  numerical  solution  of  (3.2.4).  These  are  functions  on  S.  The  first  is 
the  "source  strength",  defined  as 


o(Q)  *  n*(£  4>y(Q) 


(3.2.5) 


and  the  second  is  the  "doublet  strength",  defined  as 


VO)  '  *L(Q) 


(3.2.6) 


These  quantities  are  often  called  "singularity  strengths",  because  they 
measure  the  singular  behavior  of  $  on  S.  Now,  (3.2.4)  becomes 


//  [-f 


(3.2.7) 


Equation  (3.2.4)  has  infinitely  many  solutions,  however,  until  "boundary 
conditions"  are  specified.  Boundary  conditions  are  equations  relating  4> 
or  its  derivatives  on  S.  The  specification  of  boundary  conditions  in 
conjunction  with  (3.2.7)  is  called  a  "boundary  value  problem,"  and  this 
problem  in  turn  is  called  "well-posed"  if  it  has  a  unique  solution,  and 
"ill-posed"  otherwise.  A  typical  example  of  a  boundary  condition  might  be 
(see  figure  3.2) 


(3.2.8) 


or 


(3.2.9) 


^  '  n  -  b 

It  can  be  shown  (see  Appendix  B)  that  the  combination  of  (3.2.7;  with  the 
specification  of  the  boundary  conditions  (3.2.8)  and  (3.2.9)  on  the 
configuration  in  figure  3.2  is  a  well-posed  boundary  value  problem.  We  will 
discuss  ill-posed  and  well-posed  boundary  value  problems  further  in  section  4 
and  Appendix  3. 
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3.3  Discrete  at  ion 

We  will  now  outline  the  discretization  process  by  which  a  panel  method 
solves  a  boundary  value  problem  consisting  of  (3.2.7)  and  a  set  of  boundary 
conditions.  First,  the  configuration  surface  S  is  approximated  by  "panels." 
Next,  a  discrete  set  of  points  (for  example,  all  panel  centers)  is  chosen,  and 
the  values  of  source  and  doublet  strength  at  these  points  are  identified  as 
unknown  "singularity  parameters".  Next,  a  source  and  doublet  distribution  is 
defined  over  each  panel,  in  terms  of  the  unknown  singularity  parameters. 

That  is,  for  each  singularity  parameter  A^  ,  we  implicitly  define  a 
“basis  function"  b,  on  S,  where  b^  is  the  source  or  doublet  distribution  that 
w  ild  occur  if  A  ^  3  1,  and  all  A j ,  j  *  i  were  zero  (see  section  4.2-1  for 
fur  her  discussion).  In  the  simplest  case  of  "constant  strength"  panels  this 
basis  function  is  identically  erual  to  1  on  the  panel  containing  A.  and 
identically  zero  on  all  other  panels.  We  illustrate  such  a  basis  function  in 
figure  3.4. 

Next,  a  discrete  set  of  points,  called  control  points,  at  which  the 
boundary  conditions  are  Imposed,  is  chosen.  The  imposition  of  each  boundary 
condition  results  in  a  linear  equation  in  the  unknown  singularity  parameters. 
We  illustrate  this  in  the  following  example. 

Let  us  assume  the  boundary  condition  0  is  imposed  at  a  control  point 
P.  Then  we  use  equation  (3.2.7)  to  obtain  a  row  vector,  whose  length  N  is  the 
total  number  of  singularity  parameters  and  whose  ith  entry  is  the  dependence 
of  $  Jp)  on  A  .j  .  We  define  the  row  vector  AIC(P)  ("AIC"  stands  for 
"aerodynamic  influence  coefficient")  by 
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"W  i  =  -4T 


-q!  dS  if  A.  is  a  source  parameter 

K  1 


(3.3.1) 


-^-j  dS  if  A ^  is  a  doublet  parameter  ^  ^,2) 


The  most  complex  portion  of  a  panel  method  is  the  computation  the  integrals 
in  (3.3.1)  and  (3.3.2). 


Now,  by  the  definition  of  the  basis  function  b.,  for  a  point  Q  on  the 


surface  S  (see  figure  3.1) 


o("j  *  E  b,  (Q)  61iS  X, 

b,  (0)61>0  A( 


(3.3.3) 


(3.3.4) 


where  6  =  0  if  A^ 

»  »  v 


is  a  doublet  parameter,  1  if  it  is  a  source 


parameter.  Similarly,  5^  ^  =  0  or  1  depending  on  whether  A^  Is  a 

doublet  parameter.  Substituting  (3.3.3)  and  (3.3.4)  into  (3.2.7),  we  obtain, 
for  each  control  point  P, 

(P)  "  '  IT  fj  ~T  £  b1  (Q)  6i,  S  Ai  dS 

+  fj  £  bi(Q)6i,DAi  *(ir)  ds 


(by  definition)  £  AIC  (P)  .  A< 

1-1  L  J  1  1 


(3.3.5) 


=  AIC  (P)  A 

“►  L  J 

where  A  is  the  vector  of  source  and  doublet  singularity  parameters  whose 
1th  entry  is  A^  . 


Thus  the  imposition  at  P  of  the  boundary  condition 


♦  =  0 


leads  to  the  equation  in  the  N  variables  A.,...,  A, 


AIC  (P)  A  •  0 
L  J 


(3.3.6) 


(3.3.7) 


Now  we  impose  boundary  conditions  (which  are  not  necessarily  the  same  form  as 
equation  (3.3.6))  at  all  the  control  points  in  the  configuration,  obtaining  as 
many  boundary  conditions  as  there  are  singularity  parameters.  Each  boundary 
condition  generates  one  linear  equation,  and  thus  we  have  a  system  of  N 
equations  in  the  N  variables  A  ,...,A( 


N* 


[aic]  a 


(3.3.8) 


where  b  is  a  vector  of  "constraints"  (the  entry  of  b  corresponding  to  the 

— ► 

boundary  condition  equation  (3.3.7)  is  zero).  The  elements  of  b  are  not  to  be 
confused  with  the  basis  functions  b  appearing  in  equations  (3.3.2)  to 
(3.3.5).  Each  row  of  the  square  matrix  [Aic]  Is  a  row  vector  of  the  form 

AIC(P)  for  some  control  point  P. 
l  j 

Next,  equation  (3.3.8)  is  solved  by  standard  linear  algebra  techniques  for 
the  values  A^  .  Once  these  values  are  known,  the  previously  computed  AIC 
matrix  can  be  used  to  determine  aerodynamic  properties  at  control  points.  For 
Instance,  we  can  obtain  4>(P)  by  substituting  the  vector  A  ,  whose  entries 
are  now  known,  in  (3.3.5).  The  velocity  at  a  point  can  be  obtained  by 
evaluating  the  gradient  of  (3.2.7),  and  the  pressure  at  a  point  can  be 
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obtained  from  the  velocity  by  using  standard  formulas.  We  will  discuss  all 
the  steps  in  the  discretization  process  in  more  detail  in  section  4,  in  wnlch 
we  consider  PAN  AIR  exclusively. 
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Figure  3 
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3  -  A  surface  S  which  does  not  divide  space  into  2  separate  regions 


i  f - 1 - 1 


Figure  3.4  -  Basic  function  for  constant  strength  panels 
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4.0  An  Overview  of  PAN  AIR 


4.1  Historical  Development  of  Panel  Methods 

In  this  section,  we  will  discuss  the  features  which  distinguish  PAN  AIR 
from  earlier,  less  complex,  panel  methods.  These  features  are  (a)  "continuous 
geometry,"  (b)  linear  source  and  quadratic  doublet  variation,  and  (c) 
continuity  of  singularity  strength.  We  will  explain  how  these  features  make 
PAN  AIR  more  accurate  and  reliable  than  previous  methods,  and  discuss  briefly 
the  manner  in  which  these  items  are  implemented  in  PAN  AIR. 

Virtually  every  panel  method  approximates  the  configuration  geometry  with 
panels  whose  planform  is  a  quadrilateral.  Thus,  if  the  panels  themselves  are 
planar,  only  a  small  class  of  configurations  (such  as  cylinders  and  flat 
wings)  can  be  described  without  gaps  being  left  between  panels.  These  gaps 
tend  to  be  very  small,  except  for  highly  twisted  surfaces.  In  subsonic  flow, 
the  gaps  cause  little  if  any  numerical  error,  but  in  supersonic  flow  the 
cumulative  effect  of  the  gaps  is  serious,  not  because  of  "leakage"  of  flow 
through  the  gaps,  but  because  the  doublet  strength  jumps  abruptly  from  a 
non-zero  value  to  zero  at  a  panel  edge  which  does  not  exactly  meet  the 
adjacent  edge.  In  PAN  AIR,  gaps  are  closed  by  means  of  "piecewise  flat" 
panels,  that  is,  panels  which  are  comprised  of  several  planar  regions. 

Some  panel  methods  use  "curved"  panels,  generally  paraboloidal  in  shape. 
These  approximate  the  configuration  surface  far  more  accurately  iri  regions  of 
high  curvature  such  as  the  leading  edge  of  a  wing,  but  necessarily  have  gaps, 
even  though  small  ones.  Thus  they  are  excellent  for  the  analysis  of  subsonic 
flow,  but  not  for  supersonic  flow. 
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As  we  stated  earlier,  PAN  AIR  employs  a  linear  source  variation  and  a 
quadratic  doublet  variation.  That  is,  the  basis  function  b.  corresponding 
to  a  source  parameter  is  locally  linear,  while  the  basis  function 
corresponding  to  a  doublet  parameter  is  locally  quadratic.  This  contrasts 
with  earlier,  simpler  programs  in  which  the  doublet  and  source  variations  were 
locally  constant. 

The  reasons  behind  the  "higher  order"  singularity  distributions  in  PAN  AIR 
are  discussed  in  detail  in  Appendix  B.4.  Briefly,  they  are  as  follows. 
Consider  a  control  point  on  a  panel,  and  assume  the  source  and  doublet 
distributions  in  the  immediate  neighborhood  of  the  control  point  are 
polynomials.  Then  we  show  in  Appendix  B.4  that  a  source  distribution  locally 
of  the  form 


°U'nl  '  I,  I  ^ 

1  10  (4.1.1) 

or  a  doublet  distribution 

U(S.n)  ■  Z  2E  a°  i1  n®!-1  0-1.2) 

N-l  1=0  1  N 

does  not  induce  any  perturbation  velocity  locally.  That  is,  even  terms  in  the 
polynomial  source  distribution  and  odd  terms  in  the  doublet  distribution  do 
not  generate  a  local  perturbation  velocity.  So,  since  we  have  concluded  that 
constant  source  and  doublet  strengths  are  insufficient,  the  next  reasonable 
higher  order  approximation  to  use  is  linear  source  strength  and  quadratic 
doublet  strength. 
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Another  reason  for  u'ing  a  higher  order  doub1et  distribution  is  to  provide 
a  continuous  doubles  distribution,  that  is,  each  of  the  basis  functions  is 
constructed  so  that  its  value  is  continuous  everywhere  (obviously,  a  locally 
constant  function  can  not  be  continuous).  A  continuous  doublet  strength,  once 
again,  is  much  more  important  in  supersonic  than  in  subsonic  flow.  That  is 
due  to  the  failure  of  disturbances  caused  by  doublet  discontinuities  to 
diminish  with  distance  in  supersonic  flow  as  they  do  in  subsonic  flo  ,  A 
detailed  description  of  the  behavior  of  these  distributions  is  given  in 
Appendix  J . 12 . 

In  addition,  experimental  evidence  (references  (4.9)  to  (4.12))  indicates 
that  exact  surface  analysis  is  not  feasible  in  supersonic  flow  without  doublet 
continuity.  The  requirement  of  doublet  continuity  results  in  the  spline 
complexity  discussed  In  section  5. 

In  figure  4.1,  we  compare  some  panel  methods  of  the  last  two  decades.  The 
list  is  by  no  means  complete,  with  inclusion  in  the  list  generally  reserved 
for  methods  containing  innovations,  whether  or  not  the  method  enjoyed  any 
great  success. 

Of  the  other  panel  methods  described  in  figure  4.1,  the  one  which  most 
closely  resembles  PAN  AIR  is  that  of  Ehlers  et  al.  That  program  was  written 
to  demonstrate  the  technological  feasibility  of  a  panel  code  which  was  capable 
of  analyzing  arbitrary  configurations  in  supersonic  flow.  The  development  of 
that  program  took  place  with  the  intention  of  eventually  constructing 
production  software  (that  Is,  PAN  AIR)  based  on  the  same  principles,  and  thus 
that  program  is  generally  referred  to  as  the  PAN  AIR  "pilot  code." 


A 
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4.2  Summary  of  PAN  AIR  Technology 

We  now  outline  the  method  by  which  PAN  AIR  computes  a  row  of  the 
aerodynamic  influence  coefficient  matrix.  There  are  four  basic  steps.  First, 
the  basis  functions  must  be  computed.  That  is,  the  exact  locally  linear  or 
locally  quadratic  variation  on  every  panel  must  be  defined  for  each  basis 
function  (see  section  4.2.1).  Next,  for  each  panel,  the  perturbation  that  the 
panel  induces  nn  the  potential  and  velocity  at  each  control  point,  in  terms  of 
the  singularity  parameters,  must  be  computed  (see  section  4.2.2  for  details). 
Next  (see  section  4.2.3)  these  perturbation  influences  must  be  summed  over  all 
panels,  to  give  a  "potential  Influence  coefficient"  row  vector  (  ^4>IC(P)  ) 

and  a  "velocity  influence  coefficient"  matrix  [viC(P)]  with  the  properties 

Vp>i  -  £  L*IC(P)u  j  Aj  -  JMl  X 

J-l  (4.2.1) 

vV>i  "  £  [viC(P)]  u  Xj  -  (  [viC(P)]  X  )1  (4.2.2) 

j“l 

1  =  1,2,3 

That  is,  the  jth  columns  of  GlCfP^  and  [viC(P)j  give  the  dependence  of  the 
potenti?'  and  velocity  at  P  on  the  jth  singularity  parameter.  The  subscript  A 
indicates  that  the  average  of  upper  and  lower  surface  potential  and  velocity 
are  under  consideration.  Note  that  upper  and  lower  surface  potential  and 
velocity  are  different,  their  difference  being  defined  by  the  source  and 
doublet  strength  (cf.  (3. 2. 5-6)). 


Finally,  an  arbitrary  boundary  condition  of  the  form 


(an  +  t)*v  +  c$  *  b 


(4.2.3) 


(where  t  is  a  user-defined  tangent  vector  end  generally  only  one  coefficient  is 
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nonzero)  leads  to  a  row 
(_AIC(P)j  of  [Ale]  as  follows: 


AIC(P) 


c  lIC(P)j 


A 

an 


+  t 


JT  [VIC(P)] 


(4.2.4) 


4.2.1  Basis  Function  Computation 

The  computation  of  the  basis  functions  is  one  of  the  more  complex  portions 
of  PAN  AIR.  To  be  precise,  we  do  not  directly  compute  basis  functions,  but 
rather,  for  each  region  on  which  the  source  and  doublet  strengths  are  defined 
by  a  single  polynomial,  we  compute  matrices  which  describe  the  coefficients  of 
these  polynomial  distributions  as  linear  combinations  of  the  singularity 
parameters  in  the  neighborhood  of  the  panel.  A  column  of  such  a  matrix 
defines  the  coefficients  of  a  basis  function  on  a  subpanel. 

These  matrices  are  called  "spline"  matrices,  and  are  computed  in  two  steps 
as  follows. 

4. 2. 1.1  Subpanel  Splines 

The  first  step  is  the  computation  of  a  "sub-panel  spline"  (SPSPL)  matrix. 
Each  panel  is  divided  into  eight  triangular  regions  called  "subpanels",  as 
Indicated  in  figure  4.2.  The  source  subpanel  spline  matrices  are  3x5 
matrices  SPSPL'5  giving  the  three  coefficients  o0,o^  ,a ^  of  a  linearly 
varying  source  strength  (a  linear  function  In  two  variables  has  three 
coefficients)  in  terms  of  five  "panel  source  parameters", 
o  o^.Og  that  is,  the  values  of  source  strength  at  five  points  on  the 

panel : 
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(4.2.5a) 


' 

°0 

'°1  ' 

>  *  [ SPSPLS  ] 

o_ 

°4 

l°9 

where  a  is  defined  in  terms  of  local  coordinates  by 

a(C,n)  ■  a0  +  o^C  +  (4.2.Sb) 

Similarly,  the  (6x9)  doublet  subpanel  spline  matrices  give  the  six 
coefficients  of  a  quadratically  varying  doublet  strength  on  the  region  in 
terms  of  nine  "panel  doublet  parameters 


^0 

• 

-  [spspi  D  ]  « 

■  y 

.  unn 

.  V 

where 

U(C,n).  u0»p?5  *p„n  .ipnn  n2 

(4.2.7) 

4.2. 1.2  Outer  Splines 

Next,  the  five  panel  source  parameters  and  nine  panel  doublet  parameters 
are  described,  as  linear  combinations  of  singularity  parameters  in  the 
neighborhood  of  the  panel,  by  "outer  spline"  matrices  (5  x  )  and  B° 
(9xkQ)  where  and  kp  are  the  number  of  source  and  doublet  singularity 
parameters  in  the  neighborhood  of  the  panel  for  which  the  dependence  is 
non-zero: 


f 

v 


4.2-3 


4. 2.2.1  Near  Field  PIC's 


If  the  distance  is  small  compared  to  panel  size,  a  "near  field"  method  is 
used,  and  the  PIC  matrices  are  computed  as  a  sum  of  integrals  over  the  eight 
subpanels.  For  instance,  c 


PIC5 
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POTENTIAL j 

8  r  r 
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t| 
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J  (4.2.11) 

Here,  (£,n)  are  the  local  coordinates  on  the  ith  subpanel,  A^,  and  SPSPL  -j 
is  the  3x5  source  subpanel  spline  matrix.  Note  that,  for  a  point  Q  *  (£,n), 
using  (4.2.5a)  and  (4.2.5b), 

O(Q)  -  [  1  5  n  j  [spspl^] 

and  thus  (4.2.11)  follows  from  (3.2.7)  and  (4.2.10).  The  Integrals  in 
(4.2.11)  are  evaluated  analytically,  and  can  be  expressed  as  logarithms  and 
arc  tangents  of  quantities  which  are  determined  by  the  geometric  relation 
between  the  panel  and  the  control  point.  In  equation  (4.2.11)  the  entries 
of  [SPSPL^S]  are  constants  and  may  be  removed  from  the  integral.  The 
application  of  (3.2.7)  and  an  equation  similar  to  (4.2.12)  leads  to  a  similar 
equation  for  the  row  of  PICU  corresponding  to  the  potential.  The  rows  of 
the  PIC  matrices  corresponding  to  velocity  are  computed  by  using  a 
differentiated  version  of  (3.2.7).  The  entire  subject  of  PIC  computation  is 
discussed  in  more  detail  in  section  5.6  and  Appendix  J. 
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(4.2.12) 
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4. 2. 2.2  Far  Field  PIC's 


If  the  distance  from  the  panel  to  the  control  point  is  large  compared  to 
panel  size,  a  "far  field"  approximation  Is  used  in.  computing  the  influence  of 
the  panel.  This  is  done  by  approximating  the  expression  (1/R)  by  a  power 
series 


1 

R 


(1  +  aj 


(4.2,13) 


where  RQ  and  AR  are  illustrated  in  figure  4.3.  This  far  field  evaluation 
requires  considerably  less  computer  time  than  the  near  field  method  (see 
section  5.6  for  further  details).  To  further  save  computer  time,  an 
"intermediate  field"  method  described  in  section  5.6  is  used  when  the  near 
field  method  is  not  necessary  and  the  far  field  method  is  inadequate. 

4.2.3  Potential  and  Velocity  Influence  Coefficient  Assembly 

The  influence  of  each  panel  is  accumulated  to  determine  the  influence  of 
the  entire  configuration  on  the  control  point,  combining  equations 
(4.2.8-10),  we  see  that  the  products 

[PICS  •  8s  ]  and  [PIC°  -'B0] 

give  us  the  potential  and  velocity  induced  bv  a  panel,  in  terms  of  the 
singularity  parameters  in  the  neighborhood  of  the  panel.  These  matrices  are 
then  "added"  together;  that  is,  entries  of  distinct  PIC  matrices  which 
correspond  to  the  same  singularity  parameter  are  accumulated,  so  that  the 
"sum"  of  expanded  PIC  matrices  (none  of  which  has  more  than  31  non-zero 
columns)  is  the  4XN  matrix 
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♦  IC(P) 
"Vl  C(T) ' 


Here,  N  is  the  total  number  of  singularity  parameters. 

4.2.4  Aerodynamic  Influence  Coefficient  Matrix  Construction 

Once  the  matrices  $IC  (P)  and  j  VIC ( P) ]  have  been  constructed,  the 
L  -i 

vector  lAIC(P)j  is  easily  constructed  using  (4,2.4).  The  entire  process  is 
performed  for  all  the  control  points  in  the  configuration,  and  the  result  is 
the  square  matrix  [aicJ  .  Additional  details  are  given  in  section  5.7. 

From  here  on,  the  basic  structure  of  PAN  AIR  is  similar  to  that  of  other 
panel  methods.  The  system  of  linear  equations  is  solved, 

"post-multiplication''  (multiplying  ^IC^  and  [vie]  by  the  vector  A  )  is 
performed,  and  the  resulting  velocities  are  used  to  compute  pressures. 
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5,0  Elaboration  on  the  Technology  in  PAN  AIR 

In  this  section,  we  discuss  PAN  AIR  in  greater  detail  than  in  section  4. 

5.1  Networks  and  Mnels 

The  configuration  on  which  boundary  conditions  are  to  be  imposed  is 
described  by  a  collection  of  networks  of  points.  Each  network  consists  or 
(say)  N  columns  of  points  lying  on  the  configuration  surface,  where  each 
column  has  the  same  number  (M.say)  of  points.  By  a  point,  we  mean  its  (x,y,z) 
coordinates,  with  each  point's  coordinates  given  in  the  same  arbitrary 
coordinate  system.  Thus,  each  network  consists  of  an  MXN  grid  of  points  in 
space  (see  figure  5.1).  This  grid  need  not  lie  in  a  plane,  but  <t  should  be 
sufficiently  regular  to  define  a  surface  which  does  not  intersect  itself. 

Each  network  is  assigned  two  "singularity  types,"  describing  the  manner  in 
which  the  source  and  doublet  distributions  are  defined  on  the  portion  of  the 
surface  defined  by  the  network.  A  network  source  type  may  be  "null", 
"analysis",  or  "design",  while  its  doublet  type  may  be  "null",  "analysis", 
"design",  or  "wake."  The  singularity  type  "null"  means  that  the  corresponding 
singularity  distribution  is  identically  zero  over  the  whole  network.  The 
singularity  type  "analysis"  is  used  when  the  corresponding  boundary  conditions 
are  the  standard  ones  of  zero  normal  flow,  while  the  singularly  type  "design" 
is  used  when  the  boundary  conditions  correspond  to  specifying  a  desired 
pressure  distribution  on  the  surface.  The  doublet  type  of  "wake"  is  generally 
used  with  a  .nurce  type  of  null  to  model  a  wake  surface.  A  wake  is  a  surface 
across  which  a  discontinuity  in  potential  exists,  while  normal  flow  is 
continuous;  generally  a  wake  is  attached  to  the  trailing  edge  of  a  lifting 
surface.  The  positioning  of  wakes  can  be  a  complicated  problem,  and  is 
discussed  In  more  detail  in  the  PAN  AIR  Users'  and  Case  Manuals. 
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Note  that,  unless  the  source  or  doublet  type  is  null,  all  networks  are 
composite  networks,  that  is,  hoth  the  network's  source  distribution  and  its 
doublet  distribution  are  non-zero.  This  is  in  contrast  to  most  earlier  panel 
methods,  which  required  source  networks  and  doublet  networks  to  be  entered 
separately.  Generally  speaking,  all  non-wake  networks  in  PAN  AIR  will  be 
composite  networks  which  directly  describe  the  impermeable  object  about  which 
oric  is  analyzing  the  flow.  In  particular,  the  "internal  lifting  system" 
doublet  networks  required  by  the  Roeing  A-230  program  (Ref.  1.1)  are  not 
required  in  PAN  AIR.  These  composite  networks  allow  two  boundary  conditions, 
such  as  the  standard  boundary  conditions  of  (5.4.28),  to  be  imposed  on  a 
surface. 

Each  network  of  M  rows  and  N  columns  of  points  defines  (M-l)  rows  and 
(N-l)  columns  of  panels,  where  c  panel  is  a  quadrilateral  defined  by  four 
network  points  all  lying  in  two  adjacent  rows  and  two  adjacent  columns  of  a 
network.  Hgure  5.1  illustrates  the  subdivision  of  a  network  into  panels.  In 

the  example  of  Figure  5.1,  there  are  five  rows  and  columns  of  points  and  four 

rows  and  columns  of  panels. 

Now,  each  panel  is  defined  by  its  four  corner  points,  but  these  four 

points  need  nut  lie  on  a  plane.  Previous  programs  using  flat  panels  on 

arbitrary  surfaces  have  handled  this  problem  by  projecting  the  four  corner 
points  onto  an  "average  plane",  thus  forming  a  planar  quadrilateral  panel. 

The  formation  of  such  panels  leaves  gaps  between  panel  edges,  however,  since 
the  panels  do  not  in  fact  go  through  their  corner  points. 
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This  discontinuity  in  geometry  is  avoided  by  constructing  piecewise  flat 
panels  which  do  in  fact  contain  all  four  corner  points  and,  in  fact,  all  four 
panel  edges  (a  panel  edge  is  a  line  segment  connecting  adjacent  corner 
points).  The  decomposition  of  a  panel  into  five  planar  regions  is  illustrated 
in  figure  5.2.  It  will  be  shown  In  Appendix  D  that  the  four  edge  midpoints, 
which  define  the  vertices  of  the  interior  quadrilateral,  do  in  fact  lie  on  a 
plane.  In  section  5.5.,  the  interior  quadri 1 ateral  will  be  divided  into  four 
triangular  regions  for  the  purpose  of  defining  source  and  doublet 
distributions.  Thus  the  panel  will  be  divided  into  8  "subpanels"  there,  but 
at  least  four  of  them  will  lie  in  one  plane. 
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5.2  Coordinate  Transformations 

Recall  (see  (3.2.7))  that  for  ^  =  0,  we  wrote  the  fundamental  integral 
equation  as 


(5.2.1) 


We  can  easily  generalize  this  equation  to  arbitrary  Mach  number.  For  details, 
see  Ward  (Ref.  1.5).  Let  P  =  (x,y,z),  and  the  point  of  Integration  Q  = 

(£  .  H  ,  C  1  •  Recall 


s  -  sign  (1  -  M^) 


8  -  fs(l  “  MZW) 


(5.2.2) 


Now,  generalizing  the  definition  for  *  0,  let 

R  =  yU  -  x)?  +  c62  (  n  -  y)?  +  sez  (C- z)2  (5.2.3) 

when  the  Item  under  the  square  root  is  non-negative.  Let  R  be  zero  otherwise. 

For  subsonic  flow,  let  0p,  the  "domain  of  dependence"  on  the  point  P,  be 
all  of  space,  while  for  supersonic  flow  let  it  be  the  set  of  points  Q  such 
that  £  £  x  .and  the  expression  under  the  square  root  is  non-negative. 

Let  k  =  2 7t  if  s  -  -1,  k  =  4ir  if  s  *  1.  Let  us  define  the  compressible 
gradient  operator 
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v  s  (s  6  ^  — sL)  =  [  b  1  v 

'  p  H  an’  h  L  °J 


where 


[>.]  ■ 


'  2  1 

sfi^O  0 

0  1  0 

0  0  1 


Let  n  =  [B0]  n 
(a  vector  generally  called  the  "conormal") 


and 


o  =  V  (*u  -*L)-n 


(5.2.4) 

(5.2.5) 

(5.2.6) 

(5.2.7) 


a  generalization  of  our  previous  definition  of  source  strength  to  arbitrary 
Mach  number.  Then  we  can  rewrite  (5.2.1)  for  arbitrary  as 


*(P) 
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u  +  y  n  *  v 
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Here,  "SnDp"  means  the  set  of  points  common  to  both  regions. 

Now,  in  order  to  obtain  "panel  influence  coefficient"  matrices,  we  must 
perform  integrations  of  the  form  of  (4.2.11).  This  task  is  somewhat  obscured 
by  the  multiplicity  of  coordinate  systems  with  which  we  dpal.  We  will  now 
discuss  these  coordinate  systems  and  describe  the  transformations  among  them. 

The  coordinate  system  with  which  this  document  primarily  deals  is  the 
"compressibility  coordinate  system."  This  is  the  system  In  which  equation 
(2.5.4) 
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4 


(5.2.9) 


(1  —  )  A  +  A  +  it  =  0 

K  »  '  ^xx  *yy  *zz 

is  valid. 

For  M  i*  0,  (5.2.9)  requires  a  preferred  direction,  called  the 

OD 

"compressibility  direction,"  which  is  the  direction  of  .  We  have  assumed 
so  far  that  this  is  the  x-direction. 


A  program  user,  however,  may  not  want  to  describe  the  configuration 
geometry  such  that  the  compressibility  direction  is  the  x-directlon.  PAN  AIR 
permits  the  user  to  specify  ar  arbitrary  compressibility  direction  by 
specifying  angles  ac  and  0C  ,  angles  of  attack  and  sideslip,  which 
describe  the  compressibility  direction  with  respect  to  the  input  (or 
reference)  coordinate  system. 


If  the  coordinates  of  a  point  are  (x,y ,z)  in  the  compressibility  axis 
system,  and  (xQ,  yQ,  zQ)  in  the  reference  axis  system,  then 


where  1(.  is  the  coordinate  transformation  matrix 


(5.2.10) 
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c 

(5.2.11) 

We  show  how  Tc  Is  obtained  as  a  product  of  a  rotation  by  an  angle  aQ  about 
the  y-axls  and  a  rotation  by  an  angle  $c  about  the  modified  z-axis  In 
Appendix  £.3.  It  should  be  noted  that  the  above  sequence  of  coordinate 
notations  is  equivalent  to  the  opposite  sequence  of  basis  vector 
transformations.  That  Is,  the  configuration  Is  first  rotated  about  Its  z-axis 
by  an  angle  0c,  then  about  Its  y-axls  by  an  angle  ac  .  This 
transformation  is  discussed  further  In  the  Users'  Document. 


Now,  the  unit  vector  (written  In  reference  coordinates)  In  the 
compressibility  direction  Is 


(5.2.12) 


Since  fc  Is  an  orthogonal  matrix, 


cos  or  cos  0 

t  C 

-  -sin6c 
sinoc  cosgc 


(5.2.13) 
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The  relationship  of  to  the  reference  coordinate  system  is  shown  In  figure 
5.3. 


A  third  coordinate  system  of  Importance  In  PAN  AIR  Is  the  "local" 
coordinate  system  (see  Glossary).  We  want  to  compute  the  surface  integrals 
required  for  PIC  calculation  as  integrals  in  two  variables,  and  thus  we 
construct  a  local  coordinate  system  (x'.y'.z')  for  each  subpanel,  in  which  the 
subpanel  lies  in  the  x'-y1  plane. 


The  transformation  from  reference  to  local  coordinates  is  not  orthogonal, 
however,  but  includes  a  scaling  transformation  so  that  the  factor  8  does  not 
appear  In  the  expression  for  R.  This  simplifies  the  influence  coefficient 
integrals,  such  as  (5.6.9),  which  must  be  calculated. 


Recall  from  (5.2.3)  that  In  compressibility  coordinates,  for  a  control 
point  P  »  (x,y,z)  and  field  point  (  £ , n ,  4  ),  we  have 

R2  „  (  £  .  x)2  +  s82  (  n  -  y)2  +  s  0Z  (  4  -  z)2  (5.2.14) 


where  R  is  the  denominator  of  the  Integrand  of  (5.2.8).  In  order  to  describe 
the  appearance  of  R  in  local  coordinates,  we  need  to  Introduce 
r  ■  sign  (ft'ft) 


where  we  define 


-  (by  (5.2.6))  sign  (tfT  [Bq]G) 


(5.2.15) 

j  by  saying  that  for  any  two  vectors  X  and  Y, 


< 


f 
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(5.2.16) 


)  -**Tr  "I 

K.VJ  ■  X  (bJy 

The  meaning  of  r  can  be  understood  if  we  work  1r  compressibility 
coordinates. 

Then  by  (5.2.5)  and  (5.2.6), 

r  ■  sign  (  s  3?nx2  +  ny2  +  n^)  (5.2.17) 

If  s  =  1  (that  is,  for  subsonic  flow),  we  see  that  the  expression  in 
(6.2.17)  is  positive,  and  so  r  a  1.  If  s  =  -1  (supersonic  flow),  and  0-1 
(M„  )  ,  we  see  that 

7  7  2 

r  *  -1  if  n^  >  ny  + 

r  »  +1  if  nx2  <  ny2  +  n.,2  (5.2.18) 

Recall  from  section  4. 2. 1.1  that  the  PAN  AIR  panels  are  comprised  of  eight 
triangular  subpanels.  Each  of  these  flat  subpanel  surfaces  has  a  unit  surface 
normal  n  of  fixed  direction.  If  n  is  such  that  r  =  -1  in  equation  (5.2.18), 
the  surface  normal  is  Inclined  at  more  than  45°  to  the  frees tr earn.  But  this 
45°  angle  is  also  that  of  the  "Mach  cone"  emanating  forward  from  a  point  P 
on  the  suhpanel,  as  illustrated  in  figure  5.5,  and  defines  the  "domain  of 
dependenco"  of  P.  In  other  words,  point  P  Is  affected  only  by  disturbances 
(such  as  those  produced  by  tiio  source  and  doublet  distributions)  that 
originate  within  this  forward  Mach  cone. 
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Thus  we  see  that  if  r  =  -1,  no  point  on  the  subpanel  surface  lies  in  the 
domain  of  dependence  of  any  other  point  on  the  subpanel,  and  we  call  such  a 
surface  "superinclined."  If  r  =  +1,  the  more  upstream  points  on  the  subpanel 
do  lie  in  the  domain  of  dependence  of  the  more  downstream  points,  and  such  a 
surface  is  called  subinclined.  If  n'*n  =  0,  the  more  upstream  points  lie 
exactly  on  the  boundary  of,  but  never  in  the  interior  of,  the  domain  of 
dependence  of  more  downstream  points.  Such  a  surface  is  called 
Mach-incli ned.  We  will  see  shortly  that  no  portion  of  the  paneled 
configuration  is  permitted  to  be  Mach- inclined.  The  above  definitions, 
illustrated  in  figures  5.4  and  5.5,  are  equally  valid  at  all  supersonic  Mach 
numbers. 

Now,  for  ease  of  Integration,  we  want  the  local  coordinate  system 
(x'.y’.z1)  defined  on  each  subpanel  to  have  the  property  that  if  P  * 
(x’,y',z’)v  Q  =  (  £  ’,  n  C, ')  then 

R2  =  r(  £ '  -  x ' )  ^  +  s  ( r\  ’  -  y' )2  +  rs  (  C  '  -  z'  )2  (5.2.19) 

In  this  manner,  we  reduce  the  denominator  of  (5.2.8)  to  one  of  three  standard 
forms: 

(a)  Suosonic  flow 


/ 


(  C  -  y' )  +  (  n *  - 


z'Y 


(b)  Supersonic  flow,  subinclined  panels 


R  * 


-  y')2  -  (  C‘  -  Z')2 


(5.2.20) 


(5.2.21) 
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(c)  Supersonic  flow,  superlnclined  panels 


R  =  'J  (t'  -  z')2  -  (  £  ’  -  x’)2  -  (  n’  -  y1)2  (5.2.22) 

So,  if  we  can  find  a  local  coordinate  system  in  which  (5.2.19)  holds,  we 
will  have  succeeded  in  removing  the  factors  of  0  from  the  integrand  of 
(5.2.8).  Further,  the  subpanel  always  lies  in  the  (£'*n')  plane,  with  the 
flow  oriented  in  the  ^'-direction  in  case  (b),  and  in  the  £  '-direction  in 
case  (c). 


We  will  compute  the  reference  to  local  coordinate  transformation  A,  such 


that 


<•  "o’ 


M 


'  x1 
•  y’ 


z’ 


(5.2.23) 


in  Appendix  E.3. 


We  now  describe  the  result  computed  there.  Let  vQ  be  a  unit  vector 
perpendicular  to  c0  and  n0  ,  the  unit  normal  to  the  subpanel. 

.  A  A  „  A 

Let  u  "  v  X  n„  .  Let 

oo  o 


[Co]  ■  •»*  M  *  «-■«*>  ft  V] 

ft)’  M  [£„  J0T] 


(5.2.25) 
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Note  chat  the  definition  (5.2.5)  of  [80]  iri  the  compressibility  coordinate 
system  is  consistent  with  (5.2.25)  since  in  that  coordinate  system 


A  A  T 
C  C„ 

0  0 


1  0  0 
0  0  0 
0  0  0 


Recalling  the  definition  (5.2.16)  of  ( 


) 


(5.2.26) 


(5.2.27) 


Several  remarks  may  be  made  here.  First,  if  M,*  =  0,  cQ  is  meaningless, 
but  is  given  a  default  value  by  PAN  AIR  just  so  that  no  special  formula  is 
needed  to  replace  (5.2.27).  Since  all  occurrences  of  £Q  are  multiplied 
by  (1  -  s  0  )  *  any  value  for  zQ  is  equally  valid  if  =  0. 


1a  a1 

f 


Next,  (5.2.27)  blows  up  if  6=  0  or  ^  0,  ..pj 
case  corresponds  to  M  =  1,  and  is  impermissible,  while  the  latter  case 


But  the  former 


corresponds  to  a  Mach-inclined  panel,  and  is  also  impermissible. 


f 

#.  • 
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5.3  Network  Edge  Matching 

The  splines  which  are  discussed  in  section  5.5  insure  that  the  source  and 
doublet  strength  on  the  configuration  are  continuous  within  a  network,  but  do 
nothing  to  insure  continuity  across  network  edges.  The  contribution  of 
continuous  doublet  splines  to  the  goal  of  increased  program  reliability  would 
be  wasted  if  the  doublet  strength  were  discontinuous  at  network  boundaries. 

One  solution  to  the  problem  of  matching  doublet  strength  at  network  edges 
(hence  called  the  edge  matching  problem)  is  to  impose  the  boundary  condition 
of  zero  normal  flow  along  the  edge.  As  shown  in  Appendix  J.  11.  a 
discontinuity  in  doublet  strength  along  an  edge  induces  an  infinite  velocity 
there.  Thus,  the  requirement  that  the  flow  be  finite  causes  the  doublet 
strength  to  he  continuous  across  the  edge.  This  method  has  worked 
successfully  \i.i  the  earlier  versions  of  the  "pilot  code",  for  instance)  in 
many  cases.  Unfortunately,  the  method  requires  that  the  geometric  fit  among 
networks  be  exact;  if  there  is  a  gap,  say-,  where  networks  meet,  the  boundary 
condition  of  zero  normal  flow  will  force  the  doublet  strength  along  the  edge 
to  zero. 

The  requirement  that  network  edges  match  exactly  in  a  geometric  sense  is  a 
severe  burden  on  the  user  of  a  panel  code.  Figure  5.6  illustrates  the  type  of 
panelling  frequently  used  by  aerodynamicists  at  the  intersection  of  the 
leading  edge  of  a  wing  and  the  body  of  an  airplane.  The  aerodynamicist  Is 
usually  more  Interested  in  detailed  wing  pressures  than  detailed  body 
pressures;  further,  the  high  curvature  of  the  wing  leading  edge  requires  dense 
panelling  for  accurate  definition.  But  accurate  definition  of  the  loading 
edge  of  the  wing  is  incompatible  with  coarse  definition  of  the  body,  unless  a 
gap  is  left  between  network  edges.  In  figure  5.6,  the  shaded  area  represents 
the  gap  between  the  body  and  the  wing. 
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The  most  complex  portion  of  the  edge  matching  problem  is  the  determination 
of  those  pairs  (or  larger  collections)  of  network  edges  along  which  the 
doublet  strength  is  to  be  matched.  This  determination  is  performed  in  two 
ways:  (1)  For  each  network  edge,  the  program  searches  fc-  other  network  e-1<jus 
which  lie  within  a  user-input  tolerance  distance  of  the  first  network  edge. 

(2)  For  edges  which  lie  far  from  each  other  (compared  to  the  tolerance),  but 
which  ideally  would  be  identical,  such  as  those  of  figure  5.6,  there  is  an 
option  which  permits  the  user  to  directly  specify  that  doublet  matching  should 
occur  along  the  edges. 

PAN  AIR  incorporates  two  features  to  insure  the  matching  of  doublet 
strength  across  network  edges.  The  first  feature  is  that  the  matching  of 
doublet  strength  is  done  directly  rather  than  indirectly.  That  is,  in 
ccnst-uction  of  the  A1C  matrix,  the  boundary  condition  p^  -  p?  =  0 
•'  ssuming  p  and  p^  are  the  doublet  strengths  at  two  opposing  points 
where  networks  meet)  is  imposed  exactly  (rather  than  approximately  by  the 
requirement  of  zero  normal  flow).  The  second  feature  is  that  "gap-filling" 
panels  are  introduced  whenever  there  are  gaps  between  network  edges  which  do 
not  actually  represent  gaps  in  the  physical  configuration.  A  doublet 
distribution  is  defined  on  these  gap-filling  panels  in  such  a  manner  that 
continuity  of  doublet  strength  is  produced  everywhere. 

Imposing  doublet  matching  exactly,  rather  than  indirectly,  requires 
considerable  care.  The  doublet  matching  boundary  conditions  must  never  be 
redundant.  Redundancy  is  permissible  in  the  case  of  zero  normal  flow  boundary 
conditions,  because  of  the  rather  inexact  manner  in  which  these  boundary 
conditions  perform  doublet  matching  (experimentation  has  shown  that  the 
partial  redundancy  of  zero  normal  flow  boundary  conditions  may  lead  to 
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ill-conditioned  matrices).  But.  if  the  matching  of  doublet  strength  is  imposed 
exactly,  any  redundancy  leads  to  a  singular  AIC  matrix. 

Preventing  redundancy  along  a  curve  where  two  or  more  network  edges  meet 
(such  a  curve  is  called  an  abutment)  is  fairly  straightforward.  The  only 
difficult  problem  occurs  at  "abutment  intersections,"  that  is,  points  where 
several  abutments  meet  (see  figure  5.7).  The  details  concerning  the 
imposition  of  edge  matching,  and  concerning  gap-filling  panels,  are  given  in 
Appendix  F. 
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5.4  Control  Points  and  Boundary  Conditions 


5.4.1  Control  Point  Location 

Control  points  ar  points  at  wnich  boundary  conditions  are  imposed.  Such 
points  are  either  (1)  in  the  vicinity  of  a  panel  center  (the  point  whose 
coordinates  are  the  average  of  the  panel  corner  coordinates),  (2)  in  the 
vicinity  of  the  midpoint  of  a  panel  edge  which  also  lies  on  a  network  edge,  or 
(3)  in  the  vicinity  of  a  pane!  corner  which  lies  on  a  network  edge.  These 
points  are  called  center,  edge,  and  corner  control  points  respectively. 

"Extra"  corner  control  points  are  located  at  panel  corners  which  belong  to 
"abutment  Intersections."  Figure  5.7  illustrates  a  situation  which  would 
cause  the  construction  of  an  extra  control  point.  There,  N^,  N?,  anc  N3 
are  three  separate  networks. 

In  figure  5.8  we  illustrate  the  control  point  locations  on  a  network  with 
no  extra  control  points.  Note  that  control  point?  are  always  receded  slightly 
from  a  panel  edge.  This  is  done  because  the  velocity  induced  by  the  doublet 
distribution  on  a  panel  causes  an  infinite  velocity  at  the  panel  edge.  Thus, 
for  numerical  reasons  the  control  point  1*  withdrawn  approximately  1/10  cF  the 
way  toward  the  center  of  the  panel.  The  precise  method  by  which  control 
points  are  receded  is  described  in  Appendix  G. 

5.4.2  Boundary  Conditions 

Boundary  conditions  are  imposed  at  every  control  point.  Recall  that  a 
boundary  condition  is  a  linear  equation  In  $  and  its  derivatives.  Since  <p 
or  its  gradient  may  oe  discontinuous  on  the  configuration  surface,  upper  and 
lower  surface  potential  <nd  velocity  are  difiarent,  and  so  the  boundary 
condition  equation  may  Involve  "upper  surface"  and/or  "lower  surface"  terms. 
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The  number  of  boundary  conditions  imposed  at  a  control  point  is  between  zero 
and  two  (inclusive),  and  is  determined  by  the  basic  principle  that  the  number 
of  boundary  conditions  must  equal  the  number  of  singularity  parameters.  For 
analysis  networks,  there  ate  two  boundary  conditions  imposed  at  every  panel 
center  control  point,  but,  since  only  doublet  parameters  (arid  not  source 
parameters)  are  located  on  network  edges,  there  is  only  one  ooundary  condition 
imposed  at  panel  edge  and  corner  control  points. 

5. 4. 2.1  Impermeability  Boundary  Conditions 

For  most  cases,  the  boundary  condition  the  user  wishes  to  impose  is  that 
there  is  no  flow  through  the  conf Iguration  surface.  At  Mach  zero,  this  Is 
achieved  by  setting 


A 

n 
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or  equivalently, 

■+X  A  •*  A  -r  ,  A 

v^n®  vn  =  -V^n 

Equation  (5.4.2)  does  not  generalize 
however.  In  Appendix  H,  we  see  that  the 
non-linear  potential  'low  (that  is,  flow 
-'qua t inn  (2.4.1))  is 


where  p  is  the  density  of  the  fluid. 


(5.4.2) 

in  that  form  to  arbitrary  Mach  number 
appropriate  boundary  condition  for 
satisfying  the  non-linear  potential 

(5.4.3) 


In  section  1.11  of  Ward  (1.5),  it  is  shown  that,  neglecting  terms  of  the 
same  order  as  those  neglected  in  reducing  equation  (2.4.1)  to  the 
Prandtl-Glauert  equation,  we  hive 
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pV  =  pw(v$+  vw) 


(5.4.4) 

where  p^  is  the  density  at  infinity.  Note  that  rather  than  v$ 

occurs  in  (5.4.4).  Thus  the  appropriate  boundary  condition  to  impose  is 


v  $  + 
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or 


(5.4.6) 


The  validity  of  (5.4.4)  can  be  justified  intuitively  by  recalling  that  the 
continuity  equation  (2.1.1),  neglecting  the  unsteady  flow  term,  is 


(PV) 


(5.4.7) 


while  the  Prandtl-Glaue-'t  equation 

s  +  d>  +  •  0 

*  p  *  ax  Y  yy  Tzz 

can  be  rewritten  as 


v-  (P„  V«+  PJ  ♦  ) 


since  p^  is  a  constant  and 


v  •  V, 


(5.4.3) 

(5.4.9) 


(5.4.10) 


So,  we  see  that  both  the  lei  t  and  right  hand  sides 
fields  whose  divergence  is  zero,  that  is,  they  are 


of  (5.4.4)  are  vector 
"conserved  quantities." 


»s,  ^ 

The  expression  (  p/ )  V  is  called  the  mass  flux,  v$+  Vw  is  called 
the  total  linearized  mass  flux,  and  v  $  is  called  the  linearized 
perturbation  mass  flux.  We  will  never  consider  the  non-linear  mass  flux  in 
section  5,  and  thus  will  drop  the  modifier  "linearized."  We  will  denote  the 
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perturbation  and  total  mass  flux  by  w  and  W  respecti vely,  and  call  w- n  and  W*n 
the  perturbation  ari  total  normal  mass  flux. 


Now,  the  combination  of  (5.4.3)  and  (5.4.4)  indicates  that  to  specify 
impermeabi lity  of  a  surface,  we  set  total  normal  mass  flux  enual  to  zero. 

This  can  be  done  directly  or  indirectly,  as  illustrated  by  the  following 
examples. 

5.4.2.?  Thin  Surfaces 

In  the  case  of  the  thin  wing  illustrated  in  figure  5.9,  we  clearly  require 
both  the  upper  and  lower  surfaces  to  be  impermeable,  and  thus  specify 
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But  recall  from  section  5.2  that 
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Note  that  these  equations  reveal 

~  .-V  A'-*- 

n  T  =  n  w 


(5.4.15) 
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This  relation  will  be  used  later. 


Thus,  (5.4.11)  implies 


o  =  0 


so  we  can  impose  the  boundary  conditions 


->  .a  T  .a 
Wjj  n  -  -V*,  n 


a  =  0 


on  the  thin  wing. 


(5.4.16) 


(5.4.17) 


Note  that  we  show  a  wake  trailing  behind  the  wing  in  figure  5.9.  A  wake 
is  a  surface  across  which  a  potential  jump  occurs,  even  though  the  surface 
does  not  correspond  to  a  solid,  physical  object.  Deciding  where  to  position 
the  wake  for  a  particular  configuration  is  an  extremely  difficult  problem. 

For  many  problems,  however,  any  wake  position  roughly  parallel  to  the 
freent'-eam  and  extending  downstream  from  the  object  being  analyzed  is 
adequate.  A  detailed  study  of  wake  positioning  is  not  part  of  this  document. 


5. 4. 2. 3  Thick  Configurations 

For  a  "thick"  wing,  that  is,  a  wing  for  which  we  panel  both  the  upper  and 
lower  surfaces,  we  can  not  simply  impose  the  boundary  conditions  (5.4.17). 

This  is  because  imposition  of  zero  normal  flow  on  the  interior  of  a  closed 
surface  is  an  ill-posed  boundary  value  problem  since  there  is  no  unique 
solution:  if  a  particular  function  $  satisfies  the  Prandtl-Glaue^t  equation 
and  the  boundary  conditions,  then  adding  any  constant  to  $  in  the  interior 
of  the  closed  surface  yields  another  solution.  We  illustrate  the  two  possible 
solutions  in  figure  5.10. 
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So,  we  must  specify  zero  normal  flow  on  the  interior  of  a  closed  surface 
in  some  other  manner.  There  are  many  possibilities,  some  of  which  will  be 
discussed  in  Appendix  H.  The  method  illustrated  in  figure  5.11  has  been 
exper imentally  shown  to  be  reliable  in  a  wide  variety  of  circumstances. 

There,  the  boundary  condition  *  0  on  the  configuration  surface  insures 

(assuming  a  sufficient  density  of  control  points)  that  $  is  identically  zero 
in  the  entire  interior  region.  Such  a  condition  is  called  "perturbation 
stagnation"  (it  is  not  really  stagnation,  since  the  total  potential  is  not 
constant),  since  ,  the  perturbation  velocity,  is  everywhere  zero. 


Thus  we  impose  the  boundary  conditions 

$L  -  0 
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(5.4.18) 


But  w"L  -v  ■*  0  ,  so  we  can  replace  w^  'n  by^-  wL)’n  «a,  and  thus 
we  obtain 

$L  «=  0 


a  = 


(5.4.19) 


The  boundary  conditions  (5.4.19)  for  a  thick  wing,  or  (5.4.17)  for  a  thin 
wing  are  preferable  to  their  equivalents  (5.4.18)  and  (5.4.11)  because  they 
directly  specify  the  source  strength.  This  allows  the  source  parameters  to  be 
removed  from  the  system  of  linear  equations,  thus  considerably  lowering  the 
cost  of  solving  the  equations. 
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5. 4. 2. 4  Super-inclined  Surfaces 


A  final  example  of  the  imposition  of  boundary  conditions  is  shown  in 
figure  5.12.  The  surface  shown  perpendicular  to  the  free stream  is  a 
superinclined  surface;  recall  from  section  5.2  that  a  surface  is  superinclined 
whenever 


n'n  <  0 


(5.4.20) 


An  important  result,  which  we  discuss  further  In  Appendix  8,  is  that 
boundary  conditions  of  zero  normal  mass  flux  must  never  be  piaced  on  the 
upstream  side  of  a  superinclined  surface,  or  else  the  boundary  value  problem 
is  ill-posed.  This  is  not  really  too  surprising,  since  the  flow  about  any 
impermeable  object  so  blunt  as  to  be  superinclined  certainly  violates  the 
"small  perturbation"  assumption. 


The  need  for  permeable  super i nc 1 ined  surfaces  does  occur,  however,  nacelle 
faces  being  the  prime  example.  The  example  in  figure  5.12  shows  the  use  of 
boundary  conditions  on  the  lower  (that  is,  downstream)  surface  to  induce 
perturbation  stagnation  in  the  interior  of  the  configuration. 


5. 4. 2. 5  The  General  Boundary  Condition 

The  previous  three  examples  do  not  exhaust  the  generality  of  boundary 
conditions  which  a  PAN  AIR  user  may  impose.  But  we  must  warn  that,  while  an 
arbitrary  condition  on  <p  and  its  derivatives  is  permitted,  the  boundary 
condition  may  not  yield  a  well-posed  problem.  The  arbitrary  boundary 
condition  can  be  written 


>AV+  ca*A  +  V*A 

+  aD0  +  cDp  +  tp  •  VU  *  b 


(5.4.21) 


where  the  subscripts  A  and  D  stand  for  "average"  and  "difference,"  that  is, 
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♦  o  "  *U  -  *1.  =  M  (5.4.23) 

Comparing  to  equation  (3.2.6),  we  see  that  the  definition  of  doublet  strength 
Is  the  same  for  all  Mach  numbers.  The  constants  a  and  c  may  be  arbitrary, 
while  the  vectors  t  are  tangent  to  the  surface  at  the  control  point  (as 
opposed  to  n,  which  is  normal  to  the  surface). 
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while  the  second  equation  corresponds  to 

aA  "  1 
aD  *  ? 

cA  *  cQ  *  0  (5.4.30) 

*A  *  4d  "  0 
b  *  Iv*  *  n 

For  the  remainder  of  this  document,  we  will  generally  use  the  boundary 
condition  formulation  (5.4.21)  since  It  is  used  internally  in  PAN  AIR.  It 
should  be  noted,  however,  that  the  program  user  need  not  be  concerned  with 
this  formulation,  but  may  express  boundary  conditions  in  the  upper  and  lower 
form  if  he  wishes.  The  average  and  difference  formulation  is  used  in  PAN  AIR 
in  order  to  separate  out  the  singularity  strength  (or  difference)  contribution 
to  the  boundary  condition,  which  is  computed  from  the  splines.  The  average 
potential  and  velocity  at  a  point  on  the  surface,  in  turn,  do  not  depend  on 
the  singularity  strength  at  the  point.  For  mor.  details  or  the  computation  of 
the  average  quantities  see  Appendix  J.6. 
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There  is  on-  type  of  user-specified  boundary  condition,  called  a  closure 
boundary  condition,  which  is  not  of  the  form  (5.4.21).  This  is  used  design 
problems  to  specify  the  integral  of  the  normal  mass  flux  over  a  surface.  A 
detailed  description  of  the  use  and  implementation  of  closure  boundary 
conditions  will  be  given  in  Appendix  H.4. 
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5.5  Singularity  Splines 

In  this  section  we  will  discuss  without  details  the  construction  of  spline 
matrices  for  analysis  and  wake  networks.  The  technical  details  of  the  spline 
construction,  and  all  discussion  of  splines  for  design  networks,  will  be 
reserved  for  Appendix  I.  In  figure  5.13,  we  illustrate  the  locations  of 
source  parameters  on  a  source  analysis  network,  and  the  locations  of  doublet 
parameters  on  a  doublet  analysis  or  wake  network. 

Source  parameters  on  analysis  networks  are  located  at  panel  centers  only. 
Doublet  parameters  on  analysis  networks  are  located  at  panel  centers  and  in 
addition  along  network  edges  as  illustrated.  The  "extra"  doublet  parameters 
occur  at  those  points  at.  which  an  “extra"  corner  control  point  was  stationed 
because  of  edge  matching  considerations  (see  figure  5.7).  Doublet  parameters 
are  required  on  network  edges  (while  source  parameters  are  not)  because  of  the 
quadratic,  variation  of  the  approximation  to  the  doublet  strength.  A  quadratic 
variation  causes  rapid  changes  in  doublet  strength  which  make  extrapolation  of 
the  doublet  values  from  the  interior  of  the  network  to  the  edges  ill-advised. 
The  source  strength  approximation  is  only  linear,  however.  Finally,  doublet 
parameters  are  only  located  on  the  upstream  edge  of  a  wake  network.  The 
doublet  strength  on  a  wake  network  is  defined  to  be  constant  in  the  streamwlse 
direction,  and  thus  doublet  parameters  are  only  required  on  one  edge  in  order 
to  define  the  doublet  strength  on  the  entire  network. 

5.5.1  The  Matrices  and  B^1. 

The  value  of  a  source  parameter  is  always  the  value  of  source  strength  at 
the  parameter  location,  and  similarly  for  doublet  parameters  located  at  panel 
centers.  The  value  of  a  doublet  parameter  on  a  network  edge  Involves  the 
value  arid  gradient  of  the  doublet  strength  at  a  panel  corner  on  the  edge. 
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Recall  from  section  4.2.1  that  a  spline  defines  the  manner  in  which  an 
approx imation  to  the  singularity  distribution  on  a  .tetwork  is  determined  in 
terms  of  the  singularity  parameters  located  on  tne  network.  The  manner  in 
which  this  occurs  is  defined  by  matri'es,  called  source  (and  doublet)  "outer" 
and  subpanel  spline  matrices  respectively.  The  outer  spline  matrices  (one 
sour  r  matrix  8  ^  and  one  doublet  matrix  8^  for  each  panel)  define  tt.-;  source 
strength  and  doublet  strength  at  certain  points  on  the  panel  as  linear 
combi  nations  of  source  and  doublet  parameters  located  in  the  neighborhood  of 
the  panel.  The  subpanel  spline  matrices  (one  source  matrix  SPbPL^1  and  one 
doublei  matrix  for  each  of  the  eight  triangular  regions  composing  the 

panel)  each  define  the  coefficients  of  the  polynomial  distribution  of 
singularity  strength  on  the  triangular  region  as  a  linear  combination  of  the 
si'gularity  strengths  at  the  certain  panel  points  previously  mentioned. 

To  be  precise,  consider  the  panel  and  network  in  figure  5.14.  The  matrix 
P 5  is  a  5  x  9  matrix  which  gives  the  value  of  source  strength  at  Pj.P^.P^.P^, 
and  Pg  in  terms  of  the  source  parameter.  {a,\  M,(.  9)  located  at  the 
nine  panel  enters  marked  by  a  circle.  The  matrix  Is  a  9  x  21  matrix 

giving  the  values  of  doublet  strength  at  Pj .  ° ^  in  terms  of  the  doublet 

parameters  [a  ^  ,  i*l,...,2l}  located  at  the  2i  panel  centers  marked  by  an 
x.  8ecause  p  is  a  continuous  locally  quadratic  function  where  a  is  only 
a  continuous  locally  linear  function,  p  must  be  defined  at  9  points  on  a 
panel  by  8^  while  o  is  only  defined  oy  5  points  by  The  values  of  o  at 

the  8  points  are  called  "panel  source  parameters,"  while  the  values  of  u  at 
the  9  points  are  called  "panel  doublet  parameters." 
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S.1).?  Definition  of  SPSPL 

Next,  on  each  triangular  region,  source  and  doublet  strengths  c(£  \  n 
n')are  defined  in  terms  of  local  coordinates  (£',n«) 
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where  the  constants  O 
sol i ne  matrices: 
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Construction  oc  the  Matrices  3. 


The  3  matrices  are  constructed  one  row  at  a  time.  Each  row  defines  the 
singularity  strenqth  at:  a  panel  corner,  edge  midpoint,  or  panel  center  in 
to-ms  oT  surrounding  singularity  parameters.  This  identical  row  vector  ther 
becomes  pa-t  of  the  3  ma^x  of  each  panel  which  shares  the  particular  gr<d 
point.  This  insures  that  the  value  of  the  singularity  strength  is  identical 
an  one  approaches  the  grid  point  from  the  interior  of  any  of  the  panels 
sharing  it. 


The  source  strength  at  a  panel  corner  is  obtained  from  the  source 
singularity  parameters  located  at  the  centers  of  the  four  panels  sharing  tnat 
corner,  as  illustrated  in  figure  5.15.  The  dependence  of  O  on  Xp...,A^ 
's  determined  by  a  bilinear  fit  procedure  described  in  Appendix  1.1. 
Essentially,  this  procedure  determines  what  '‘bilinear"  function  (a  bilinear 
"unction  in  two  variables  (£,n)  Is  a  quadratic  function  which  reduces  to  a 
linear  f  unction  for  constant  E,  and  f)  ) 


f(£  ,n  )  =  a  +  b£  +  cn  +  d£n 


(5.5.4) 


is  determined  by  the  four  values  X^,  and  then  sets  to  be  the  "value"  the 
function  takes  at  that  point.  By  "value",  we  mean  a  row  vector  (aj,a,.e3,a4l, 
so  that 


°1  ‘ial  h  "3  a4j 
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regardless  of  tne  values  of  the  X^'s. 
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Now,  finding  the  row  vector  that  doner  ibes  th*>  source  strength  at  a  panel 
center  is  very  simple,  since  a  source  parameter  is  located  there.  To  obtain  a 
matrix  for  a  panel,  we  assemble  the  row  vectors  correspond ing  to  the  5 
grid  points.  Each  row  vector  has  length  4,  hut.  hy  adding  zeros  each  row  vector 
expands  to  length  3.  Thus  each  row  vector  has  one  entry  from  each  of  the  9 
source  parameters  in  the  neighborhood  of  the  panel.  While  only  four 
parameters  lie  in  the  neighborhood  of  a  particular  corner  point,  fof.,  figure 
5.14)  nine  oarameters  lie  in  the  neighborhood  of  at  least  one  of  the  panel 
corners.  Collecting  the  five  row  vectors,  we  have  the  5x9  matri--  b\  which 
was  first  introduced  hy  equation  (4.?.B1. 


Thi;c  for  the  panel  in  figure  5.14, 
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0000*0000 
where  the  columns  of  are  arranae d  according  to  the  Integer  labels  given  to 
the  source  parameters  in  figure  5.14.  Here,  an  asterisk  denotes  some 
generally  non-zero  entry. 


The  outer  doublet  soline  matrix  8^,  introduced  in  equation  (4.?. 9),  is 
similarly  constructed  row  by  row.  To  obtain  the  row  vector  describing  y  at  a 
panel  corner,  a  least  squares  fit  is  used.  As  shown  in  figure  5.16, 
y(P)  is  obtained  by  finding  the  quadratic  function  pff,,  n  )  which  best  goes 
through  the  1?  values  A^at  the  1?  doublet  parameter  locations  in  the 
neighborhood  of  P  in  a  weighted  least  squares  sense  (a  quadratic  function  in 
two  variables  certainly  can  not  go  through  1?  values  exactly).  The 


computation  of  the  weights  is  discussed  in  Appendix  I. 1.2. 4.  The  quadratic 
function  thus  obtained  (its  6  coefficients  are  each  row  vectors  of  length  12, 
since  they  depend  on  the  A^1)  is  evaluated  at  P  to  obtain  y(P).  This 
weighted  least  squares  procedure  will  be  described  in  detail  in  Appendix  1.5. 

To  obtain  a  row  vector  defining  y  at  a  panel  edge  midpoint,  we  again  use 
a  weighted  least  squares  fit,  though  this  time  we  only  fit  to  8  neighboring 
singularity  parameters,  as  illustrated  in  figure  5.17.  If  the  grid  point  lies 
near  the  network  edge,  a  special  treatment  (which  is  described  in  Appendix 
1.1)  is  used. 

5.5.4  Construction  of  SPSPL 

Next,  let  us  consider  the  method  by  which  the  subpanel  spline  matrices 
define  singularity  d istri butions  within  a  panel.  In  referring  to  the  panel 
illustrated  in  figure  5.18,  we  will  write  0.  for  0(P^)  and  y^  for  y(P^). 

Recall  that  Op  °2  •  0-p  04  and  0g  are  defined  in  terms  of  neighboring 

C 

source  singularity  parameters  by  the  matrix  B  .  We  then 
define  ©5  *  |  (a{  +  0  2)  .  J6  =  |  (  Cf2  +  0  3) .  07  -  |  (  03  +  0  4)  .  and 

08  =  -^  ( 0  4  +  0  3 )  •  We  have  now  defined  0^  at  all  vertices  of  all  8 
triangular  regions,  and  we  now  define  a  linear  distribution  0(£,fV)p  1  * 

1 ..... 3  on  each  triangular  region  by  specifying  it  to  be  the  unique  linear 
distribution  to  attain  the  appropriate  values  at  the  3  vertices  of  the 
tri angle. 
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Note  that  this  construction  forces  a  to  vary  linearly  alonq  the  edge  of  a 
triangular  region,  and  thus  the  value  of  0  at  any  point  alonq  the  edge  is 
determined  by  the  values  of  a  at  the  two  endpoints  of  the  edge.  Thus  a  is 
continuous  within  „he  panel.  Further,  since  o  at  a  panel  edge  midpoint  M  is 
the  average  of  the  values  at  the  adjacent  corners,  a  varies  as  a  single 
linear  function  on  an  entire  panel  edge.  Thus  a  on  a  panel  edge  is 
determined  by  its  values  at  the  two  endpoints,  and  so,  within  a  network,  o 
is  continuous  across  panel  edges.  At  network  edges,  a  is  not  continuous 
across  the  network  edge. 


To  determine  the  doublet  distribution  on  each  of  the  8  regions,  we  note 
first  that  a  quadratic  distribution  on  a  triangular  region  is  uniquely  defined 
by  its  value  at  the  three  vertices  and  the  three  edge  midpoints  of  the 
triangle.  Thus  the  doublet  distribution  on  each  triangle  is  determined  once 

we  knuw  p  at  P^,...,  Pg,  and  Now  p  at  P^ .  Pg  is  defined 

by  8°.  We  define  p  at  Mg,  and  by  requiring  that  p  be 

described  by  a  single  quadratic  function  in  one  variable  on  the  line  segments 


P1P5P2’  P2P6P3’  P3P7P4’  VbV  P5P9P7’  and  P7PgV  Nor'e  that  3  quadrat1c 
function  on  a  line  is  uniquely  determined  by  its  values  at  3  distinct  points. 


Finally,  p  is  defined  at  M^,  in  such  a  manner  as  to  minimize 

the  discontinuities  in  doublet  gradient  at  P  ,  P  P  ,  P  . 

b  b  7  o 


By  defining  p  at  ,  1  =  1,...,  16,  in  this  manner,  we  Insure  that, 
within  a  network,  the  doublet  strength  is  continuous  across  triangle 
boundaries.  (Doublet  strength  matching  at  network  edges  is  discussed  in 
section  5.3.)  In  addition,  the  doublet  gradient  is  continuous  at  Pg.  Also, 
the  doublet  strength  is  continuous  across  panel  edges  because  the  values  of  P 
at  the  endpoints  and  midpoint  of  an  edge  define  the  value  on  the  whole  segment. 
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Summarizing,  for  each  triangular  region  we  obtain  subpanel  spline  matrices 
SPSPLS  and  SPSPL0  such  that 


and  matrices  BS  and  8°  such  that 


(5.5.3a) 


(5.5.8b) 


Combining  (5.5,7)  and  (5.5.8a*b),  we  obtain  the  sou-ce  and  doublet 
distributions  on  a  triangular  region.  In  terms  of  source  and  doublet 
parameters,  by 
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5.6  Influence  Coefficients 


In  order  to  impose  the  arbitrary  boundary  condition  given  by  equation 
(6.4.21),  viz.. 


aA  WA'n  +  cA  $A  +  tA‘VA 


(5.6.1) 


f  W +  cQu  +  tQ-  7L-  h 


at  a  control  point,  it  is  necessary  to  evaluate  the  left  hand  side  expression 
as  a  linear  combination  of  the  singularity  parameters  { j.  To  evaluate  o 
and  at.  the  control  pent,  use  the  subpanel  spline  and  outer  spline 
matrices.  For  example,  if  a  control  point  P  has  local  coordinates  (  F,',r\'), 
we  find,  using  equ.'ions  (6.5.1),  (5.5.7)  and  (5.5.8), 


(5.6.2) 


and  thus  the  row  vector  describing  a(H)  in  terms  of  all  the  A^  is  the 
expansion  of  the  1x9  matrix 


[1  r:  o’  j[spspls|bsJ 

into  the  correspond *og  lxN  matrix  (where  all  but  9  values  are  zero),  with  an 
entry  for  each  of  the  N  singularity  parameters  in  the  entire  conf iguration. 
We  obtain  the  row  vector  describing  y(P)  similarly. 


6.6.1  Computation  of  Potential  and  Velocity 

Next  we  wish  to  evaluate  $>A  and  v^  at  a  control  point,  as  a  linear 
combination  of  all  the  singularity  parameters  in  the  configuration.  The  row 
vectors  which  describe  these  quantities  at  a  conti-ol  po'nt  are  called  the 
potential  influence  coefficient  and  velocity  influence  coefficient  matrices, 
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or  *IC  and  VIC  respectively.  The  matrices  $IC  and  VIC  should  not  be  confused 
with  the  panel  influence  coefficient  (PIC)  matrices,  introduced  in  section 
4.?.?,  which  define  the  perturbation  potential  and  velocity  induced  by  a  panel 
on  a  control  point.  The  OIC  and  VIC  matrices  are  evaluated  by  using  the  basic 
integral  equation  (5.2.3) 


4>(x,v,z)  -  -  -j-  J  j  d$  +  ~  |/m( 01  n-  v(4-) 

S'  S' 


dS 


(5.6.3) 


(where  S  =  SnOp  is  the  intersection  of  the  domain  of  dependence  on  P  with  the 
surface  of  integration  S)  and  its  gradient 
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l  J  l 3/s'  J 

R?  *  (  c  -  x)?  •»  s  8?  (  n  -  v)?  +  58?  (;-  z)? 

We  perform  the  integration  one  triangular  region  at  a  time;  thus,  denoting 
a  subpanel  by  a,  with  local  coordinates  (  f)  1 ,  n1),  we  have 
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♦(x.y.z)  =  £ 
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// 

AfiO„ 
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+  /  J  u(  n*  )  n  V  (-J-) 


dS 


AilOr 


and  a  corresponding  expression  for  v(x,y,z).  Here  we  substitute  fo-  the  exact 
(and  unknown)  values  of  o  and  p  the  row  vector  in  (5.6.?)  and  a  similar  row 
vector  for  p. 

In  practice,  the  sum  of  all  triangular  regions  is  taken  as  a  sum  over  all 
panels,  and  the  integral  over  a  panel  is  taken  as  a  sum  over  the  8  triangular 
regions  in  the  panel.  The  integral  over  a  single  panel  describes  the 
perturbation  potential  and  velocity  induced  at  the  control  point  (which  does 
not  necessarily  lie  near  the  panel)  by  the  panel.  Since  the  singularity 
distribution  on  the  panel  depends  on  the  5  panel  source  parameters  and  the  5 
panel  doublet  paramete-s,  the  perturbation  potential  and  velocity  induced  by 
the  panel  can  be  defined  by  two  "panel  Influence  coefficient"  (PIC)  matrices, 
one  a  4x5  source  matrix,  PIC 5 ,  the  other  a  4x9  doublet  matrix  PIC0. 


That  is. 
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Substitution  of  (5.6.2)  into  (5.6.7)  shows  that  PICS= 
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3  sub¬ 
panel  s 


JJ 


& 
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5.6.2  Reformulation  of  the  Doublet  Velocity  Integral 

In  Appendix  J,  we  describe  the  method  by  which  we  calculate  the  matrix 

5 

Pic  .  The  doublet  Integral,  however,  is  evaluated  by  making  use  of  the 
continuity  of  p.  Wc  show  in  Appendix  B.3  that  the  velocity  due  to  the 
doublets  can  be  written  as 


»(p)  -  -i- 


_1_ 

K 


JJ 
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JJ 
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(n  x  VQ  u)  X  (  v  -J-)  dS  +  -Ljuv-J-  x  dl 

asn  D„ 


3x5 

d  £  '  d  n 1 


5.6-4 


n 


Here,  is  the  boundary  of  the  surface  5.  The  first  integral  is  called 
the  reqular  oart  of  the  doublet  velocity,  and  the  second  Integra1  is  called 
the  line  vortex  term.  Now,  ’ n  general,  u  1  0  on  the  boundary  of  an  isolated 
network  edge  because  the  doublet  matching  boundary  conditions  in  PAN  AIR  force 
this  to  be  the  case.  Further,  where  two  networks  meet  along  a  common  line, 
the  doublet  strengths  In  PAN  AIR  are  made  equal;  thus,  if  the  integration  is 
performed  one  network  at  a  time,  the  integral  of  toe  line  vortex  term  over  the 
edge  of  the  first  network  cancels  with  the  corresponding  integral  over  the 
edge  of  the  second  network  (see  figure  5.19).  The  integrals  similarly  cancel 
when  three  or  more  networks  meet  because  of  the  doublet  matching  boundary 
conditions  which  are  imposed  (see  Appendices  G  and  J). 

Similarly,  when  we  divide  S  up  into  subpanels  (triangular  regions),  the 
line  vortex  integrals  cancel  on  the  subpanel  boundaries  because  the  doublet 
strength  Is  continuous.  Thus  every  contribution  to  the  second  integral  in 
(5.6.11)  Is  canceled  by  an  equal  and  opposite  contribution,  provided  u  is 
everywhere  continuous.  So,  if  p  Is  continuous,  we  see  that  the  doublet 
velocity  may  be  defined  by  an  integral  in  the  quantity  n  x  "vp  ,  which  is 
generally  known  as  the  surface  vorticity.  For  a  discussion  of  surface 
vorticity,  see  section  2.8  of  Ward. 

The  assumption  '’at  p  is  continuous  everywhere  is  in  fact  violated  in 
only  one  instance  in  PAN  AIR,  namely,  on  the  trailing  edge  of  a  wake.  The 
doublet  strength  there  is  non-zero,  but  this  edge  is  so  far  from  the  control 
points  at  which  boundary  conditions  are  imposed  that  neglect  of  the  line 
vortex  term  for  this  edge  results  in  a  negligible  error. 
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There  ere  two  reasons  for  evaluating  the  regular  part  of  (5.6.11)  rather 
than  the  complete  'ntegral.  first,  if  the  bojndary  of  a  subpanel  (triangular) 
reg  ion  of  integration  contains  points  0  =  (£  ',n  '  ,C,'  '  for  which  R  =  0,  the 
line  vortex  term  may  become  infinite  (or.  In  practice,  very  larqe),  where  this 
infinite  quantity  is  cancelled  out  by  an  identical  infinite  integral  in  the 
ooposite  direction..  This  is  very  poor  numerically;  even  if  infinite 
quantities  are  avoided,  the  cancellation  of  large  numbers  of  opposite  sign 
tends  to  be  inexact,  and  the  final  answer  may  lose  many  digits  of  accuracy. 

In  evaluating  t^e  regular  part  of  the  integral,  however,  large  numbers  are 
generated,  with  a  faw  exceptions,  only  when  the  final  answers  are  larqe.  The 
singular  behavior  of  these  integrals  will  be  discussed  further  in  Appendix 
LIP. 

6,6."!  The  Far  Field  Expansion 

The  second  reason  for  evaluating  only  the  regular  integral  is  efficiency. 
When  R  is  small  compared  to  panel  size,  the  integral  in  (5.6.11)  must  be 
evaluated  exactly  in  terms  of  trauscendenta 1  functions  (logarithms  and  arc 
tangents)  whose  arguments  are  complicated  expressions  depending  on  the 
geometric  '•elat ionsh ip  of  the  con'rgi  point  and  the  panel.  To  evaluate  the 
first  form  of  equation  15. 6. 11',  that  is,  the  complete  Integral,  requires  the 
computation  of  a  greater  number  of  these  expressions  than  is  required  by  the 
regu’ar  part  of  (5.6. IP,  and  thus  takes  longer.  Further,  if  R  is  large 
compared  to  panel  size,  the  integrand  can  be  replaced  by  a  power  series  in 

*0.?-0o  *  yj  (  ' '0)?  ♦  <  n‘  -  n'0)?  ♦  U'  -  c  V?  (5.6.1?) 

where  ^  »no»C0)  is  Pane'  center.  This  power  series  has  coefficients 

which  only  depend  on  Qq  and  the  control  point  P,  while  the  terms  of  the  power 


series  only  depend  on  the  panel.  Then  (see  Appendix  J. 10  for  details)  the 
coefficients  can  be  taken  out  from  under  the  integral,  while  the  integral 
itself  now  depends  only  on  the  panel  and  thus  need  only  he  evaluated  once  in 
the  course  of  the  problem,  rather  than  once  for  every  pair  of  panel  and 
control  point.  The  approximation  of  the  integrand  by  a  power  series  in  aQ  is 
called  a  far  field  expansion. 

_3 

Now,  applying  a  gradient  operator  to  1/R  yields  terms  of  order  R  ,  and 

-5 

applying  a  gradient  operator  to  those  terms  yields  ones  of  order  R  .  Thus 

-5 

the  left  hand  expression  in  (5.6.11)  contains  terms  of  order  R  .while  the 

_3 

regular  part  only  contains  terms  of  order  R  .  Now,  for  a  fixed  value  of  R, 

3  ■+• 

R  is  more  accurately  expressible  as  a  power  series  in  AQ  of  fixed  length 

_5 

than  R  (see  below  for  a  justification),  and  so  a  far  field  expansion  can  be 

used  for  smaller  values  of  R  If  only  the  regular  part  of  (5.6.11)  is 
evaluated.  This  is  important  since  the  far  field  expansion  is  considerably 
less  time-consuminc  than  the  exact  evaluation  of  the  integral.  In  practice, 
PAN  AIR  will  use  the  far  field  expansion  if  R  is  large  compared  to  the  panel 
diameter  for  all  points  "q" on  the  panel.  For  details,  see  section  J.3. 

To  justify  this  procedure,  consider  a  quantity  e«l.  By  the  binomial 
theorem 

(l  +  e)r  =  1  +  re  +  -r-^~  *-?■  e?  +  ... 

oc 

■  i  *  E  -x-ji;ilir-t)'  c  m 

1-1  (5.6.13) 
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That  is. 
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-5/2 

So  if  we  want  to  approximate  (1+e)  by  a  power  series  with  3  terms  (that 

is,  a  quadratic  expression),  the  first  neglected  term  has  a  coefficient 

of  315/48  ,  which  is  more  than  twice  the  size  of  the  first  neglected 

-3/2 

coefficient  if  we  approximate  (1+e)  .  Thus,  for  a  particular  value  of  e 

-3/2 

our  quadratic  approximati on  to  (1+e)  is  better  than  our  quadratic 
-5/2 

approximation  to  (1+e) 


5.7  The  Aerodynamic  Influence  Coefficient  Matrix 

Once  the  lxN  matrix  C  and  the  3xN  matrix  VIC  (N  the  total  number  of 
singularity  parameters  in  the  configuration)  have  been  computed  for  a  control 
point,  it  is  quite  straightforward  to  impose  the  boundary  condition  (5.6.1). 
The  left  hand  side  of  (5.6.1)  then  gives  a  row  of  the  [Ale]  matrix  (see 
equations  (4.2.4)  and  (3.3.8)) 
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In  arriving  at  this  result,  equation  (5.6.2)  was  used  for  a  (a  similar 

equation  for  y  ),  and  we  have  used  the  fact  that  n-’v’  =  n»'w’  (see  equation 

(5.4.15)).  The  control  point  P  has  local  coordinates  (£',r)')»  A  is  the 

T"  “tr" 

transformation  from  reference  to  local  coordinates  and  B  and  B  are  the 
outer  spline  matrices,  the  overbar  signifying  that  they  have  been  expanded  to 
N  columns,  with  one  column  of  zeros  for  every  singularity  parameter  on  which 
the  panel  source  or  doublet  distribution  does  not  depend.  We  will  show  in 

Appendix  K  that  the  last  term  of  (5.7.1)  is  equivalent  to  TD*v  y  ;  the 


3xN 
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remaining  terms  have  been  discussed  previously.  Thus,  a  row  of  the  AIC  matrix 
(corresponding  to  a  boundary  condition)  can  be  generated  in  a  completely 
straightforward  manner.  Several  considerations  make  the  process  somwhat  less 
straightforward,  however.  These  are:  imposition  of  boundary  conditions  which 
are  not  of  the  form  (5.6.1),  utilization  of  the  existence  of  one  or  two  planes 
of  configuration  symmetry  in  order  to  reduce  the  size  of  the  problem,  and 
elimination  of  singularity  parameters  whose  values  are  directly  specified  by  a 
boundary  condition  ("known"  singularity  parameters)  from  the  system  of 
equati ons. 

5.7.1  Non-Standard  Roundary  Conditions 

There  are  two  types  of  ten.  idary  conditions  which  are  not  of  the  form 
(5.6.1).  The  first  type  is  she  doublet  matching  boundary  condition  (see 
section  5.3,  or  Appendix  K.5  for  full  details).  The  second  type  is  a  closure 
boundary  condition,  described  in  full  detail  in  Appendix  K.4.  Briefly,  a 
program  user  may  specify  a  desired  pressure  distribution  on  a  design  network 
by  imposing  boundary  conditions  of  the  form 


'  v  +  t, 
U  L 


(5.7.2) 


a  panel  center  control  points.  When  a  tangential  component  of  the  flow  is 
thus  specified  over  a  surface,  there  are  no  boundary  conditions  remaining  at 
panel  centers  to  also  require  that  the  normal  f  ow  to  the  surface  be  zero;  but 
the  boundary  conditions  at  a  network  edge  may  not  yet  have  been  used.  At 
these  control  points  one  may  specify 
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(5.7.3) 


// 

/  column  or 
row  of  panels 
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For  ■  0  *  b  ,  for  instance,  equation  (5.7.3)  requires  that  the 
integral  of  the  normal  flow  over  a  column  (or  row)  of  panels  be  zero.  When 
the  program  user  then  updates  the  network  geometry  to  approximately  impose 
impermeability  of  the  surface,  the  position  of  the  trailing  edge  of  the 
network  will  not  be  changed. 

This  alternate  iteration  of  a  potential  flow  solution  with  an  update  of 
the  surface  geometry  is  a  method  of  solving  the  design  problem,  in  which  a 
user  wishrs  to  obtain  an  impermeable  surface  with  a  specified  pressure 
distribution.  The  closure  boundary  condition  is  used,  for  example,  in 
designing  a  thick  wing,  in  order  to  insure  that  the  trailing  edge  of  the  wing 
remain  closed.  The  design  problem  is  discussed  further  in  Appendix  1. 

5.7.2  Symmetry 

When  a  configuration  contains  a  plane  of  symmetry,  there  are  separate 
entries  of  the  AIC  matrix  which  are  ident.cal.  This  allows  one  to  split  the 
system  of  linear  equations  into  two  systems,  each  of  which  has  only  half  the 
number  of  unknown  singularity  parameters.  In  addition,  each  entry  in  the  AIC 
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matrix  occurs  twice,  and  thus  only  half  of  the  AIC  matrix  must  be  constructed 

to  obtain  all  of  it.  I 

i 

In  figure  5. 20,  we  illustrate  a  symmetric  configuration.  We  call  half  of  j 

the  configuration  the  real  half,  arid  the  other  half  the  image.  The  basic  i 

result  which  permits  us  to  make  use  of  symmetry  is  that  if  the  freestrem  flow  I 

I 

is  approximately  parallel  to  the  plane  of  symmetry  (unless  =  0,  in  which  J 

case  it  may  be  in  any  direction),  the  perturbation  influence  of  a  real  panel 
on  a  boundary  condition  quantity  such  as  potential  or  normal  mass  flux  at  a 

control  point  equals  the  perturbation  influence  of  the  image  panel  on  the  j 

syrmietric  image  of  the  control  point.  i 

We  discuss  symmetry  in  detail  in  Append  1:  K.l.  Briefly,  if  we  order  the 

singularity  parameters  A,  ,...,A..,AJ  ,  ...,At',  and  order  the  boundary 

1  N  i  N 

conditions  so  that  those  applied  on  the  real  halT  come  first,  followed  by 
their  counterparts  for  the  image  half,  then  the  basic  system  of  linear  equation 


2Nx2N  -*  2Nxl 
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.  ^2Nxl 


(5.7.4) 


can  be  written 
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J 


[aicJT  +  [aic2]  x 

[AIC2j’t  +  [AICX  ]  x' 


Adding  these  two  equations,  we  get 


r  nNxN  -►  Nxl 

[AICj  +  AIC2J  {  A+  A*} 


(5.7.7) 


Subtracting,  we  obtain 


NxN  f  -►  -»■  ,  Nxl. 

[ AIC1  -  AIC2]  {  X-  X1) 


(5.7.8) 


Thus  we  obtain  two  systems  of  equations,  in  the  new 
variables  ^A.  +  A^J  and  {A^  -  j  ,  Since  the  cost  of  solving  N 
equations  in  N  variables  is  p.oportionai  to  N'*,  the  systems  (5.7.7)  and 
(5.7.8)  together  cost  only  one  fourth  as  much  to  solve  as  (5.7,4).  Further, 
as  we  see  from  the  partitioning  of  [Ale]  in  (5.7.5),  we  may  save  half  the 
cost  of  the  construction  of  the  AIC  matrix  by  making  use  of  the  plane  of 
iyimetry. 

If  the  flor  1*  exactly  symmetric,  we  wi’l  have 
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b 


(5.7.9) 


»  b* 


and  thus 


\\-  A'"  o 

In  this  case,  we  do  not  even  have  to  solve  (5.7.8). 


(5. 7. lc) 


Finally,  PAN  AIR  will  also  permit  a  case  with  two  planes  of  configure 
syrmietry.  See  Appendix  K.l  for  details. 


on 


5.7.3  Known  Singularity  Parameters 

In  a  variety  of  cases,  the  value  of  a  singularity  parameter  is  directly 
specified.  The  most  coimion  example  occurs  with  potential  conditions  on  a 
thick  configuration  (equation  (5.4.19)),  in  which  case  a  source  parameter  is 
specified  directly  as 


-Voo  n 


(5.7.11) 


If.  of  the  N  singularity  parameters  in  the  whole  configuration,  p  are  directly 
specified  and  q  are  not,  we  can  reorder  them  so  that  (X1.*-.Ap)  are  specified, 

and  thus  (assuming  no  planes  of  symmetry)  the  basic  system  of  linear  equations 
can  be  written  as 
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Here,  the  matrix  PI  is  a  diagonal  matrix  whose  entries  are  the 


coefficients  aD  or  CD  of  an  equation 

aDtJ  ■  b 
or 

CqO  “  b 

which  specifies  the  vaiue  of  a  singularity  parameter. 


(5.7.13) 


The  matrix  AIC  ^p  (KP  stands  for  known  parameters,  UP  for  unknown 
parameters)  gives  the  dependence  of  the  boundary  condition  expressions 

aAWA*n  +  CA*A  +  tA  VA 


(5.7.14) 


+  aDa  +  C0y  +  tj*  VP 

on  the  set  of  known  parameters,  while  AICup  gives  the  dependence  of  the 
expressions  (5.7.14)  on  the  set  of  unknown  parameters. 


As  a  specific  example,  consider  the  case  where  all  the  source  singularity 
parameters  are  specified  according  to  equation  (5.7.11).  Then,  Ap+j,...,  A  N 
are  the  unknown  doublet  singularity  parameters,  Aj  *  O(Pj)  and  ^  «  -V— 'n^ 
for  1  £  j  £  p,  [diJ  =  ,  and  [A^c«p]  gives  the  effect  of  the 

known  source  strength  singularity  parameters  on  the  expression  (5.7.14), 
which,  in  our  example,  becomes  lower  surface  potential. 


Now,  the  first  p  lines  of  (5.7.12)  express  the  system  of  equations 
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l  ■  < 
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or 
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(5.7.15b) 
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The  remainder  of  (5.7.12)  is 
[AICKp]  l 


is  a  diagonal  matrix. 
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Substituting  (5.7.15b)  into  (5.7.16),  we  obtain 


(5.7.16) 
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“*  ha'e  thus  red“ced  »  »y»t«  of  donations  In  the  »  parameters 

A1 . V°*  S,Stm  ot  '"“'“ions  tn  the  q  unknown  parameters  A  1 

5.7.4  Multiple  Right  Hand  Sides 

so  far,  we  ha.e  always  considered  a  system  or  systems  of  e, cations  of  the 
general  form 


But  if  the  AIC  matrix  does  not  change, 


(5.7.18) 


ft  is  very  economical  to  solve  (5.7.18) 
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for  a  sequence  of  distinct  vectors  bj,  obtaining  a  sequence  of  solution 
vectors  X  .  . 

i 

The  ability  to  solve  (5.7.18)  for  multiple  vectors  b  can  be  very  useful. 
The  uses  include  analyzing  the  flow  about  a  configuration  at  multiple  angles 
of  attack  or  sideslip,  evaluating  stability  derivatives,  or  analyzing  a 
variety  of  quasi-steady  flows  in  which  the  configuration  is  undergoing  a 
pitching,  rolling,  or  yawing  motion.  This  is  especially  useful  when  M*,  =  0, 
and  the  small  perturbation  assumption  is  not  neccr<. ary  for  the  Prandlt-Glauert 
equation  to  hold.  For  a  further  discussion  of  "right  hand  side"  or 
"constraint"  vectors  b,  see  Appendix  L. 

So,  in  its  most  general  form,  (5.7.18)  can  be  written 


(5.7,19) 

where  each  of  the  m  columns  of  8  is  a  constraint  vector  b^,  and  each  column 
of  A  is  a  solution  vector  A.. 

l 

5.7.5  Updatability 

One  final  feature  of  PAN  AIR  is  that  of  "updatability,"  That  is,  a 
program  user  may  identify  certain  networ'-.s  as  being  subject  to  modification. 
The  program  then  segregates  boundary  conditions  and  singularity  parameters 
corresponding  to  these  networks,  so  that  the  AIC  matrix  in  (5,7.7),  (5.7.8)  or 
(5.7.18)  can  be  partitioned  as: 


5.7-9 


[AIC]  « 


AICNU  !  AICu,i 

i 

. A...... . 

#ICU,2  |  «CU,3 


(5.7.20) 


Here,  the  subscripts  U  and  NU  stand  for  updatable  and  non-upaatable. 

Now,  the  matrix  AlC^y  is  stored,  and  when  the  program  user  makes  a 
second  run  in  which  updatable  networks  are  modified,  the  program  need  only 
recalculate  AIC  y  ^  ,  i  =  1,  2,  3,  rather  than  the  whole  AIC  matrix.  Here, 
"modification"  may  consist  of  the  alteration  of  the  network  geometry,  or  the 
alteration  of  the  left  hand  side  boundary  condition  expressions  (5.7.14).  It 
is  easy  to  see  that  AlC^y  remains  unchanged  under  a  i.'odiflcation  of  an 
"updatable"  network.  For  a  full  discussion,  see  Appendix  K.6. 
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5.8  Solution  of  the  System  of  Equations 

As  we  see  from  (5.7.7),  (5.7.8),  (5  7.13),  and  (5.7.19)  the  program  sets 
up  a  system  or  systems  of  linear  equations  of  the  general  form 


[a]  nxm  [x]  nxm  .  [b  ]  nxm 


(5.3.1) 


Generally  speaking,  the  matrix  A  is  too  large  to  store  in  the  contra! 
memory  of  a  computer  at  one  time.  Thus  the  matrices  are  stored  in  block 
format  on  a  disk,  and  (5.8.1)  is  solved  with  no  more  than  a  small  number  of 
these  blocks  in  core  at  once. 


Generally,  the  matrix  A  is  decomposed  as  a  product  of  lower  triangular 
and  upper  triangular  matrices 


[»]"«"  .  £ j_]nxn  [u]™" 


(5.8.2) 


This  process  frequently  involves  "in-core  pivoJ  g",  that  i?.  the  interchange 
of  columns  within  one  of  the  blocks  composing  A.  It  is  possible,  though  not 
proven,  tnat  a  boundary  value  problem  of  aerodynamic  interest  may  result  in 
one  of  the  blocks  of  A  which  lies  on  the  diagonal  being  singular,  in  which 
case  a  decomposition  of  the  form  (5.8.3)  is  not  possible.  Such  a  case 
requires  the  interchange  oi:  columns  lying  in  different  blocks,  a  process 
called  "out-of-core  pivoting."  The  out-of-core  pivoting  process  decreases  the 
efficiency  of  the  solution  process  sirce  additional  data  must  be  transferred 
between  disk  and  core.  This  process  is  described  in  the  Maintenance  Document. 


After  the  decomposition  (5.8.2)  the  next  step  is  "forward  substitution", 


that  is,  the  system  of  equations 


T ilnxn 

'  u1nxm  _  f 

r!  nxm 

LlJ 

.YJ  ’  L 

BJ 

Is  solved  for  the  matrix  Y.  The  final  step  is  "back  substitution",  in  which 
the  system 

[u]nxn  [x]nxm  *  [y]nxm  (5.8.4) 

is  solved  for  the  matrix  X. 

The  equation  solution  procedure  has  two  distinct  "updatability"  features. 
First,  suppose  A  is  an  AIC  matrix  partitioned  as  in  (5.7.20).  Then  the 
factorization  (5.8.2)  is  performed  on  AIC^  first,  after  which  A  is  factored 
in  its  entirety.  The  factorization  of  AIC^  is  stored,  and  in  a  later  run  in 
which  AIC  u  ^  ,  i  =  1,  2,  3,  are  changed,  the  factorization  continues  from 
that  point.  This  may  result  in  a  significant  saving  of  time. 

The  other  "updatability"  feature  is  that  a  program  user  may  request  the 
entire  factorization  (5.8.2)  to  be  stored,  and  then  at  a  later  time  submit 
additional  constraint  vectors  b.  Thus,  a  user  may  find  that  the  results  for 
one  angle  of  attack  are  useful,  and  thereupon  obtain  results  for  additional 
angles  of  attack,  angles  of  sideslip,  or  for  stability  derivatives,  at  small 
additional  cost. 
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5.9  Post-Solution  Features 


5.9.2  Computation  of  Potential  and  Velocity 

Once  the  system  or  systems  of  linear  swat) on.  (5.7.19)  hare  been  solved 
for  one  or  .one  solution  vectors,  it  regains  to  translate  the  vecior(s)  into 
quantities  of  aerodynamic  o-  hydrodynamic  interest.  The  first  step  is  to 
*te  'a’“es  »f  ♦»  “J  at  control  points.  Clearly, 

Nxl 


^  ’M  ^  XNxl 


■  [vie] 


3xN 


Nxl 


(5.9.1? 


but  obtaining  ^  and  v  A  this  way  requires  the  storage  of  an  words  of  data  for 
each  control  point.  Often  it  is  possible  to  obtain  „  fro,  a  horary 
condition.  example  (recalling  ^  ^ .  _i_w  , 

the  boundary  condition  U  1  A 


4, 


1  i 

IT1 


«  o 


(5.9.2) 


is  often  imposed  at  control  points.  Thus, 

*  "iru 

Sfhce  „  at  the  control  po,„t  ,s  a,re,d,  available  (it  is  one  „f  thf^L 
parameters),  we  can  obtain  .ithout  storin,  the  *!C  matrix. 

**  been  al  L’'er>  control  point,  w  may  make  use  of  the 
doublet  spline  matrices  to  obtain  a  distribution  of  0„  tta  uhoU,  surface 

mis  quadratic  distribution  m„  then  be  differentiated  to  obtain  tanqenti.l 
velocities  on  the  surface.  The  conormal  component  of 
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velocity,  v  * n  =  w.'n  «  can  often  be  obtained  from  a  boundary  conditk  r 

A  A 

of  the  form 


Then,  all  three  components  of  velocity  may  be  obtained  from  the  tangential  and 
conormal  components.  The  details  of  how  we  can  use  boundary  conditions  and 
splines  to  obtain  velocities  at  control  points  or  grid  points  (panel  corner 
points,  centers,  or  edge  midpoints)  are  given  in  Appendix  M. 

The  velocities  are  calculated  at  control  points  or  grid  points  in  a 
user-selected  reference  coordinate  system  (xQ,.  yQ,  zQ).  The  formulas  for 
calculating  pressures  are  most  easily  written  in  the  compressibility 
coordinate  system  (x.y.z),  in  which  the  freestream  direction  is  the 
x-direction,  so  we  will  describe  them  in  that  system,  in  which  we  write  v  = 
(u,v,w)  and  V  (the  total  velocity)  =  (jV^I+u,  v,  w). 

5.9.2  Pressure  Computation 

PAN  AIR  will  calculate  the  pressure  at  a  point  from  the  velocity  according 
to  any  of  five  different  pressure  coefficient  rules.  These  pressure  rules 
will  be  derived  in  Appendix  N.  We  assume  we  are  dealing  with  a  gas  or  an 
incompressible  liquid.  Lei:  Y  be  the  ratio  of  specific  heats.  Subject  to 
certain  constraints  on  the  range  of  velocities  for  which  the  pressure 
coefficient  rules  hold,  they  are  listed  in  figure  5.21.  For  an  incompressible 
liquid,  the  Isentropic  formula  does  not  apply. 

5.9.3  Velocity  Corrections 

In  addition,  PAN  AIR  will  calculate  two  semi -empirical  velocity  correction 
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These  two  correction  formulas  are  essentially  empirical.  The  first  has 
been  used  successfully  only  in  subsonic  flow,  while  the  second  has  been  used 
successfully  in  both  subsonic  and  supersonic  flow.  An  example  o<-"  a  successful 
application  of  the  second  velocity  correction  is  given  in  figure  36  of  Ehlers 
et  al.,  Reference  5.3. 


5.9.4  Force  and  Moment  Computation 

PAN  AIR  will  also  integrate  pressures  on  a  surface  to  obtain  coefficients 
of  force.  The  formula  we  use  for  the  force  is 


where  p  is  the  pressure  and  p  is  the  density. 

The  first  term  in  the  integrand  is,  of  course,  zero  for  an  impermeable 
surface,  but  does  in  fact  contribute  to  the  force  on  a  porous  surface.  The 
evaluation  of  this  integral  is  discussed  in  Appendix  0. 


PAN  AIR  also  evaluates  the  moment  M  about  a  point.  If  R0  is  the  point  in 
question,  and  Q  is  a  point  on  the  surface, 

’.A 
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■If 


(Q  -  RJ  X  ( 


V  n 


V  )  +  d  (0  -  Rjj)  x  n' 


HS 


(5.9.10) 


The  derivation  of  (5.9.9)  and  (5.9.10)  is  given  in  Ashley  and  Landahl 
(reference  5.3),  section  1-6. 


Equation  (5.9.9)  ignores  a  contribution  to  the  total  force,  called  the 
edge  i  or ce,  which  occurs  for  thin  configurations.  To  obtain  the  fere-?  on  the 
configuration  illustrated  in  figure  5.22,  we  should  intenrate  the  expression 
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in  (5.9.9)  over  the  combined  surface  S  =  S^U  3^,  while  in  fact 
integrate  the  expression  over  Sj.  The  integral  over  Sg  is  the 
force.  Because  the  velocity  is  infinite  at  a  subsonic  leading 
that  satisfies  the  Prandtl-Glauert  equation,  the  integral  over 
even  as  e-*0.  It  can  be  shown  that.,  for  planar  wings. 


we  only 
leading  edge 
edge  for  a  flow 
Sg  is  non-zero 


_G_ 
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(Ax)' 


1 
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(5.9.11) 


where  Ax  is  the  distance  between  the  point  in  question  and  the  point  on  the 
leading  edge.  Here  G  is  a  constant  whose  value  depends  on  the  local  geometry 
of  the  wing,  and  &  =  )j  1  -  M  oo  , 


PAN  AIR  uses  an  extrapolation  procedure  to  evaluate  G  from  the  values  of  v 
at  points  in  the  interior  of  the  network.  Once  G  is  known,  the  integral  in 
(5.9.9)  can  readily  be  evaluated  over  Sg.  This  procedure  is  discussed  in 
Appendix  0. 
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Figure  5.3  -  Definition  of  compressibility  directions  In  terms 
of  angles  of  attack  and  sideslip 


Figure  5.4  -  Superincl  ined  Surface,  r  ■  -1 
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Figure  5.7  -  Example  of  abutment  intersection 
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Figure  5.8  -  Control  point  locations 
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Figure  5.9  -  Thin  wing  boundary  conditions 


Figure  5.10  -  Two  solutions  for  potential  in  enclosed  vol 


•  doublet  parameter 
locations 


Figure  5.13  -  Singularity  parameter  locations 


in 


X  neighboring  doublet  parameters 


Figure  5.17  -  Neighboring  double-  parameters  for  a  panel  edge  midpoint 


subpanel  1 
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Figure  5.18  -  Panel  points  and  midpoints 
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Figure  5.19  -  Opposite  orientations  of  adjacent  networks 
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Figure  5.21  -  Pressure  coefficient  rules 


Figure  5.22  -  Surfaces  of  Integration  for  leading  edge  force 
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6.0  A  Guide  to  the  Appendices 

The  purpose  of  the  appendices  is  three-fold: 

(a)  they  give  background  material,  not  reflected  in  the  computer  code,  but 
explaining  why  the  computer  program  performs  the  functions  it  does, 

(b)  they  describe  in  considerable  detail  the  functions  performed  by  the 
program,  and 

(c)  they  describe  the  equations  which  are  actually  implemented  in  the  code. 

Appendices  A  through  C  cover  background  material  exclusively.  The 
remaining  appendices  are  predominantly  devoted  to  the  PAN  AIR  program,  but 
often  derivations  are  supplied  to  prove  or  justify  the  validity  of  an  equation. 

Often  a  conflict  may  occur  between  organizing  the  material  according  to 
the  structure  of  the  program  or  organizing  it  according  to  subject  matter  (for 
instance  splines,  panels,  networks,  pressures,  etc.)  or  capability  (for 
instance  symmetry,  updatability,  multiple  right  hand  sides,  etc.).  This 
conflict  will  almost  invariably  be  resolved  in  favor  of  organization  according 
to  subject  matter  or  capability. 

This  document  will  generally  discuss  only  engineering  functions  within  PAN 
AIR.  Specificany,  the  functions  of  the  Data  Input  Processor  (DIP),  which 
reads  and  echoes  user-input  data,  and  the  Print  Plot  Processor,  which  prepares 
files  of  output  data  for  processing  by  plotting  programs,  will  be  ignored. 

Also,  Input/output  and  other  data  manipulation  functions  which  are  necessary 
due  to  core  limitations,  will,  with  few  exceptions,  be  ignored.  For  example, 
a  detailed  discussion  of  matrix  solution  procedures  will  be  contained  in  the 
Maintenance  Document  rather  than  the  Theory  Document,  since  the  complexity  of 
these  procedures  is  largely  due  to  data  manipulation  problems.  Finally,  there 
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yill  be  no  discussion  of  the  "Scientific  Data  Management  System"  (SDMS)  used 
by  PAN  AIR  to  transfer  data  between  core  and  disk. 


6.0-2 


7.0  References 


PAN  AIR  Documents 

PAN  AIR  -  A  Computer  Program  for  Predicting  Subsonic  or  Supersonic 
Linear  Potent  fa i  'Hows  about  Arbitrary  Configurations  Using  a  Higher 
Order  Panel  MethocTT 

Volume  II,  User's  Manual  (Version  1.0),  by  K.  Sidwell,  P.  K.  Baruah, 
and  J.  E.  Bussoletti,  NASA  CR-3252,  1980. 

Volume  IV,  Maintenance  Document  (Version  1.0),  by  P.  K.  Baruah,  et. 
al .,  NASA  CR-3254,  1980. 

Other  References 

1.1  Rubbert,  P.  E.,  and  Saaris,  G.  R.:  "Review  and  Evaluation  of  Three 
Dimensional  Lifting  Potential  Flow  Analysis  Method  for  Arbitrary 
Configurations,"  AIAA  paper  72-183,  January  1972. 

1.2a  Woodward,  F.  A.:  "Analysis  and  Design  of  Wing-Body  Combinations  at 
Subsonic  and  Supersonic  Speeds,"  Journal  of  Aircraft,  Vol.  5,  No.  6, 
Nov. -Dec.  196S,  pp.  52B-534. 

1.2b  Woodward,  F.  A.:  "An  Improved  Method  for  the  Aerodynamic  Analysis  of 
Wing-Body-Tail  Configurations  in  Subsonic  and  Supersonic  Flow,  Part  I  - 
Theory  and  Application,"  NASA  CR-2223,  Part  I  (1973). 

1.3  Kellogg,  0.  D.:  Foundations  of  Potential  Theory,  New  York,  Dover 
Publishing  Company,  1953. 

1.4  Liepmann,  H.  W. ,  and  Roshko,  A.:  Elements  of  Gasdynamics,  New  York, 
John  Wiley  and  Sons,  1957. 

1.5  Ward,  G.  N. :  Linearized  Theory  of  Steady  High-Speed  Flow,  Cambridge 
University  Press,  195b. 

2.1  Landahl,  M,  T. :  Unsteady  Transonic  Flow,  Pergamon  Press,  1961. 

4.1  Hess,  J.  L.,  and  Smith,  A.  M.  0.:  Calculation  of  Nonlifting  Potential 
Flow  About  Arbitrary  Three-Dimensional  Bodies,  ES40622,  Douglas 
Aircraft  Company,"  1962. 

4.2  Rubbert,  P.  E.:  Theoretical  Characteristics  of  Arbitrary  Wings  by  a 
Nonplanar  Vortex  ITEtke  Method,  b6-§244,  The  Boeing  Company,  1  §64. 

4.3  Hess,  J.  L.:  Calculation  of  Potential  Flow  About  Arbitrary  3-D  Lifting 
Bodies,  Douglas 'Report  MDC-J5679-01,  October  1972. 

4.4  Roberts,  A.,  and  Rundle,  K.:  Computation  of  First  Order  Compressible 
Flow  About  Wing-Body  Configurations,  'AEftO  MA  No.  20,"  British  Aircraft 
Corporation,  February  19737 

4.5  Mercer,  J.  E.,  Weber,  J.  A.,  and  Lesferd,  E.  P.:  Aerodynamic  Influence 
Coefficient  Method  Using  Singularity  Splines,  NASA  CR-2423,  May  1974. 


7.0-1 


4.6  Morino,  L.  and  Kuo,  Chlng-Chiang:  "Subsonic  Potential  Aerodynamics  for 
Complex  Configurations:  A  General  Theory,"  AIAA  Journal,  Vol,  12,  No. 
2,  pp.  191-197,  February  1974. 

4.7  Johnson,  F.T.,  and  Rubbert,  P.  E.:  "Advanced  Panel-Type  Influence 
Coefficient  Methods  Applied  to  Subsonic  Flow,"  AIAA  Paper  75-50, 

January  1975. 

4.8  Ehlers,  F.  E.,  and  Rubbert,  P.  E.:  A  Mach  Line  Panel  Method  for 

Computing  the  Linearized  Supersonic  Row  Over  Planar  WTnqs.  NASA 
CRf-T5212trr579. - — — - 

4.9  Ehlers,  F.  E.,  Epton,  M.  A.,  Johnson,  F.  T.,  Magnus,  A.  E.,  and 

Rubbert.  P.  E . :  A  Hiqher  Order  Panel  Method  for  Linearized  Supersonic 
Flow.  NASA  CR-3067,"T§7g. -  - 

5.1  Llebleln,  S.  and  Stockman,  N.  0.:  "Compressibility  Corrections  for 
Internal  Flow  Calculations,"  Journal  of  Aircraft,  Vol.  9,  No.  4,  pp. 
312-313,  April  1972. 

B.l  Butter,  0.  J.,  Compressibility  Corrections  Used  In  Panel  Methods. 
HSA-MAE-R-FDM-0839,  British  "Aircraft'  Corporation,  November,  1978. 

B.2  Johnson,  F.  T.,  Lu,  P.,  Tlnoco,  E.  N.,  and  Epton,  M.  A.:  An  Improved 
Panel  Method  for  the  Solution  of  Three-Dimensional  Leadinq  tdqe  Vortex 
Hows.  m A  'CT-r5'917J7~197g. - a — a - 

B.3  Lass,  H. :  Vector  and  Tensor  Analysis.  New  York,  McGraw-GIll,  1950. 

F.l  Jones,  R.  T.,  and  Cohen,  D.,  "Aerodynamics  of  Wings  at  High  Speeds,"  In 

Aerodynamic  Components  of  Aircraft  at  High  Speeds.  A.  F.  Donovan  and 
fl.  ft.  Lawrence,  editors,  Princeton  University  Press,  pp.  3-243,  1957. 

J.l  Johnson,  F.  T.:  A  General  Panel  Method  for  the  Analysis  and  Design  of 
Arbitrary  Configurations  In  Subsonic  Plows.  NASA  011-30/9.  197$. 

Handbook  of  Mathematical  Functions.  M.  Abramowltz  and  I.  A.  Stegun, 
editors,  National  Bureau  of  Standards,  1964. 

J.3  Robinson,  A.  "On  Source  and  Vortex  Distributions  In  the  Linearized 

Theory  of  Steady  Supersonic  Flow,"  Quart.  J,  Mech.  Appl.  Math.,  I,  pp. 

408-432,  1948. 

1.1  Faddeeva,  V.  N.:  Computational  Methods  In  Linear  Algebra.  New  York, 
Dover  Publications. 

0.1  Ashley  H.  and  Landahl,  M,:  Aerodynamics  of  Wlnqs  and  Bodies.  Addison  - 
Wesley,  1965.  - - - 

0.2  Sears,  W.  R.:  General  Theory  of  High  Speed  Aerodynamics.  Princeton 
University  Press,  1«?54. 


7.0-2 


8.0 


List  of  Symbols 


a 

a 

a 

a 

~w 

a 

a 

A 

A 

[A] 
CAi] 

[AIC] 

b 

b 

b 

"b 

B 

[B] 
[B] 
[B] 
CB] 

CB0] 

c 

cv 


speed  of  sound,  m/sec 

coefficient  of  normal  mass  flux  in  boundary  condition  equation 

distance  from  projection  of  control  point  to  edge  of  £nDp 

one  of  the  fundamental  integrals  in  PIC  computation 

one  of  the  fundamental  integrals  in  PIC  computation 

frees tream  speed  of  sound,  m/sec 

endpoint  of  an  edge 

area 

ith  abutment  in  an  abutment  intersection 

reference  to  local  transformation,  defined  in  sections  5.2  and 
£.3 

4x4  matrix  containing  reference  to  local  transformation  for 
ith  subpanel  as  a  subset 

aerodynamic  influence  coefficient  matrix 

constraint  in  a  boundary  condition  equation 

vector  of  constraints  in  a  system  of  equations 

basis  function  corresponding  to  ith  singularity  parameter 

one  of  the  fundamental  integrals  in  PIC  computation 

one  of  the  fundamental  Integrals  in  PIC  computation 

endpoint  of  an  edge 

one  of  the  fundamental  integrals  in  PIC  computation 
outer  spline  matrix 
a  matrix  of  constraint  vectors 

dual  compressible  metric  matrix  in  i ompressibi 1 ity  coordinates 
dual  compressible  metric  matrix  in  reference  coordinates 
coefficient  of  potential  in  boundary  condition  equation 
specific  heat  of  a  gas  at  constant  volume 
unit  vector  in  compressibility  direction 
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pressure  coefficient 

difference  of  upper  surface  and  lower  surface  pressure 
coefficient 

force  coefficient  vector 

moment  coefficient  vector 

preliminary  pressure  coefficient 

specified  pressure  coefficient 

ith  corner  point  in  an  abutment  intersection 

CompressiMe  metric  matrix  in  compressibility  coordinu.es 

Compressible  metric  matrix  in  reference  coordinates 

Panel  skewness  parameters  defined  in  section  D.2,  i=  1,2, 

j  = 

Mach  disk 

basic  far  field  moments  for  1th  subpanel 
-  0  or  1,  defined  by  equation  (J.4.30) 

distance  between  two  points,  or  between  a  point  and  a  set  of 
points 

doublet  Integral  matrix  (section  0.6. 4. 3) 
doublet  Integral  matrix  with  origin  shift  included 
inverse  of  reference  to  local  transformation  in  section  E.3 
intermediate  matrix  in  half  panel  spline  computation 
determi nant 

Diagonal  matrix  of  coefficient  specifying  known  singularity 
parameters 

Domain  of  dependence  corresponding  to  point  P 

internal  energy  density,  joules/kg 

coefficient  of  velocity  in  boundary  condition  equation 

energy  added  by  incremental  onset  flow 

ith  network  edge  in  an  abutment 
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external  body  force,  newtons 

linear  combination  of  skewness  parameters  defined  by  equation 
(F.2.50) 

force  due  to  fluid,  newtons 

one  of  the  fundamental  integrals  in  PIC  computation 
Far  field  moment  tensor  (see  section  1.4.1) 
distance  from  control  point  to  edge  of  IflDp 
-  (l/R) 

matrix  depending  on  panel  geometry  defined  by  equation  (1.2.4) 
and  (1.2,62) 

local  compressible  scaling  matrix  defining  pseudo-inner  product 

height  of  the  control  point  above  the  plane  containing  the  panel 

ith  hypothetical  location  of  a  control  point 

one  of  the  fundamental  integrals  in  PIC  computation 

half  panel  integral  matrix 

Half  panel  snline  matrix 

row  index 

edge  function 

identity  matrix 

basic  integrals  in  PIC  computation 
column  index 
panel  function 

Jacobian  factor  tor  subpanel  i 
basic  integrals  in  PIC  computation 
coefficient  of  heat  conductivity,  m2/sec 

number  of  doublet  singularity  parameters  in  the  neighborhood  of 
a  panel 

number  of  source  singularity  parameters  in  the  neighborhood  of  a 
panel 
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Lower  triangular  matrix 

triangular  coordinate  functions,  i  =  1,2,3 

least  squares  matrix  defined  in  section  1.5 

matrix  giving  line  vortex  contribution  to  PIC 

number  of  rows  of  panels  corner  points  in  a  network 

moment  vector,  newton-meters 

freestream  Mach  number 

local  Mach  number 

midpoint  of  ith  panel  edge  on  a  network  edge 

matrix  of  coefficents  giving  quadratic  component  of  doublet 
variation 

i(mod  j)  is  the  remainder  obtained  when  the  integer  i  is  divided 
by  the  integer  j 

tensor  of  coefficents  giving  cubic  component  of  doublet  variation 
outward-pointing  unit  vector  normal  to  a  surface 
conormal  vector 

edge  normal,  normalized  by  pseudo-inner  product 

number  of  columns  of  panel  corner  points  in  a  network 

normal  cross  product  moment  matrix 

pressure,  newtons/m2 

pressure  in  the  freestream,  newtons/m2 

phase  function 

hyperbolic  phase  function  (see  section  (0.5) 

limit  of  integration  in  polar  coordinates 

point  in  space  or  control  poiont 

panel  defining  point,  1  <  i  <  3 

vector  whose  entries  are  the  coordinates  of  P 

panel  influence  matrix 

amount  of  heat  added  to  fluid  per  unit  mass,  joules/kg 
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edge  indicator,  =  -1  for  supersonic  edges,  +  1  for  subsonic  edges 

arbitrary  point  on  panel,  or  point  on  integration  surface,  or 
field  point 

vector  whose  entries  are  the  coordinates  of  Q 

modified  integration  point,  defined  by  equation  (J.9.4) 

sign  (n-n)  =  +  1  for  subsonic  flow  and  subinclined  panels,  -1 
for  superinclined  panels 

gas  constant,  joules/kg  -  degree  Kelvin 

compressible  distance  from  point  in  space  to  point  of  integration 
control  point  recession  vector 

compressible  distance  from  control  point  to  panel  center 
sign  (  1-  M,^) 

=  +  1,  sign  corresponding  to  network  edge  in  an  abutment 

differential  of  arc  length 

surface  in  space,  surface  of  integration 

boundary  of  S 

spline  vector 

subpanel  spline  matrix  for  ith  subpanel,  1  <  i  <  8 
source  integral  matrix  (section  J.6.4.2) 
source  integral  matrix  with  origin  shift  included 
subpanel  far  field  moment  matrix  or  tensor 
subpanel  integral  matrix 
time,  sec 

parameter  value  under  abutment  parametruation  for  point  on 
network  edge 

coefficient  of  tangential  velocity  in  boundary  condition  equation 
vector  tangent  to  surface 
unit  vector  tangent  to  edge 
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edge  tangent,  normalized  by  pseudo-inner  product 
temperature,  degrees  Kelvin 

components  of  perturbation  velocity  in  coordinate  system  whose 
x-axis  is  aligned  with  the  freestream  or  the  uniform  onset  flow 

unit  vector  perpendicular  to  panel  normal  and  compressibi lity 
direction 

Upper  triangular  matrix 
uniform  onset  flow 

total  onset  flow 

incremental  onset  flow 

local  edge  coordinate 

perturbation  velocity 

unit  vector  perpendicular  to  U0  and  n 

basis  vectors  used  to  define  local  coordinate  system  for  spline 
vector  computation 

line  vortex  contribution  to  velocity 

region  of  space 

velocity 

freestream  velocity 
critical  speed 

velocity  influence  coefficient  matrix 
linearized  perturbation  mass  flux 
total  linearized  mass  flux 
regular  term  of  doublet  velocity 
position  vector 

reference  coordinates 
scaled  coordinates 

local  coordinates;  several  local  coordinate  systems  are 
used  in  Appendix  1 

extension  matrix 
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half  panel  extension  matrix 
arbitrary  boundary  condition  coefficien 
compressibility  coordinate  system 
reference  coordinate  system 
scaled  coordinate  system 
local  coordinate  system 


Greek  Symbols 
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0 

Pc 

r 

r 

rc 

6iJ 

Ai 

C 

e 

cijk 

K 

< 

x 

x  i 
[A] 

p 


uo 
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angle  of  attack,  rad 

angle  of  attack  used  for  computing  compressibility  direction,  rad 

=  |1  -  Mco2|i/2 

angle  of  sideslip,  rad 

angle  of  sideslip  used  for  computing  compressibility  direction, 
raa 

ratio  of  specific  heats  of  a  gas 
rotation  matrix 

transformation  matrix  from  reference  to  compressl bi 1 i ty 
coordl nates 

Kronecker  delta 

1th  subpanel,  i  -  1,. ..,8 

user-defined  tolerance  distance  for  edge  matching 

small  quantity  whose  higher  powers  may  be  neglected 

permutation  symbol  defined  in  section  B.3 

-  4n  If  subsonic  flow,  2n  if  supersonic  flow 

quantity  associated  with  quadratic  function  on  an  edge  segment, 
defined  by  equation  (1.2.27) 

vector  of  singularity  parameters 

ith  singularity  parameter 

matrix  of  vectors  of  unknown  singularity  parameters 

doublet  strength  at  a  point  on  a  surface  or  distribution  of 
doublet  strength  on  a  surface 

panel  doublet  parameters,  1  = 

doublet  strength  at  point  on  the  ith  network  edge  of  an  abutment 

coefficient  defining  constant  component  of  doublet  variation 

coefficient  defining  linear  component  of  doublet  variation 

coefficient  defining  quadratic  component  of  doublet 
variation 
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coefficient  defining  cubic  component  of  doublet  variation 

vector  of  coefficients  giving  linear  component  of  doublet 
variation 

unit  vector  normal  to  plane  of  symmetry 
edge  conormal 

local  coordinates,  panel  or  subpanel  coordinates 

density  of  fluid,  kg/in3 

density  of  fluid  in  freestream,  kg/m3 

vector  from  control  point  to  corner  of  EflD^ 

source  strength  at  a  point  on  a  surface,  or  distribution  of 
source  strength 

panel  source  singularity  parameter,  i  =  1,...,5,  or  1  =  1,...,4,9 
coefficient  defining  constant  component  of  source  variation 
coefficient  defining  linear  component  of  source  variation 
coefficient  defining  quadratic  component  of  source  variation 

vector  of  coefficients  giving  linear  component  of  source 
variation 

denotes  summation 

a  panel 

matrix  of  coefficients  giving  quadratic  components  of  source 
var  1  a  1 1  on 

stress  tensor 

compressible  inner  product  of  unit  edge  tangent  with  itself 

edge  cotangent 

perturbation  potential 

phase  or  hyperbolic  phase,  radians 

total  potential 

potential  influence  coefficient  matrix 
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X  hyperbolic  angle 

Y  1/R 

IS  vector  describing  strength  and  direction  of  rotational  onset  flow 

Subscripts 

A  average  of  upper  and  lower 

c  denotes  compressibility 

D  difference  of  upper  and  lower 

KP  corresponding  to  known  parameters 

L  lower 

NU  non-updateable 

U  upper 

U  updateable 

UP  corresponding  to  unknown  parameters 

0  denotes  reference  coordinates 

1,2, 3, 4  denotes  images  of  real  configuration  (first  image  -  input) 

used  to  define  matrix  or  vector  which  is  a  subset  of  a  higher 
order  tensor  (see  section  1.4. 1.1) 


8.0-10 


Superscripts 


doublet,  pertaining  to  doublet  strength 

pertaining  to  ith  symmetrized  matrix  or  vector,  i  =  1,2,3, 4 

input,  that  is,  defined  by  the  user 

source,  pertaining  to  source  strangth 

matrix  transpose 

inverse  of  transpose  (same  as  transpose  of  inverse) 

unsymmctrized  matrix 

denotes  scaled  coordinate  system 

denotes  a  vector 

denotes  local  coordinate  system 

image  value 

finite  part  of  Integral 

denotes  vector  modified  by  application  of  metric  matrix 
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boundary  of  a  region 
gradient  operator 

compressible  gradient  operator,  see  section  B.l 
=  V •  V  =  Laplace  operator 
Euclidean  inner  product 

denotes  a  column  vector  or  a  three-index  tensor 
dual  compressible  inner  product,  see  equation  (E.2.8) 
denotes  a  row  vector 
denotes  a  matr  ix 

a  vector  defined  by  equation  (1.4.70) 
a  vector  defined  by  equation  (1.4.71) 

( i , j)  entry  of  the  matrix 

compressible  inner  product,  see  equation  (E.2.4) 

positive  definite  compressible  inner  product,  see  equation 
(J.2.7) 


pseudo-inner  product,  see  equation  (J.6.44) 

union  of  sets  of  points 

intersection  of  sets  of  points 

line  integral 

surface  Integral 

very  much  less  than 

gndient  with  respect  to  location  of  (control  point)  P 
gradient  with  respect  to  location  of  (integration  point)  Q 
gradient  operator  In  two  dimensions 
curl  operator 

vector  cross  product  operation 

denotes  contraction  of  two  matrices,  defined  by  equation  (1.6.37) 
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This  glossary  defines  the  most  commonly  used  engineering  terms  In  the  PAN  AIR 
Theory  and  User's  Documents.  In  general,  all  specialized  terms  (that  is, 
terms  whose  meaning  In  the  context  of  PAN  AIR  is  different  from  their  meaning 
In  common  usage)  are  included,  as  are  standard  engineering  terms  which  are 
used  in  the  PAN  AIR  engineering  documents.  Terms  which  relate  to  the  com¬ 
puting  aspects  of  PAN  AIR  are  defined  in  a  separate  glossary,  the  PAN  AIR 
computing  glossary,  which  is  contained  in  the  maintenance  document. 


The  format  of  the  glossary  is  the  following:  Each  term  is  followed  by  a  list 
of  principal  references  and  a  definition.  The  references  give  the  section 
number  where  the  item  is  discussed,  preceded  by  a  T  for  Theory  Document,  a  U 
for  User's  Document,  and  an  S  for  Summary  Document. 
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K-direction  The  direction  of  increasing  panel  row  index.  U-7.4,  U-B.1.1 
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Metric  matrices  Matrices  which  account  for  compressibility  effects.  The  first  T-E.2 

metric  matrix  (denoted  B)  multiplies  the  freestream  component 
of  a  vector  by  (l-Moo^)>  while  the  second  metric  matrix 
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A.O  Fundamental  Fluid  Mechanics 

To  repeat  our  warning  in  section  l  ^  ^ 

text  in  basic  fluid  mechanics  (seve^lh^v  document  is  not  meant  to  be  a 
1).  We  will  not  discuss  K“derfVat?L  are  Hste[j  action 

Prandt  -Glauert  equation,  nor  will  we  ci'f sc(/cc f qtiat 'lons  which  lead  to  the 
invfstjd,  steady,  and  isentropic  flow  which  VJh  ,  l^V0ns  of  ^rotational, 
equat ion.  We  will,  however  brief  *  ' h  ,??d  ,t0  the  p^ndt  1-Glauert 

assumptions,  since  ^  discuss  the  'small  perturbation11 

?anel  methods,  and  hence  deterairie^the^DDlica?^  the  theory  and  usage  of 
to  particular  problems.  th  dPP,!Cation  ana  validity  of  the  methods 


PftfcCiiai^Q  pack  blaak-nct  Finite 


A.l  Tlie  Small  Perturbation  Assumptions 

Recall  from  section  2.3  that  we  assumed 

(vl  «  IV!  «  a*  (A.  1.1) 

To  be  precise,  the  transonic  small  perturbation  equation  is  obtained  by 
assuming  (in  addition  to  irrotational ,  iriviscid,  isentropic  flow)  that  terms 
of  order  Ivl  can  be  ignored.  Recall  that  tf(x,y,z)  is  the 

perturbation  of  the  local  velocity  from  a  uniform  freestream  Assumption 
(A. 1.1)  holds  under  a  wide  variety  of  cases,  including 

a.  a  thin  wing  at  small  angle  of  attack  (shown  in  figure  A.l)  at  any 
Mach  number  other  than  approximately  1, 

b.  a  blunt  object  at  small  Mach  number  (see  figure  A. 2) 

c.  a  static  airplane  configuration  with  engines  on,  sucking  in  air,  with 
local  velocities  in  the  inlet  duct  which  are  small  compared  to  the 
speed  of  sound: 

ivl  =  :VI  i  .2a*  (A. 1.2) 

(see  figure  A. 3). 

In  case  (a),  both  |v|  /  I VI  and  lv|  /  a*,  are  small.  In  case  (b),  iv'  is  of 
the  same  order  as  Iv^i  ,  and  so  we  are  ignoring  terms  of  size 

!vl  2/a2  a  (.1)2  =  .01  (A. 1.3) 

Similarly,  in  case  (c) ,  we  ignore  terms  of  size 

tfW  *  (.2)2=  .04  (A.!. 4) 

which  is  still  small  with  respect  to  one. 

But  now,  let  us  reconsider  case  (c),  with 

«  =  ■'  (A.l.b) 

In  that  case,  assumption  (A. 1.1)  no  lonqer  holds,  since  we  are  ignoring  terms 
of  order  .7?  *  .49,  which  are  not  small  compared  to  1. 

Thus,  the  “engir.e-on"  problem  does  not.  satisfy  the  small  perturbation 
transonic  equation,  let  alone  the  Prandt 1-Glauert  equation,  if  the  "local  Mach 
nurber"  (  IV I /a)  is  too  large.  This  does  not  mean  that  PAN  AIR  has  no  use  for 
such  a  problem.  Its  use,  however,  is  restricted  to  predicting  qualitative 
trends,  rather  than  detailed  pressure  distributions.  Note  that  as  the  forward 
speed  of  the  airplane  increases,  the  perturbation  velocity  within  the  duct 
decreases,  and  equation  (A. 1.1)  is  more  nearly  satisfied. 
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Now,  let;  us  examine  the  small  perturbation  steady  transonic  equation 
(assuming  IV*, I  =  1) : 

(1-M2,  «SXX  +  iyy  +  izz  =  M2[l/2  (y-1)  (2u  +  |tf|2)  v2<4  + 

(2u  +  u2)  dXx  +  v^xy  +  2vw dyz  +  w 2  +  w2^zz  (A. 1.6) 

+  2(i+u)(v4xy  +  wdxz)] 

Since  |v|  2  >  u2  +  v2  +  w2,  all  the  terms  on  the  right  side  of 
(A. 1.6)  are  quadratic  or  cubic  expressions  in  the  first  or  second  derivatives 
of  <b,  while  the  terms  on  the  left  hand  side  a>-e  linear  expressions  in  the 
derivatives  of  &.  So,  formally,  it  is  justifiable  to  drop  all  the  tennis  on 
the  right,  end  say  'hat  to  first  order,  the  Prandtl-Glauert  equation 

(1-M*2)  «txx  +  <*yy  +  *zz  "  0  (A. 1.7) 

holds  (whore  the  froestream  direction  is  the  x-direction) . 

Uut  a  formal  elimination  of  all  quadratic  and  cubic  terms  only  has  meaning 
if  the  terms  being  Ignored  are  iri  fact  small,  compared  to  the  terms  wnich  are 
being  retained. 

We  can  rewrive  (A.l.S)  as 

ra-M2)  +  ai  dxx  *  B*xy  ♦  cdxz 

+  (1+D)*yy  +  Edyz  +  (1+F)*ZZ  -  0  (A.  1  8) 

where 

A  -  -M2,  [1/2(v-D  ( 2u+  |v| 2  l  +  (2u+u2)  ] 

B  =  -2M2,  (l+u)v 

C  -  ~2M 2,  (l+u)w 

D  -  -M2,  [  1  /2 ( Y-i )  (2u+  |v|  2)+v2]  (A. 1.9) 

E  =  -2M2,  v.v 

F  -  -M2,  [  1  /2( y-1 )  ( 2u+  1^1  2+w2] 

Now,  (A. 1.7)  holds  if  the  sum  of  all  the  ignored  terms  is  small  compared  to 
each  of  the  retained  terms,  that  is,  if 

A  «  1-M.j* 

S  -  A  +  B  +  C  +  D  +  E  ►  F  «1  (A. 1.10) 
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Adding  the  terms  in  (A. 1.9) 

S  <  m2  [3/2(y-1)(2  | u |  +  |v|  2 
+  2u  +  u2  +  2  II  +  u I  (  ; v |  +  | wj  ) 
+  v2  +  2  |vw|  +  w2] 


(A. 1.11) 


Now,  since  the  absolute  value  of  a  sum  is  at  most  the  sum  of  the  absolute 
values. 


S  <  M2  [3(y-1)|u|  +  3/2  (  y-1)  |  v|  2  +  2  |u]  +  u2 
♦  2  I v ]  +  2 ! w]  *2  ]uv|  +  2  |vw|  +  v2  +  2  Ivwl  +  w2 


(A. 1.12) 


Now,  since  |u|,  |vl,  and  jw|  are  <_  |v|  and  all  products  of  these  are  <  |v|  2, 
we  obtain 


S  <  M2,  [(3(Y-l)+2v2+2)  IVI  + 

( 3/2( y-1 )+l+2+2+l+2+l) Ivl2] 

(A. 1.13) 

or 

S<M^  [ ( 3+3Y)  |v|+15/2+3/2y)  |v|  2] 

(A. 1.14) 

or 

S  <  M2,  K(Y>r  Ivl  +  Ivl2] 

(A. 1.15) 

where 

k(r)  .  max(3+3Y, 15/2  +  3/2Y) 

(A. 1.16) 

depends  only  on  the  gas.  For  diatomic  gases. 

y  =  7/5,  and  thus  My)  -  9.6. 

Thus,  we 

see  that  (A. 1.10)  holds  if 

m£,  k ( y )  f  lv|  +  1^1  21  «■  1 

(A. 1.17) 

and  M2, 

k(Y)tl^l  +  l^l2)  «  1-M2 

(A. 1.18) 

(since  1 A |  <_  ISI  ). 

Recall  from  section  2.3  that  |VW|  -  1;  thus  lv|  is  the  size  of  the 
perturbation  velocity  divided  by  the  freestream  speed. 

For  Mach  numbers  <  T,  (A.  1.18)  is  the  more  restrictive  equation,  while 
for  Mo,,  >  (A.  .’7)  ,  more  restrictive.  Equations  (2.5.2)  and  (2.5.3)  are 

simplifications  of  (A.l  17)  and  (A. 1.18),  based  on  a  scaling  by  a  factor  of 
2k ( y )  of  what  we  mean  b'„  “very  much  less  than",  and  based  on  the  assumption 


Ivl2  <  |v| 


(A. 1.19) 
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Equation  (A. 1.19)  holds  in  virtually  all  cases  of  aerodynamic  interest, 
since  we  have  assumed  that  iVeol  =  1,  that  is,  we  are  not  dealing  with  the 
"engine-on"  case,  in  which  IVool  =  M*,  =  0. 

From  (A. 1.17)  and  (A. 1.18),  we  derive  the  principle  that  the  more  nearly 
transonic  or  the  more  hypersonic  the  flow  becomes,  the  smaller  the 
perturbations  to  the  free  stream  must  be.  Small  perturbations,  in  turn,  mean 
slender  objects  and  small  angles  of  attack.  This  does  not  mean,  however,  that 
PAN  AIR  is  of  no  use  if  the  restrictions  (A. 1.17)  or  (A. 1.18)  are  violated 
locally.  Experimentation  has  shown  that,  for  instance,  wings  with  rounded 
leading  edges  can  be  successfully  analyzed  at  Mach  numbers  such  as  .7,  at 
which  (A. 1.17)  is  thoroughly  violated.  This  is  true  because  the 
Prandlt-Glauert  equation  is  only  violated  in  a  small  region  of  space,  and  the 
quality  of  the  solution  in  other  areas  is  not  affected.  Further, 
semi-empirical  velocity  correction  formulas  (see  section  5.9)  are  available. 
Pressures  calculated  from  the  correction  velocity  agree  more  accurately  with 
those  determined  by  experiments.  Thus  a  fairly  accurate  approximation  to  the 
true  flow  properties  can  be  obtained  in  this  case  despite  the  violation  of  the 
assumptions  behind  the  Prandtl-Glauert  equation. 
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Figure  A.  I  -  Thin  Wing  at  small  angle  of  attack 
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Figure  A. 2  -  Blunt  object  at  small  math  number 
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8.0  The  Prandlt-Glauert  Equation 

the  PranditJlauerr4QuationCUS5eSMkeb2,pffeSt,JS  concernin9  so.uMons  of 
proved  in  any  of  the  standard  references  tltZl  wh'ch  are 

results  which  are  not  "aval  lable elSSe.^*  **  W1??  SUpP'y  denvations  of 

equationlrto'SLeJtlfto'the'iitegJal  eqiatio^  °f  the  Prandtl-G,au^t 

- 1  ff  psjai ,  .  9,1, J  ds 

snor  K 


(8.0. 1; 


where  S0Dp  is  the  intersection  of  the  configuration  surface  S  with  the 
domain  of  dependence  0p  on  the  point  P«(x,y,z). 
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.4  of  Ward  (1.5) 


!>»»  t"  wfd.  Chapter  2,  and  for 
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In  this  appendix,  we  discuss  the  concept  of  a  boundary  value  problem,  that 
is,  the  combination  of  (B.0.1)  with  a  set  of  boundary  conditions.  In  section 
8.1,  we  discuss  boundary  value  problems  for  wlvch  existence  and  uniqueness  of 
a  solution  have  been  proved  or  disproved.  In  B.2,  we  discuss  the  role  of 
wakes  in  the  formulation  of  a  boundary  value  problem.  And  finally,  in  B.3,  we 
show  that  the  gradient  of  (B.0.1),  defining  v(x,y,z),  can  be  replaced  by  a 
different  expression  which  is  mo^e  readily  computable.  All  of  the  material  in 
this  appendix  is  "background"  material;  none  of  it  is  reflected  in  the  actual 
PAN  AIR  computer  code. 

We  emphasize  that  Pan  Air  actually  solves  the  integral  equation  (B.0.1), 
with  boundary  conditions  imposed  on  the  true  configuration  geometry  (cf., 

(3.1.3) )  while  other  panel  methods  solve  the  integral  equation  corresponding 
to  Laplace's  equation  with  zero  normal  velocity  boundary  conditions  applied  on 
the  scaled  geometry.  These  methods  can  be  demonstrated  to  be  equivalent  in 
subsonic  flow  (cf.,  Butter, reference  8.1),  and  go  under  the  general  name 
"Gothert's  rule". 

We  note  that  the  two  versions  of  Gothert's  rule  are  equivalent  only  in 
subsonic  flow.  This  is  because  the  scaling  (3.1.3)  in  subsonic  flow  yields  an 
"equivalent  incompressible  geometry",  and  at  zero  Mach  number  mass  flux  is 
identical  to  velocity.  In  supersonic  flow,  on  the  other  hand,  application  of 

(3.1.3)  yields  an  "equivalent  geometry"  corresponding  to  a  Mach  number  of  v?7 
But  at  this  Mach  number,  velocity  and  mass  flux  are  nut  identical;  rather,  the 
freestream  components  of  perturbation  velocity  and  mass  flux  have  opposite 
sign.  Thus  normal  mass  flux  and  normal  velocity  boundary  conditions  are 
inherently  different  in  supersonic  flow. 

In  addition,  some  European  panel  methods  use  yet  another  method,  referred 
to  as  Gothert,  Rule  2,  to  account  for  compressibility  effects  in  subsonic 
flow.  In  this  method,  the  Prandtl-Glauert  equation  is  solved,  with  boundary 
conditions  of  normal  velocity  (rather  than  normal  mass  flux)  applied  on  the 
true  configuration.  This  method  is  not  equivalent  to  either  of  the  two 
equivalent  versions  of  Gothert's  rule  described  above. 
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B.l  Existence  and  Uniqueness 

In  this  section,  we  give  four  examples  of  boundary  value  problems  which 
are  well-posed  (that  is,  for  which  there  exists  a  unique  solution),  and  two 
examples  of  ill-posed  boundary  value  problems.  Finally,  we  discuss  two 
boundary  value  problems  for  which  excellent  numerical  results  have  been 
obtained,  without  any  actual  proof  that  the  problem  is  well-posed. 

The  first  well-posed  problem  is  the  subsonic  exterior  Neumann  problem.  A 
Neumann  problem  is  the  specification  of  normal  mass  flux  on  the  boundary  of  a 
region  R.  If  R  is  a  infinite  region  with  finite  boundary  as  illustrated  in 
figure  B.l  or  figure  B.3,  the  boundary  value  problem  is  called  "exterior" 
since  the  boundary  of  R  is  the  "outer"  surface  of  S.  The  precise  formulation 
of  the  result  (see  p.  311  of  Kellogg,  1.3)  is:  The  specification  of  a 
continuous  distribution  of  n  •  vd  on  the  boundary  S  of  an  infinite  region  R 
yields  a  unique  distribution  of  potential  d,  whose  value  approaches  zero  at 
infinity  on  R,  satisfying  the  Prandtl-Glauert  equation,  for  M00<1.  Kellogg 
only  proves  this  result  for  =  0,  but  the  coordinate  scaling  (3.1.3)  (which 
reduces  the  Prandtl-Glauert  equation  to  Laplace's  equation  in  the  scaled 
coordinates)  allows  one  to  prove  the  result  for  arbitrary  suosonic  Mach 
numbers. 

The  second  well-posed  boundary  value  problem  Is  the  interior  subsonic 
Dirichiet  problem  (a  Dirichlet  problem  is  the  specification  of  4  on  a 
surface).  Again,  this  is  shown  to  he  well  nosed  (see  Kellogg,  p.  311)  for 
Moc  =  0,  and  is  formulated  precisely  as  follows:  Let  R  be  a  region  of  finite 
volume  (see  figure  B.2).  Then  the  specification  of  a  continuous  distribution 
of  4  on  the  boundary  S  of  R  is  a  well-posed  boundary  value  problem.  Further, 
if  the  specification  of  4  is  a  constant  b,  then  4  is  identically  equal  to  b  in 
ail  of  R. 

The  third  wall  posed  boundary  value  problem  is  discussed  in  Ward,  1.5, 
section  4.13,  and  is  formulated  as  follows.  Let  S  be  a  finite  smooth  surface 
(see  figure  B.3)  which  is  everywhere  inclined  behind  the  Mach  angle  (such  a 
surface  has  n«n  >  0,  and  is  called  subinclined).  The  specification  of  a 
continuous  distribution  of  w-fi  on  both  sides  of  S  defines  a  unique  value  of  4 
in  all  of  space  for  j*  1.  For  M^  <  1,  this  is  just  a  special  case  of  the 
first  boundary  value  problem  discussed  above. 

The  fourth  well-posed  boundary  value  problem  is  illustrated  in  figure 
8.4.  There,  S  is  a  smooth  superincl ined  surface  (fi.n  <  0,  which  automatically 
Implies  Mo,,  >  1)*  Then,  the  specification  of  continuous  distributions  of  both 
w  n  and  ©  on  the  downstream  side  of  S  is  a  well  posed  boundary  value  problem, 
and  once  again  is  discussed  by  Ward  in  section  3.2. 

Now  let  us  consider  two  ill-posed  boundary  value  problems.  The  first  is 
the  Interior  Neumann  boundary  value  problem,  that  is,  the  specification  of  w  n 
on  the  boundary  of  a  region  R  of  finite  volume,  as  illustrated  in  figure  6.5. 
The  proof  that  no  unique  solution  exists  is  simple.  Suppose  a  certain 
function  d(x,y)  were  a  solution.  Then,  fer  any  constant  40,  d(x,y,z)-  d0 
is  also  a  solution,  since  v40  -  0  and  thus  the  normal  mass  flux 
(v?.  fi  .  Vd  •  n)  is  unchanged.  Thus,  there  cannot  exist  a  unique  solution  4, 
and  so  the  problem  is  ill-posed. 
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A  second  example  of  an  ill-posed  boundary  value  problem  is  the  specifi¬ 
cation  of  i  or  w * n  on  the  upstream  side  of  a  superinclined  surface.  Consider, 
for  instance,  the  point  P  in  figure  8.4.  According  to  the  integral  equation 
(B.0.1),  d(P)  is  an  integral  over  SnOp.  But  the  intersection  of  S  with  Dp, 
the  domain  of  dependence  of  tne  point' P,  is  empty.  That  is,  there  is  no  point 
on  S  which  influences  P,  since  the  domain  of  dependence  consists  of  the 
interior  of  a  cone  pointing  upstream  from  P,  as  illustrated  in  figure  B.6. 

So,  0(P)  »  0,  regardless  of  the  source  or  doublet  distribution  on  S. 
Further,  this  holds  for  al’  points  P  on  the  upstream  side  of  S.  So, 
specifying  <h  =  b  or  w-n  ^  b  on  the  upstream  surface  of  S  results  in  infinitely 
many  solutions  if  b  =  0,  and  no  solutions  if  b  =  0.  Thus,  no  matter  what  our 
choice  of  L>,  upstream  specification  is  an  ill-posed  boundary  value  problem. 

This  discussion  of  ill-posed  and  well-posed  boundary  value  problems  is  of 
some  interest  to  the  user  of  PAN  AIR  because  of  &  basic  principle.  This 
principle  is  that  the  use  of  a  pane!  method  to  solve  an  ill-posed  boundary 
value  prob’em  invariably  leads  to  a  system  of  linear  equations  whose  matrix  is 
singular.  Even  if  the  systan  of  equations  has  infinitely  many  solutions,  the 
numerical  equation  solving  techniques  used  by  panel  methods  break  down,  and 
none  of  the  solutions  can  Le  found. 

On  the  other  hand,  the  lack  of  a  proof  that  a  particular  boundary  value 
problem  is  well-posed  should  not  be  an  impediment  to  attempting  to  find  a 
numerical  solution.  The  prime  examples  of  this  are  the  successes  achieved  by 
the  "pilot  code"  in  solving  the  exterior  Neumann  problem  and  interior 
Dirichlet  problem  for  subinclined  surfaces  in  supersonic  flow  (sea  figures  B.i 
and  B. 2) .  Specific  cases  are  described  in  Ehlers,  et  al,,  (4.9).  A  second 
example  is  the  specification  of  design  boundary  conditions,  a  subject  which 
will  be  diTussed  in  more  detail  in  Appendix  C. 

Summarizing,  for  a  thick  closed  configuration  such  as  that  of  figure  C.2, 
one  is  fairly  safe  (assuming  that  the  surface  is  subinclined  when  M  >1)  in 
imposing  the  boundary  conditions 

iL  -  0  (6.1.1) 

W(j  •  n  «  0 

which,  as  pointed  out  in  section  5.4,  is  equivalent  to 

d|_  «  0 

o  «  -  V«-  n  (B.  1.2) 


Here,  the  subscripts  U  arid  L  refer  to  upper  and  lower  surfaces.  For  thin 
configurations  such  as  that  in  figure  B.3,  the  boundary  conditions  should  be 
(assuming  the  surface  is  subinclined  agnin) 


Wy  •  n  »  0 
WL  •  n  «  0 


(B. 1.3) 


B.l-2 


/ 


or,  equivalently 
W(j  •  n  =  0 

(B.  1. 

o  =  0 

For  a  permeable  surface  inclined  to  the  freestream,  as  shown  in  figure 
B.'/,  the  boundary  conditions  for  subsonic  flow  should  be 


dL  =  0 

Wy  •  n  =  b 

(B,  1.5) 

or  equivalently 

*1  =  0 

(6.1.6) 

o  =  -  V,*1  h  +  b 

while  for  supersonic  flow  they  should  be 
di  =  0 

,  A  (B.1.7) 

Wi_  •  n  =  b 
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B .2  Wakes  and  Mode] ing 

Up  to  this  point,  we  have  implicitly  assumed  that  the  surface  S  on  which 
non-zero  source  or  doublet  distributions  are  given  represents  a  real  phyical 
object.  But  for  a  wide  variety  of  problems  of  physical  interest,  it  does  not 
suffice  to  impose  boundary  conditions  of  impermeabi 1 ity  on  the  physically 
existing  conf iguration.  The  general  problem  of  determining  the  surface  S,  and 
what  boundary  conditions  should  be  imposed  there,  is  called  the  modeling 
problem,  and  will  be  discussed  here  briefly. 

The  first  case  of  a  non-ohysical  surface  3  irises  from  one  of  the 
hypotheses  of  Green's  Theorem  which  we  ignored  when  discussing  the  subject  in 
section  3.2.  This  hypothesis  requires  that  the  region  V  on  which  d  is  defined 
be  "simply  connected".  That  is,  there  must  not  be  any  closed  path  in  V  which 
cannot  be  shrunk  to  a  point  within  V.  In  figure  B.8,  we  illustrate  in  cross 
section  a  region  V,  whose  boundary  S  is  the  surface  of  a  nacelle,  which  fails 
to  be  simply  connected.  The  imposition  of  boundary  conditions  of 
impermeability  on  S  once  again  results  in  an  ill-posed  boundary  value  problem. 

The  boundary  value  problem  can  be  made  well-posed  by  the  addition  of  a 
surface  S'  which  "blocks  off"  the  inlet.  The  surface  S'  is  not  impermeable, 
however;  so  the  user  specifies  the  total  normal  mass  flux  b  flowing  through 
the  surface.  The  boundary  conditions  illustrateo  in  figure  B.7  only  apply  to 
subsonic  flow,  though.  For  supersonic  flow,  upper  surface  normal  mass  flux 
must  not  be  specified  on  the  superincl ined  surface  S';  instead,  the  boundary 
condition 


W(_  •  n  «  b 


should  be  imposed. 

The  second  case  in  which  the  surface  S  includes  non-phyical  surfaces 
arises  not  from  theoretical  but  from  empirical  considerations.  These 
considerations  arise  from  the  fact  that  the  assumption  of  zero  viscosity  is 
invalid  near  the  trailing  edge  of  a  wing.  No  matter  how  small  the  viscosity 
of  the  fluid,  the  conditions  at  the  trailing  edge  are  considerably  different 
from  those  of  the  zero  viscosity  case.  The  difference  is  the  following:  at 
zero  viscosity,  the  velocity  at  the  trailing  edge  of  a  wing  becomes  infinite, 
while  at  any  non-zero  viscosity,  the  velocity  is  bounded  by  a  fixed  number 
which  depends  mostly  on  the  wing  geometry  and  Mach  number,  and  is  only  weakly 
dependent  on  the  viscosity. 

In  order  to  reproduce  this  effect  while  using  a  program  which  ignores 
viscous  effects,  the  concept  of  a  wake  is  introduced.  A  wake  is  a  surface 
across  which  the  normal  mass  flux  is  continuous,  while  the  potential  and  the 
tangential  velocity  are  not.  Thus,  source  strength  is  zero  on  a  wake,  while 
doublet  strength  p  is  non-zero,  and  the  jump  in  tangential  velocity  is  vm. 

The  actual  physical  situation,  namely  that  the  tangential  velocity  varies  very 
rapidly  in  a  small  region  of  space,  is  modeled  quite  well  by  this  type  of 
surface. 


( 

{ 
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In  modeling  a  configuration,  wakes  are  generally  inserted  in  a  roughly 
streamwise  direction  emanating  from  the  trailing  edges  of  all  "lifting 
surfaces"  such  as  wings,  fins,  etc.  The  exact  location  of  the  wake  generally 
is  not  very  important.  The  boundary  conditions  imposed  on  the  wake, 
reflecting  the  physical  situation,  are  generally  (though  not  in  PAN  AIR): 


o  -  0 
Wy  •  n  »  0 


(B.2.2) 


The  flow  about  lifting  surfaces  in  subsonic  flow  is  known  to  satisfy  a 
condition  called  the  "Kutta  condition",  that  is,  the  pressure  jump  across  the 
surface  is  zero  along  the  trailing  edge.  The  successful  modeling  of  a 
potential  flow  problem  generally  requires  that  the  Kutta  condition  be 
satisfied.  In  section  D.1.1,  we  describe  the  boundary  conditions  that  PAN  AIR 
imposes  on  wake  networks.  We  also  outline  a  justification  that  these  boundary 
conditions  results  in  the  Kutta  condition  being  satisfied. 


An  illustration  of  the  wake  location  for  a  typical  wing-body  configuration 
is  given  in  figure  B.9.  Note  that  no  trailing  edge  of  the  wake  is  shown.  In 
true  physics,  the  wake  is  dissipated  by  viscous  effects.  In  terms  of  solving 
the  Prandt 1-Glauert  equation,  the  effect  of  the  far  regions  of  the  wake  on  the 
configuration  is  negligeable,  and  thus  the  wake  can  be  terminated  at  any 
finite  point  which  is  reasonably  far  from  the  physical  configuration.  The 
division  of  the  wake  into  “wake  1"  and  “wake  2“  networks  will  be  discussed  in 
section  D.1.2. 


Several  major  exceptions  exist  to  the  assertions  that  a  wake  should 
generally  be  positioned  in  a  streamwise  direction  from  the  trailing  edge  of  a 
lifting  surface,  and  that  the  exact  position  of  the  wake  is  generally  not 
important.  One  is  the  case  of  a  "leading  edge  vortex",  a  phenomenon  that 
occurs  at  the  leading  edge  of  a  highly  swept  wing  at  large  angles  of  attack  as 
illustrated  in  figure  8.10.  In  that  case,  the  wake  tends  to  roll  up  (trailing 
wakes  also  roll  up,  but  at  so  much  greater  distance  from  the  airplane  as  to  be 
ignored)  as  shown,  and  the  exact  position  of  the  wake  is  important  in 
determining  the  aerodynamic  behavior  of  the  configuration.  The  use  of  a 
potential  flow  program  to  analyze  such  j  case  involves  an  iterative 
determination  of  the  wake  position,  a  problem  similar  to  the  design  problem 
discussed  in  Appendix  C.  Some  success  in  obtaining  numerical  solutions  of 
this  problem  has  been  obtained  by  the  program  of  Johnson,  et  al.,  (B.2). 

Another  case  in  which  wake  positioning  is  important  is  the  case  where  the 
wake  from  a  wing  passes  near  the  tail  of  the  airplane.  Generally  speaking, 
whenever  the  flow  leaving  the  trailing  edge  of  a  lifting  surface  passes  near 
another  portion  of  the  configuration  (or  the  ground,  if  ground  effect  is  being 
studied),  the  location  of  the  wake  is  important  in  analyzing  the  flow. 
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8.3  Removal  of  Line  Vortex  Terms 

In  order  to  impose  boundary  conditions  involving  i  (such  as  w  n  =  v  u  = 
b),  we  must  evaluate  the  perturbation  velocity  at  an  arbitrary  point. 
Differentiating  (B.0.1),  we  obtain 

v  (x.y.z)  «  «  I  y  fj  [  +  u(Q)n  .  v(^)  ]  dS  (8.3.1) 

SflDp 

Putting  the  gradient  within  the  integral,  and  writing  it  as  vp  to  emphasize 
that  we  are  differentiating  in  (x,y,z)  coordinates: 

v  -  1  fj  [  -  o(Q)  ^p(i)  +  u(Q)vp(7q(^)  •  n)  1  dS  (B. '*.2) 

*  SnDp  R  w  K 


"  ’ 

a/ax 

r  2 

SB  a/a£ 

Recalling  vp  - 

< 

a/ay 

a/an 

a/a  z 

a/ac 

and  R2  «  (  £  -  x)2  +  sb2  (n-y)2  +  S82(£-  r)2  (B.3.3) 

we  have 

Vq  (R)  -  (1S^L±K  sdfi=iL  )  -  SB2  (£-  x.n-y.C-*)  (8.3.4) 


and  similarly 

vp(R)  -  -  (t-  x,  sB2U:y)^  sb.^D.  (8.3.5) 

R 

Further,  by  the  chain  rule, 

Vq(Rn)  -  nR11'1  Vg(R)  (B.  3.6) 

-  se2n  (  £-x,  n-y,  C-z)  Rn"2  (8.3.7) 

and  similarly 

3p(Rn)  -  -  n  (  £ -x,  SB2(n-y),  sa2(<-z))  Rn"2  (B.3.8) 
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Thus,  Vp  Vq  (1/R)  contains  a  term  with  R-^  as  a  factor.  This  R"^ 

term,  which  only  exists  in  the  doublet  velocity  integral,  not  occurring  in  the 
source  velocity  integral  or  the  source  or  doublet  potential  integrals,  is  a 
serious  source  of  numerical  difficulties.  One  difficulty  is  that  if  the 
boundary  of  S  contains  a  point  at  which  R*0  (as  may  easily  happen  in 
supersonic  flow),  the  integral  in  (B.3.1)  becomes  infinite.  This  is 
especially  serious  since  the  integration  over  S  is  performed  one  "panel"  at  a 
time.  Thus,  a  very  large  value  of  the  integral  mas'  be  computed  over  one 
panel,  which  is  then  theoretically  cancelled  by  the  integral  over  the 
neighboring  panel.  In  practice,  however,  computing  limitations  will  prevent 
exact  cancellation  and  thereby  introduce  numerical  error. 

In  addition,  when  P  lies  far  from  the  panel  over  which  integration  is 
performed,  a  "far  field"  method,  involving  the  approximation  of  1/R  by  a  power 
series,  is  used.  But  R~^  is  less  accurately  approximated  by  a  power  series 
of  given  length  than  R-^  thy  use  of  the  far  field  method  in  evaluating 
potential  and  velocity  is  somewhat  restricted  by  its  poor  accuracy  in 
evaluating  the  velocity  induced  by  the  doublet  distribution  (see  section  5.6, 
equations  (5.6.14-15),  for  a  discussion  of  this). 

Thus  we  wish  to  transform  equation  (B.3.2)  through  an  integration  by  parts 
in  order  that  the  resulting  integrands  contain  no  powers  of  1/R  greater  than 
3.  Reducing  the  exponent  of  1/R  in  the  doublet  potential  or  source  velocity 
terms  Is  certainly  of  far  less  priority.  It  is  also  extremely  difficult,  and 
thus,  since  it  is  not  incorporated  in  PAN  AIR,  will  not  be  discussed  here. 

Now,  at  the  end  of  this  section,  we  will  show  that 


•*  A 

w  (x.y.z)  "•£  //  o(q)  Vp'^1  dS  4  ~  Sf  (n  x  vqm)  x  Vq(r-)  dS  ( B.3. 9) 

SnOp  SnOp 


4  l  S  v  ^ 

s  r  ^ 


where  aS  is  the  boundary  of  the  surface  S. 

We  will  also  shortly  show  why  the  line  integral  (the  Iasi  term  of  (B.3.9)) 
can  be  ignored.  Under  this  assumption,  we  have  succeeded  in  our  goal  of 
removing  integrands  more  singular  than  R-3,  As  a  matter  of  terminology,  the 
second  term  of  (R.3.9)  is  called  the  regular  term  of  the  d  -a  let  velocity, 
while  the  third  term  is  called  the  line  vortex  term.  The  l'.ler  term  also  has 
an  integrand  of  order  R-3,  but  since  the  integral  is  only  j  line  iniegral, 
it  is  more  singular. 

Now,  we  perform  the  integrations  in  (B.3.9)  one  panel  ut  a  time.  Let  us 
consider  what  is  required  for  the  line  integrals  to  vanish.  First,  consider  a 
panel  edge  with  no  adjoining  panel  edge  next  to  it,  for  instance,  the  edge  AB 
in  figure  B.ll.  Clearly,  if  u  identically  equals  zero  on  ,\u.  the  line 
inteqral  along  AB  vanishes.  Second,  consider  two  adjacent  panels  as  shown  in 
figure  B .  1 2 .  As  a  convention,  we  define  dl  as  being  in  the  counterclockwise 
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/ 


1 


direction  when  looking  from  “above".  That  is,  dlxn  lies  in  the  plane  of  the 
panel  and  points  outward.  Then  if  the  doublet  strength  on  the  panel  Ej,  is 
ui  (x,y,z),  and  on  £?  it  is  u2  (*,!'. z),  and  if  Ml  =  m2  at  every 
point  on  the  edge  A8,  we  have 


/ 

IlflABflDp 


V  (1/R)  x  dl  + 


f  u  v  (1/R)  x  dl  =  0 
z2nABnOp  q 


(B. 3.10) 


since  the  integrands  have  identical  values  with  opposite  sign  due  to  the 
opposite  directions  dl.  Here,  again,  the  symbol  “fl"  indicates  the 
intersection  of  regions  in  space. 

We  can  generalize  (B.3.10)  to  the  case  where  arbitrarily  many  panel  edges 
meet  (see  figure  B.13  for  an  illustration  of  3  panels  meeting).  Let 


Si=  sign  (dl i  - (  B  -  A)) 

where  d 1 i  is  the  counterclockwise  direction  on  Zj. 
Then  if  n  *  number  of  panels,  and 

E  si  pi  “  0 
i=l 

on  the  entire  edge  AB, 

E  /  fMi  vq(J-)  *  d1|.  =  0 

i  =  1  ZiflABflDp 
Equation  (B.3.13)  follows  from 


E  gi  dli  =  0 

i=l 


(8.3.11) 


(B.3.12) 


(B.3.13) 


(B.3.14) 


at  all  points  on  AB,  which  in  turn  follows  from  (B.3.11)  and  (B.3.12).  It 
should  be  noted  that  if  n=  1  or  2,  (B.3.12)  reduces  to  our  previous 
assumptions. 

So,  if  (B.3.12)  is  satisfied  along  a  particular  intersection  of  panel  edges, 
the  line  integral  in  (B.3.9)  can  be  ignored  along  that  edge. 

But  now  we  must  justify  that  (B.3.12)  is  physically  reasonable.  Consider 
the  three  surfaces  in  figure  B.13,  illustrated  in  cross  section  in  figure 
B.14.  Let  Pi,  P2,  and  P3  be  points  a  small  distance  apart,  as 
illustrated  in  figure  B.14.  Let  us  assume  (and  this  is  not  a  completely 
trivial  assumption)  that  i  is  continuous  in  each  of  the  regions  Vi,  V2, 
and  V3,  and  bounded  by  some  fixed  value  in  the  general  vicinity  of  the 
intersection  line.  Writing  p-j  for  ^ ( P -j ) ,  it  is  then  true  that  6j  does 
not  change  much  if  P^  is  moved  slightly.  Thus.,  we  can  let  approach  one 
of  the  surfaces  Zj  without  changing  $ j  much,  in  particular,  letting  Pi 
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and  approach  Ei,  we  see  that  dl  -  $2  ~  ul-  In  fact,  in  the  limit 
as  Pi  and  ?2  approach  the  intersection  line. 


-  &2  =  ul  (8. 3.15) 

Similarly,  in  the  limit  as  the  Pi  approach  the  intersection, 

^3  -  iz  ~  u2  (8. 3.16) 

<i\  -  $2  -  u3  (B. 3.17) 

Subtracting  (8.3.15)  from  the  sum  of  (B.3.16)  and  (B.3.17),  we  obtain 

0  =  -  ui  +  +  W3  (B. 3.18) 

which  is  equivalent  to  equation  (B.3.12). 


The  previous  argument  is  general i zeable  to  an  intersection  of  n  surfaces. 
The  assumption  that  i  is  continuous  off  the  surfaces  is  valid  (and  is  in  fact 
required  for  the  basic  inteoral  equation  to  hold),  but  the  requirement  that  $ 
be  bounded  in  a  neighborhood  of  the  surface  is  not  necessarily  valid.  It  is, 
however,  physically  reasonable,  since  an  unbounded  potential  produces  an 
infinite  velocity.  So,  we  will  make  the  assumption  within  PAN  AIR.  The 
mechanism  by  which  (B.3.12)  is  applied  is  described  in  Appendix  F.  As  a 
result  of  this  assumption,  the  line  vortex  term  in  (B.3.9)  may  be  ignored. 


It  now  remains  to  derive  (3.3.9).  Much  of  the  derivation  may  be  found  ir. 
texts  (for  instance,  (B.3.41)  is  found  in  Lass,  Vector  and  Tensor  Analysis, 
reference  B.3,  p.  112).  First  we  will  introduce  a  non-standard  form  of 
Stokes'  theorem  as  follows:  Let  S  be  a  surface,  H  a  vector  valued  function  on 


S.  Then 


/ 

3S 


(h  X  dlji 


E/;f3Hk 

k-1 


3Xk 


n,  - 


aHk 


3X, 


nk  dS 


(B.3. 19) 


To  derive  (B. 
(see  Kellogg,  p. 

r 
t 

J 

aS 


3.19),  consider  the  more  standard  form  of  Stokes'  theorem 
73):  let  G  be  a  vector  valued  function  on  S,  then 


dl 


-ff* 


(  Vx  G)  d5 


(B.3- 


Writing  dl  «=  ( dx i ,  dxj,  dx3),  and  recalling  that  for  vectors  A  and  B,  by 
definition. 


(A  x  3)k  =  2  £ijk  ^i  3j 

l.j 

where  e-jjk  =  1  if  (ijk)  occur  in  cyclic  order  (123), 


(B. 3.21 ) 


(231),  or  (312),  -1  if 
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they  occur  in  reverse  cyclic  order,  and  0  if  any  two  of  i,j,k  are  equal,  re 
can  rewrite  (3.3.20)  as 

E  /  Gj  dx.  =  E  ff  nk  nijk  “ ^  dS  (B.3.22) 

j  sS  ljk  S 

Now,  for  a  fixed  value  uf  1  =  1,2,  or  3,  let 


3 


Substituting  in  (B.3.22),  we  obtain 

V 

£  /  £lmj  Hm  dxj  =  fj  nk  €ijk(3/axi)(Eimj  Hm)  dS 

J*m  k,m  s 


(8. 3.23) 


(B. 3.24) 


But  now  consider 


(n  x 

v) 

*?}l  - 

?  £jml  (" 

x  v) 

while 

(n 

X^)j  =  x 
k 

L  cki j  "k 
.i 

3 

axi 

and 

thus 

^(n  x  v)  x  H 

)  1  = 

k 

E  E 

jml  £kij 

nk3}.(Hm) 

Now, 

£jml 

=  - 

£1mj 

ck’ j 

=  c 

ijk 

and 

thus, 

,  substituting 

(B.3.26)  in  (B. 

E 

/ 

£  mjl^mdxj 

■-//«<' 

x  v) 

k,m 

3S 

S 

But 

(H  x 

dl)!  = 

H  dx 
m  j  1  m  j 

j.m 

and 

thus 

we 

can  write 

(B.3.28)  as 

xd"l 

-  -//«* 

x  v)  x  H) 

dS 

3S 

S 

(B. 3.25a) 


(B. 3.25b) 


(B. 3.26) 


(B. 3.27) 


(B. 3.28) 


(B.3.29) 


(6.3.30) 
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Now,  we  claim  that  for  any  3  vectors  A.B.t, 

{it  *  t)  x  C).  >  (A-C)  8 .  -  (B-O  A.  =  £(Ak  B1  Ck  -  B,,  Ck ) 

(B.3.31) 

For,_i(Ax8)x? 

* 

_*  — k 

is  perpendicular  to  AxB,  and  thus  lies  in  the  plane 

spanned  by  A 

and  8. 

So, 

Further, 

(AxB)  k  C  =  a]  A  +  aj  B 

[(AxB)  x  C]  •  C  =  0 

(B. 3.32) 

(8.3.33) 

or 

aj(A  •  ?)  *  a2  (B  •  (?)  *  0 

(B. 3.34) 

Thus, 

ai  =•  k  (B  *?) 

(B. 3.35) 

dp  =*  k ( A* C ) 

where  k  is  some  constant,  and  so 

(AxB)  x  C  -  k  [(B-C)A  -  (A-  £}£]  (B. 3.36) 


But  both  the  left  and  right  hand  sides  are  homogenous  polynomials  (that  is, 
they  have  no  lower  order  terms)  of  cubic  order  in  the  9  variables  A,,  , 

C-j  ,  i  »  1,2,3.  Thus  the  real  number  k  is  a  constant  which  is  independent 
of  A,B,  and  C,  and  so  we  can  determine  k  by  picking  arbitrary  vectors  A,B,C. 
Picking 


(B.3.39) 
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/ 


and  thus  k  =  -1.  So,  (B.3.31)  holds. 

Substituting  n  for  A,  V  for  B,  and  H  for  C,  in  (B.3.31), 

((S  .il.l],  ■SBk(!-Hk  -S,ikHk)  (B.3.40) 

Substituting  the  above  into  (8.3.30), 


J(Hx  dl).  =  -//(pk-^i 

3S  S  K 


Hk  -  fX(<Hk  )  dS 


(8.3.41 ) 


which  is  identical  to  (B.3.19),  the  alternate  form  of  Stokes'  Theorem  v/°re 
trying  to  prove. 

Now,  we  substitute  H  =  gy(l/ R)  in  (B.3.19),  obtaining 

/  („«>) .  dl), .  zSf  riji.-  ■])«,  -  t-sSj. JiiW-s 


Now,  by  the  product  rule  for  differentiation 


£  8*k"  lu*ik  (^n  '  k  3Xk 


3  \i  3  /  1  \  4. 


(*) 


(B.3.43) 


and 


Now, 


Now, 


j) 
ax  i 


r  3  1 l  3  M  3  / 1  \  +  33  / 1  \ 

j  '•“ax’k  R"-*  “  3 x -j  axk  'lr  p  3 k 3X k  R 


(B.3.44) 


k  3Xk  3Xk 


SB232/3  2 

+  32/3n2  ]  [(  £  -  x)2+  (n  -  y)z+  (C-  z)2)]"1/2 


(B.3.45) 


3 

3C 


a 2  /  a  2 

2  1\  -3  -X 


[R3  -3(&-x)U-x)R]  =  R2  3 IL-xjl  (B. 3.46) 

Rd  R5  Rb  Rb  (B. 2.47 ) 


'R'  3^  RJ  Rb  Rb  R 

Obtaining  similar  expressions  for  the  n  and  derivatives. 


i3  ,1 


k  3Xk  3Xk 


(1)  ■  „2  38?-3(;-.<;g-3s»2U-y)?-3seh^)?  .  o  (6.3.48) 

K  Rb 


B.  3-7 


Note  that  this  proves  that  1/R  satisfies  the  Prandtl-Glauert  equation. 
So,  (B.3.42)  becomes 


/(uv(ff)  x  dl)i  »  J!T((vu  ‘  v  p-)  n  "W  (p)  n|<)  dS  (B.3.49) 

aS  S  k  i  k 

ViB _ L_  (h  n, 

a x -j  ax|<  'ft  '  k 

=  If  j(vu‘  Vft)  f> i  -  ( v ^  •  n )  (  vn)i-  m  " ‘  V jj[)  J  dS  ( B .  3 . 50 ) 

Applying  (B.3.31)  in  (B.3.50),  with  A  =  yM,  b  =  n.  C  *v(l/R),  we  obtain 

/  uy(J)  X  dl  =J'f((yu  x  ri)  xv|  -  uylifV^))  dS  (B.3.51) 

8  S  S 

Or  fj  Q  (fi-v(jr))dS  f  ( (vMxn )  Xv|>]  dS  -  /  iitfj)  x  dl  (B.  3.52) 
S  Si  )  sS 

Now,  vp  (£)  .  -  ^q(  J-)  (B.  3.53) 

and  (n  x  yv)  =  -( vu  x  ")  (B.3.54) 

and  thus,  substituting  (B.3.52)  in  (B.3.1),  w<-  obtain 

v(x,y,z)  =>  ~r  JJ  (  -yp  +  (n  xyg  u)  xVq^)  dS 
snop 

+  /  »</q(^)x  dl  (B.  3.55) 


Equation  (B.3.55)  is  identical  to  (B.3.9),  the  result  we  were  attempting  to 
prove. 


8.3-8 


B.4  Linear  Sources  and  Quadratic  Doublets 

In  this  section  we  outline  a  justification  for  the  use  of  a  linear  source 
sfrenqth  appt oximation  and  a  quadratic  doublet  approximation.  For  simplicity, 
we  assume  =  0,  though  the  proof  is  readily  extendable  to  all  subsonic  Mach 
numbers.  These  results  cannot  be  readily  generalized  to  supersonic  Mach 
numbers,  however. 

Nevertheless,  for  both  stipe,  sonic  and  subsonic  flow,  we  can  show  that  a 
doublet  distribution  whose  order  is  one  higher  than  that  of  the  source 
distribution  is  reasonable.  We  do  this  by  considering  the  jump  vq  in 
ve’ocity  occuring  on  a  surface.  In  section  N.l,  we  find 

VQ  =  vu  +  i^-  n  (B.4. 1) 

Thus  the  discontinuity  in  velocity  has  the  same  direct  dependence  on  doublet 
gradient  as  on  source  strength.  In  addition,  we  will  see  in  section  0.11.  that 
a  discontinuity  in  doublet  gradient  induces  the  same  singularities  in 
potential  and  velocity  as  a  singularity  in  source  strength. 

For  these  reasons  we  conclude  that  the  doublet  gradient  is  the  same  order 
of  singularity  as  the  source  strength.  It  is  thus  reasonable  to  approximate 
the  source  strength  and  the  components  of  the  doublet  same  order  of 
polynomial.  Thus  the  doub’et  strength  should  be  approximated  by  a  polynomial 
of  one  degree  higher  than  the  source  strength. 

We  now  consider  the  case  of  zero  Mach  numbe*-.  We  consider  the 
perturbation  velocity  resulting  at  a  point  V  =  0  due  to  a  source  distribution 

a(£,n)  =  ^  oij  £V,  i  >  0,  j  >  0  (B.4. 2a) 

i+j  <  n  ~ 

or  a  doublet  distribution 


B.  4-1 


(B.4.5) 


e  e 


1  r  f  -  0,1  r'n  J+1 

vy(p)  “4*  _[_{  (^in2j~3 jr  d^dn 


and 


»*"’>  ■  !IS  5 rjl  ««d"  (8-4-6> 

Now,  let  us  consider  (B.4.4)  one  term  at  a  time;  that  is,  we  assume 


o(£,n)  =  aij  ^n^  (8.4.7) 

If  (i+j)  is  even,  the  integrand  in  (8.4.4)  is  an  "odd"  function  in  £  or  n; 
that  is,  its  value  at  (£,n)  is  minus  its  value  at  (-£,n),  or  minus  itr  value  at 
(£>-n),  and  thus  the  integral  over  S  is  zero.  Similarly,  if  (i+j)  is  even, 

the  integral  (8.4.5)  corresponding  to  that  term  is  zero.  Finally,  let  us 
consider  the  integral  (8.4.6)  for  a  single  term. 

We  have 


vz(P) 


1im  fiii  ff _ £V _ 


d£dn 


(8.4.8) 


Now, 


/ 

0 


£  ...  „  d£  » 

(^2+n2+z?j  J7? 


(8.4.9) 


(substituting  u  =  £2+  n2  +  z2  ) 
2+n2+z2 

/  (u  "3'Z)  1/2  du 
n2+  z2 


C-u-1/2] 


^2+,  2+z2 

n2+  Z2 


_ 1 _  _ 1 _ 

(n2+z2)l/2  '  (e2+  q2+  z 2 )  1/2 


(B.4.10) 


When  this  function  is  integrated  over  n,  the  result  is  f ( r , z )  -  log  |z|  where 
f ( € , z )  is  bounded  as.z-ijO.  Thus  the  limit  in  (B.4.8)  is  zero,  provided  i  -  1. 
Since  c  is  small,  <  |£|  so  tne  limit  in  (B.4.8)  is  zero  whenever 

i  >  1.  Similarly,  it  is  zero  whenever  j  ^  1,  so  we  see  that 


1  im 
z»0 


1  ^  d£dn  =  0 


(B.4.11) 


if  i+j  ,  i,  and  in  particular,  whenever  i+j  is  even  and  greater  than  zero. 


B.  4-2 


So,  writing 


vSfP)i  •  =  _ q_LJ^'nj  d  dn 

4*  V  S  ((C-x)2+(n-y)2+(;_7jW 


we  have 
if  i+j  is  even,  and  i+j  >  0. 


v  (P)  -  0 

ij 


Let  us  now  consider  the  velocity 

vD  (P), 


ij  = 

47  VP  If  uijC1^  n-Vg 


[(F^+Tn-Tr^T)?jr77  d^n 


induced  by  a  polynomial  doublet  distribution 
u(4in)  -  Mij4^n^ 
on  the  region  in  figure  B.15. 


Nov/ 

and  so 
Now, 


0 

n  =  |  0 
1 


£  -»  r,  , 

n  'vq  =  3/ 


K 


a 

K 


[(4-x)?+(n-y)7+(C-z)?]  m 


~(C-2)/[(^-x)r  +  (n_y)2-t-(^_z)2]3/2 

and  since  4=  0,  x=y=.0 


v°(P) 


lim  1 


'.1  •  »0  57"  “U  f{  j 

*  0  <■«* 

S  [C2+n2^2]  3/2  V  1/ 


(B.4.12) 

(B.4.13) 

(B.4.14) 

(B.4.15) 

(B.4.16) 

(B.4.17) 

(B.4.18) 

(B.4.19) 


-f 

H 


B.4-3 


For  the  x  and  y  components  of  v^(P)ij  we  see  that  if  ifj  is  even  then 
the  integrand  is  an  odd  function,  so  the  integrals  are  zero,  if  i  +  j  is  odd 
and  greater  than  1,  then  performing  an  integration  similar  to  (G.4.2)  shows 
that  the  integrals  in  (B.4.19)  are  of  the  form  f(e,z)  -  log  z  where  f(e,z )  is 
bounded  as  z  -*■  0.  Multiplying  by  z  and  taking  the  limit  as  z  -*•  0  we  conclude 
that 

%  (P)ij  ■-  vj  (P) ij  =  0  (B.4.20) 


if  i  +  j  >  1. 


The  z  component  of  v^(P)^j  behaves  somewhat  differently,  due  to  the 
presence  of  the  second  term.  Both  terms  vanish  if  at  least  one  of  i  or  j  is 
odd,  by  the  usual  odd  function  argument.  In  addition,  the  first  term  is  zero 
if  i  +  j  >  3  by  the  same  reasoning  as  the  last  paragraph.  The  second  term. 


Tim  H  j  ff  Ipryi 
z>0  W  JSJ  (  2+n2+z2 )  3/2 


d^dn 


(B.4.21) 


does  not  necessarily  vanish  if  both  i  and  j  are  even.  But  it  is  of  order  e? 
if  1  +  j  >  4,  and  since  it  vanishes  for  i  +  j  =  3,  it  seems  reasonable  to 
approximate  the  local  doublet  distribution  by  a  polynomial  with  i  +  j  s  2. 


B.  4-4 


figure  B.3  -  Specification  of  normal  flow  on  both  sides  of  a  surface 


w-  n  =  b 


♦  -  b’ 


Figure  8.4  -  A  super Incl iced  surface 


B.  5-2 


<C 


Domain  of  dependence  or'  P 


\ 


Figure  B.3  -  The  Domain  of  Dependence 


w 


/ 


4 


Figure  B.11  -  Panel  edge  on  a  network  edge 


/ 


I 


C.O  The  Design  Problem 

In  the  design  problem  the  user  attempts  to  obtain  a  configuration  whose 
shape  is  unknown,  but  is  subject  to  certain  constraints.  For  instance,  a  wing 
may  be  required  to  have  a  certain  planform,  bet  its  camber  and  thickness 
distributions  may  be  the  subject  of  the  design  process.  The  constraints 
involved  in  this  case  would  be  (1)  that  the  surface  be  impermeable,  and  (2) 
that  particular  pressure  or  tangential  velocity  distributions  be  required. 

Now,  specification  of  both  normal  and  tangential  flow  on  a  surface  is  an 
overspeci f ication  of  buundary  conditions,  and  thus  in  general  there  is  no  one 
step  solution  to  the  design  problem.  The  exception  is  called  "linearised 
design",  in  which  the  user  is  satisfied  with  ?  first  order  approximation  to 
the  solution.  This  method  is  discussed  in  section  C.l. 

In  section  T.2,  we  discuss  a  somewhat  more  sophisticated  procedure,  which 
we  call  sequential  design.  This  is  a  non-automatic  iterative  procedure  in 
which  a  single  loop  in  the  iteration  consists  of: 

(a)  a  potential  flow  analysis  (for  example,  a  boundary  value 

problem  with  impermeability  boundary  conditions)  of  the  configuration  at 
hand, 

(b)  a  comparison  of  the  pressures  computed  in  (a)  with  the 

desired  pressure  distribution,  leading  to  the  specification  of  tangential 
velocity  boundary  conditions, 

(c)  solution  of  the  potential  flow  problem  for  the  tangential 

velocity  boundary  conditions,  and  computation  of  che  normal  flow  through 
the  surface,  and 

(d)  "relofting"  of  the  configuration  geometry,  using  the  normal 

flow  data,  ir.  order  to  produce  a  more  nearly  impermeable  surface. 

This  procedure  can  be  executed  in  the  first  version  of  PAN  AIR,  though  steps 
(b)  and  (d)  will  have  to  be  performed  manually  by  the  program  user. 

In  section  C.3,  we  briefly  discuss  a  still  more  sophisticated  design 
method,  which  we  simply  call  "Iterative  design".  This  method  is  distinguished 
from  sequential  design  in  its  relofting  method. 

Finally,  in  section  C.4,  we  discuss  stability  problems  occuring  from  the 
discretization  process.  T;iese  problems  generally  result  when  a  small 
perturbation  in  a  boundary  condition  generates  a  perturbation  in  the  solution 
which  does  not  die  out  with  distance.  Since  the  discretization  process  always 
results  in  some  numerical  error,  stability  problems  can  result  in  a  totally 
incorrect  solution. 

We  do  not  discuss  the  imposition  of  "closure"  boundary  conditions  in  this 
appendix,  but  rather  discuss  that  subject  in  section  H.2. 


C.0--1 


C.l  Linearized  Design 


The  basic  assumption  of  linearized  design  is  that 


Cp  =  -2u 


(C.  1.1) 


where  Cp  is  the  pressure  coefficient  at  a  point,  and  u  is  a  component  of  the 
perturbation  velocity 

v  (x,y,z)  =  (u,v,w)  (C. 1.2) 

a 

Again,  we  assume  (Vool  =  1. 

Equation  (C.1.1)  will  be  derived  in  Appendix  N.  Generally  speaking,  (C.1.1) 
is  valid  only  for  thin  configurations  with  little  camber  at  small  angles  of 
attack,  such  as  the  configuration  in  figure  C.l. 


Now,  the  program  user  wishes  to  specify  a  difference  in  pressure  dlstri- 


aCp  =  Cpt  Upper-  -  Cp(  ]ower 

(C.l. 3) 

Noting  that 

.  -A 

U  =  V-V^ 

(C.1.4) 

(since  |V<J  =  1) 

we  have 

aCP  -  -2(Vvl)-V« 

-  -2v(*u-*l)  •  to 

»  -v.  (C.l. 5) 


Thus,  the  boundary  condition  to  impose  at  (x,y,z)  is 

(-2VJ- V»  =  ACP$  (x,y,z)  (C.l. 6) 

which  is  of  the  form 

t0  -vu  »  b  (C.l. 7) 

(see  (5.4.21)  for  the  general  boundary  condition  equation). 

Now,  the  boundary  value  problem  described  by  (C.l. 7)  is  solved  numerically,  in 
the  course  of  which  the  total  mass  flux  at  the  control  points  is  evaluated. 

The  mass  flux  is  used  to  reloft  the  surface  as  follows.  The  procedure  we 
describe  is  not  incorporated  in  version  1.0  of  PAN  AIR. 


The  relofting  takes  place  one  network  at  a  time  (for  a  brief  discussion  of 
networks  and  panels,  see  section  5.1).  Two  edges  of  the  network  are  left 
fixed  or,  if  the  qeometry  of  the  adjacent  network  has  been  relofted,  these 
edges  are  adjusted  to  close  the  gap.  In  figure  C.2,  these  edges  are  edges  1 
and  2. 


C.l- 


The  remainder  of  the  network  is  relofted  one  panel  corner  point  at  a 
tune.  This  i-  done  by  alternately  relofting  column?  and  rows  of  corner 
points.  For  instance,  in  the  example  of  figure  C.2,  first  point  (2,2)  is 
relofted,  then  (3,2),  etc.,  then  (6.2),  then  (2,3),  then  (2,4),  and  then  we 
move  one  row  and  column  inward,  relofcing  ( 3,3) , . . . , (6, 3) ,  and  then  (3,4),  and 
onp  fir.ai  tise  we  move  one  more  row  and  column  inward,  and  then  the  whole 
network  in  figure  C.2  has  been  relo-:ted.  Thus  a  point  is  relofted  only  after 
all  the  points  closer  to  the  network  origin  (<n  an  indicial  sense)  have  been 
relofted.  We  now  describe  the  relofting  procedure  for  a  typical  point. 


The  PQintj  P4(see  figure  C.3)  is  relofted  to  a  point  24  as  follows. 

Let  aP 4=  P4-P4.  Then  the  user  chooses  a  direction  <?  for  AP4;  that  is, 
requires  that 

aP4=  kd  (C.1.8) 

One  then  determines  the  value  of  k  which  minimizes  W-n',  where  f.'  is  the  normcl 
of  the  relofted  panel.  In  Appendix  0,  we  show  that 


_(P3-Pi._)  x  (P4-P2) 
l(f*3-j*l)  x  (^4-^2 )l 


(C.1.9) 


So,  we  can  equally  well  minimize 

|« • W * n •  |  =  |W-  {(P3-^i)  x  (P4-P2)]  |  (C.1.10) 

where  i  is  the  denominator  of  (C.1.9), 


Writing  P4*  =  P4  *•  kd 

we  minimize  j f ( k )|  ,  where 

f(k)  »  M * |( P3-P1 )  x  ( P4— )|  +  kW * ( ^3— Pi )  x  d 
which,  being  linear  in  k,  is  zero  for 

-W  •  (P3-P!)  x  (P4-P2) 

W*  {('?3 - i-fl)  x  d} 


(C.1.11) 

(C . 1.12) 


(C.1.13) 


This  is  well  defined  providing  d  has  been  chosen  so  tnat_Jt  is  not  parallel  to 
(23-  Pi)  and  provided  W  is  not  in  the  plane  spanned  by  (P3-  v\)  and  3. 

So,  (C.l.il)  defines  P4' ,  and  we  may  continue  to  the  next  corner  point  to  be 
relofted. 


In  the  case  of  linearized  design,  we  stop  here,  since  we  have  the  best 
answer  wc  can  obtain  with  the  linear  pressure  formula..  The  relofted 
configuration  is  considered  the  surface  whose  distributions  of  pressure  and 
normal  ^ass  flux  are  the  desired  ones. 


C.  1-2 


p 

V.J 


C.2  Sequential  Design 


In  sequential  design,  the  first  step  is  again  to  supply  a  guess  at  the 
configuration  which  will  yield  the  desired  pressure  distribution,  and  solve 
the  potential  flow  problem  about  that  configuration  with  zero  normal  flow 
boundary  conditions.  Th i s  results  in  a  pressure  distribution  Cp  (x,y,z). 
Generally  speaking,  the  second  order  or  isentropic  pressure  formula  would  be 
used  to  compute  this  pressure  distribution.  Now,  barring  remarkable 
aerodynamic  insight  on  the  part  of  the  user,  this  pressure  distribution  will 
differ  from  his  desired  distribution  Cp  £x,y,zl,  hut  hopefully  not  by  too 

rS 

much,  We  also  compute  the  preliminaty  perturbation  velocity  distribution 
v  (x,y,z)  resulting  from  the  potential  flow  solution. 

Now,  we  "linearize"  about  our  previous  solution  by  making  the  assumption 
(analogous  to  (C.1.1))  in  that  if  Cp^(x,y,z)  is  close  to  Cp  (x,y,z),  then 


Cps(x,y,z)  -  Cpp(x,y,z)  =  -2V*  •  (vgU.y ,r)  -  vp(x,y,z))  (C.2.1) 

where  v$  is  the  unknown  velocity  distribution  which  produces  the  desired 
pressure  distribution  Cp^.  Solving  for  the  freestream  comoonent  of  tfg* 

\L*vS(x,>\z)  =  Veo’ vp(x,y,z)  -  i/2(Cps-CPp)  (C.2. 2) 

Considering  the  configuration  in  figure  C.4  (in  which  Cp>Upper  =  aCp 
since  Cp  lower  -  0) •  equation  (C.2. 2)  shows  that  we  apply  the  boundary 
condition 

tp  -  yu  =  b  (C.2. 3) 

since  yu  =  V(j  -  V[_  =  v(j  (C.2. 4) 


where  tg  is  the  projection  of  to  the  surface 

and  h  =  V  vp(x,y,z)  -  l/2(Co  -Cp  )  (C.2. 5) 

^  i 

Now,  once  the  potential  flow  problem  with  the  boundary  conditions  has  been 
solves,  the  **<?lo:  t ir.q  is  po" formed  just  as  described  in  section  C.l.  Then 
an  analysis  case  *.  is,  a  po.^  I;al  flow  problem  with  impermeability 
boundary  cor  o' :  ions ;  ic-  -un,  and  the  sew  pressure  and  velocity  distributions 
are  evaluate- . .  „•«..!  the  .■-■t  cycle  of  the  procedure  continues. 

•  •  v.'ll,  the  procedure  converges,  resulting  in  a  configuration  of 
*•  My..  . .  V  '.a i  .1th  fh?  desired  pressure  ais'r  'ution.  Unfortunately,  if 
t.  e  initial  ■■■■■<-':  docs  not  yield  c  pressure  distr'ii.t’on  r  (x,y,z)  close  to 
’‘p  (x,.v  ?V  rre  .  .I'ceduro  may  fail  to  converge. 


C.  2-1 


/ 


C.3  lU'rflti Design 


me  i)i  cedure  we  describe  briefly  in  this  section  is  much  more  accurate 
and  rapid1'  convergent  than  sequential  design,  but  also  considerably  more 
sophistical  ■ and  not  avai 1  able  in  PAN  AIR.  It  encompasses  two  features  not 
fou'iJ  in  seio°nt  ial  design.  The  first  one  Ts  full  automation;  the  re  lofting 
and  the  formulation  of  the  boundary  conditions  are  performed  automatically  by 
the  program.  Th  second  is  a  more  sophisticated  relofting  method. 


This  relofting  method  involves  "differentiated  influence  coefficients". 
That  is,  once  the  potential  flow  solution  has  been  performed,  and  the  source 

av(Pi! 


and  doublet  parameters  are  known,  the  matrices 


rcpi 


are  computed  for 


all  i  and  j,  where  P,  is  the  ith  control  point,  and  CPj  is  the  jth  panel 
corner  point.  The  matrix  [av/aCPj]  is  a  3x3  matrix,  one  of  which  exists  for 
each  pair  of  control  point  P^  and  corner  point  CP j ,  whose  k,l  entry  is 
av^/aCP].  Given  these  matrices,  standard  optimization  techniques  can  be 
used  in  order  to  generate  a  revised  geometry  for  which  ff  W ■ h '  dS  is 

S 

minimized,  subject  to  user-input  constraints  such  as  leaving  the  planform  area 
the  same. 


We  will  not  discuss  this  process  further  here,  since  PAN  AIR  does  not  make 
use  of  dif ferentiated  influence  coefficients,  and  thus  does  not  perform 
Iterative  "design'.  A  more  detailed  discussion  of  iterative  design,  for  the 
spe'cial  case  orTeading  edge  vortices,  is  given  in  reference  (C.l). 


I 
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C.4  Stability 

The  problem  of  stability  arises  from  the  inherent  numerical  error  in  the 
discretization  process,  rather  than  from  the  theory  of  the  Prandt 1-Glauert 
equation.  It  is  the  splining  method  (see  section  5.5  for  a  d’scussion  of 
splines)  in  combination  with  the  boundary  conditions  which  is  called  stable  or 
unstable.  Precisely,  a  spline  is  called  unstable  if  the  perturbation  of  a 
single  boundary  condition  results  in  a  perturbation  in  the  original  solution 
which  does  not  die  out  with  distance  from  the  point  at  which  the  boundary 
condition  is  located. 

In  checking  for  stability,  we  may  make  use  of  the  fact  that  the  sum  of 
solutions  of  the  Prandtl-Glauert  equation  is  again  a  solution.  Thus,  the 
solution  to  any  boundary  value  problem  is  a  linear  combination  of  individual 
solutions  of  cases  in  which  one  boundary  value  is  set  equal  to  one  and  the 
rest  are  set  to  zero.  We  thus  check  for  stability  by  observing  thp 
singularity  distribution  which  occurs  when  one  boundary  value  is  set  to  one 
and  the  rest  to  zero.  The  resulting  singularity  distribution  should  rapidly 
dimimish  in  magnitude  as  the  distance  from  the  non-zero  boundary  condition 
increases.  We  consider  a  spline  more  stable,  the  more  rapidly  the  singularity 
distribution  diminishes. 


The  simplest  way  to  illustrate  stability  is  with  two-dimensional 
examples.  Thus,  a  "network"  of  "panels"  consists  of  a  sequence  of  intervals. 
For  simplicity,  all  our  splines  will  be  doublet  splines,  though  what  we 
discuss  will  be  applicable  to  source  splines  as  well. 


In  figure  C.5,  we  illustrate  a  doublet  spline  with  singularity  Darameters 
and  control  points  located  at  panel  centers,  and  for  which  the  doublet 
strength  on  a  panel  is  constant,  and  equal  to  the  singularity  parameter 
value.  In  figure  C.6,  we  illustrate  the  doublet  distribution  arising  from  the 
boundary  conditions  u  =  0  at  all  but  one  control  point,  u  -  1  at  the  remaining 
one.  We  see  that  the  perturbation  induced  on  the  uniformly  zero  solution  by 
the  single  non-zero  boundary  value  dies  down  extremely  rapidly;  in  fact,  the 
peiturbation  is  zero  except  on  the  single  panel  containing  the  non-zero 
boundary  condition.  Thus  this  spline  is  very  stable.  But  we  know  (see 
Appendix  B.4)  that  locally  constant  splines  are  insufficient,  so  we  consider  a 
quadratic  spline,  as  illustrated  in  figure  C.7.  Because  of  the  rapid 
variation  a  quadratic  function  may  exhibit,  control  points  and  singularity 
parameters  are  required  at  the  network  edges  in  order  to  define  the 
singularity  strength  adequately. 


The  spline  is  a  piecewise  quadratic  one,  where  the  quadratic  variation  is 
constructed  as  follows.  The  value  of,  for  instance,  u(p'  is  determined  by 
finding  the  quadratic  function  f(x)  wh’ch  goes  through  qj  and  Q3  exactly, 
and  then  goes  through  Qj  and  Q4  in  a  least  squares  sense.  Then  m(P)  is 
given  as  f(P).  The  details  concerning  the  method  by  which  we  obtain  the  row 
vector  S  of  length  4  such  that 

fu(Qlh 


u(P)  =  lSj 


u  ( Q4 ) 


(C.4.1) 


are  given  in  Appendix  1.5. 
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Now,  once  we  know  u  at  every  corner  point  on  the  network,  the  quadratic 
distribution  of  u  on  an  interval  is  that  quadratic  function  which  takes  on  the 
computed  values  at  the  endpoints,  and  the  s’rgula.  ity  parameter  value  at  the 
panel  center.  Considering  the  interval  in  figure  C.8,  in  the  local 
coordinates  illustrated  there,  we  have 


u(  x)  =  a-’bx-'.-x^ 

(C.4.1) 

U ( - 1 )  =  u(P)  =  a-b+c 

(C.4.2) 

u(01  =  „(Q)  =  a 

(C.4.3) 

u ( 1 )  =  u(P’)  a  a+b+c 

(C.4.4) 

So,  subtracting  (C.4.2)  from  (C.4.4), 

2b  =  u-f")  -  u(P' 

(C.4.5) 

while,  adding  these  equations, 

2a  -  2c  --  .IP)  +  u(P  ) 

(C.4.6) 

=  2c  +  2U(Q) 

(C.4.7) 

Thus  (by  (C,4.3))  we  have  values  for  a,  h,  and  c,  and  so 


„(x)  .  „(Q)  .  x  .  8(P)«,(P’!-MD  x? 


(C.4.8) 


In  figure  C.9  ,  we  illustrate  the  doublet  distribution  we  obtain  by  setting 
y  =  1  at  one  control  point,  and  u  =  0  at  the  others,  given  the  spline  just 
described.  Note  that  this  spiine  is  nearly  as  stable  as  that  of  figure  C.6; 
the  disturbance  dies  down  very  quickly. 

Further,  this  spline  yields  a  doublet  strength  which  is  continuous  across 
panel  edges,  something  which  is  very  important. 

Cut  the  same  spline,  with  boundary  conditions 

^  =  1  (C.4.9) 

ax 

at  the  last  control  point,  and 

=  0  (C.4.10) 

O  A 

at  the  others  (except  g  .  C  at  the  first  control  ooint  to  insure  uniqueness) 
yields  the  doublet  distribution  (solving  the  bcunoary  value  problem 
numerically)  illustrated  in  figure  C.10,  which  compares  unfavorably  with  the 
identically  zero  doublet  distribution  obtained  by  replacing  the  right  size  of 
(C.4.9)  by  zero. 

But  now,  consider  the  doublet  parameter  and  control  point  locations 
illustrated  in  figure  C.ll.  If  we  impose  the  boundary  conditions  (C.4.9)  and 
(C.4.10),  we  claim  that  the  resulting  doublet  distribution  is  illustrated  in 
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figure  C.12.  Wfrle  the  doublet  distribution  in  figure  (C.10)  was  obtained 
numerically,  that  of  figure  (C.12)  can  be  obtained  theoretical ly  in  the 
fol lowing  manner. 


Now, 


Consider  a  distribution  p(x)  =  a+bx+cx^  on  the  interval  in  figure  C.8. 


3  M 


,«  <«>  ■  fir  "»  - b 


and  by  (C.4.5) 


b  = 


u(P')  -  m(P) 


Thus, 


u(P')  =  u(P)  +  2b  =  U(P)  +  2  (Q) 


sx 


(C.4.11) 


(C.4.12) 


(C.4.13) 


So,  applying  (C.4.,  )  and  (C.4.13)  to  figure  C.12  with  P=P0,  P'  =  Pj, 

Q=Ql,  we  obtain 

p(PJ  =  0  (C.4.14) 

But  now  that  we  know  u ( P l ) ,  we  apply  (C.4.14)  to  the  second  intervals,  and  so 

(C.4.15) 


u(P2)  =  0 

We  continue  this  way,  obtaining 


(C.4.16) 


m ( Pi )  =  0,  i<6 
u(P)7  = 

‘  2  Ti  (q7>  •  2 

If  we  now  obtain  u(Q^)  by  least  squaring  to  the  4  surrounding  Pi,  we  see 

u ( Q i )  =0,  i  <  5  (C.4.17) 

h(Q6)  0  (C.4.18) 

m(Q7)  1  (C.4.19) 

and  thus  we  obtain  the  doublet  distribution  of  figure  C.12. 

So,  comparing  with  figure  C.10,  we  see  that  the  imposition  of  doublet 
derivative  boundary  conditions  at  panel  centers  requires  a  different  spline 
than  the  imposition  of  boundary  conditions  defining  doublet  strength.  This 
situation  generalizes  to  tlree  dimensions,  and  thus  requires  different  splines 
for  design  (t  't  is,  doublet  gradient)  boundary  conditions  than  are  used  for 
analysis  (that  is,  normal  mass  flux)  boundary  conditions. 
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Figure  C.5  -  A  constant  doublet  strength  spline 
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Figure  C.6  -  Stability  for  constant  doublet  spline 
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Figure  C.7  -  Quadratical ly  varying  doublet  spline 
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Figure  C.8  -  A  single  interval 
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Figure  C.ll  -  A  doublet  spline  for  design  problems 


« 


C.5-7 


Figure  C.12  -  Stability  for  design  boundary  conditions 


D.O  Geometry  of  Networks  and  Panels 

This  appendix  will  discuss  the  manner  in  which  PAN  AIR  handles 
configuration  geometry.  In  section  0.1,  we  will  describe  the  different  types 
of  "networks"  by  which  a  program  user  can  describe  a  portion  of  the 
configuration.  We  will  also  discuss  modifications  in  the  geometry  generated 
by  the  program  under  certain  circumstances.  In  section  D.2,  we  will  discuss 
basic  panel  geometry.  In  section  0.3,  we  will  discuss  the  geometric  error 
detection  methods  which  discover  geometric  situations  which  could  cause  the 
program  to  execute  improperly  or  terminate  abnormally. 
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D.l  Networks 

A  network  is  an  array  (with,  say,  M  rows  and  N  columns)  of  points  in  space 
which  define  a  portion  of  the  configuration  geometry.  In  addition,  source  and 
doublet  distributions  are  defined  on  the  network  (that  is,  the  network  is  a 
"composite"  network),  with  singularity  parameter  locations  and  spline  methods 
determined  by  the  network's  "source  type"  and  "doublet  type". 

D.1.1  Network  Types 

The  possible  source  types  are  "analysis",  “design"  and  "null",  while  the 
doublet  types  are  "analysis",  "design",  "wake  1",  "wake  2",  and  "null". 

Source  and  doublet  analysis  networks  are  used  in  conjunction  with  boundary 
conditions  defining  impermeability.  Design  networks  are  used  in  conjunction 
with  "design"  boundary  conditions,  that  is,  those  which  specify  tangential 
velocity.  A  network  of  type  "null"  is  used  to  denote  that  the  source  or 
doublet  strength  is  zero;  one  could  equally  well  use  an  analysis  network  in 
conjunction  with  the  uniform  boundary  condition 

o  -  0  (D.1.1) 

or  u  =  0  (D.l. 2) 

To  model  a  wake,  as  described  in  section  B.2,  one  would  generally  use  a 
doublet  wake  network  in  conjunction  with  a  source  null  network.  The  boundary 
conditions,  which  are  only  imposed  at  the  wake  leading  edge,  specify  the 
matching  of  doublet  strength  on  that  edge  to  the  doublet  strength  at  the 
t 'ailing  edge  of  the  adjacent  wing  network(s).  In  figures  D.l  through  D.3,  we 
illustrate  the  singularity  parameter  locations  corresponding  to  each  of  these 
network  types. 

D.l. 2  Wake  Networks  and  the  Kutta  Condition 

Two  types  of  wake  networks  are  available.  In  wake  1  networks,  the  doublet 
strength  is  variable  along  the  leading  edge,  and  constant  in  the  indicially 
perpendicular  direction.  In  wake  2  networks,  the  doublet  strength  is  constant 
over  the  entire  network.  In  the  example  of  figure  B.9,  the  wake  extending 
behind  the  wing  would  generally  be  modeled  with  a  wake  1  network,  while  the 
portion  of  the  wake  extending  back  from  the  body  would  be  modeled  with  a  wake 
2  network. 

The  two  types  of  wake  networks  have  dist.  't  purposes.  The  wake  1  network 
is  PAN  AIR's  approach  to  satisfying  the  Kutta  condition  (see  below),  while  the 
purpose  of  the  wake  2  network  is  to  carry  over  the  doublet  strength  from  the 
winq  to  the  plane  of  symmetry. 

the  Kutta  condition,  which  should  hold  at  the  trailing  edge,  is 

A  Cp  =  0  (D.1.1) 

where  Cp  is  the  pressure  coefficient.  If  the  freestream  direction  is  the  x 
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di red  ion, 
thin  wing, 


and  the  freestream  has  unit  magnitude,  then  (cf. 
the  linear  expresssion  for  &Cp  is 


(C.1.5))  for  a 


aCp 


(D.1.2) 


Now,  the  boundary  conditions  on  the  wake  insure  doublet  continuity  from 
the  thin  wing  to  the  wake.  In  addition,  it  follows  from  section  J.ll  that  the 
zero  normal  mass  flux  boundary  conditions  along  the  trailing  edge  of  the  wing 
insure  the  continuity  of  the  x-component  of  the  doublet  gradient. 

Now,  the  wake  spline  is  such  that  the  doublet  strength  is  constant  in  the 
streamwise  direction,  that  is, 


Ah. 

ax 


wake 


0 


(D.1.3) 


Since  the  normal  mass  flux  boundary  conditions  insure  matching  o'  the  doublet 
x-derivative,  we  have,  in  light  of  (D.1.2), 


ACp 


trai 1 i ng  edge  of  wing 


=  0 


(0.1,4) 


Thus  for  a  thin  wing,  the  use  of  a  wake  1  network  r: suits  in  the 
satisfaction  of  the  Kutta  condition,  using  the  linear  pressure  coefficient 
formula.  It  is  therefore  natural  to  use  the  wake  1  network  to  satisfy  the 
Kutta  condition  for  a  thick  wing.  This  is  done  in  PAN  AIR,  even  in  the 
absence  of  a  theoretical  justification  of  its  validity. 


Wake  2  networks  have  a  purpose  which  is  not  related  to  the  Kutta 
condition.  In  figjre  B.9,  we  show  a  wake  1  network  emanating  from  the  wing 
trailing  edge.  Now,  the  body  is  not  a  lifting  surface,  and  therefore  one 
would  not  in  general  expect  a  panel  method  to  require  a  wake  emanating  from 
the  body.  The  wake  2  network  is  required  in  PAN  AIR,  however,  because  in  its 
absence  the  doublet  matching  boundry  conditions  on  the  wake  1  network  would 
drive  the  doublet  strength  to  zero  along  its  inboard  edge. 

Because  the  doublet  strength  on  the  wake  is  constant,  the  doublet  gradient 
is  zero,  and  thus  the  surface  vorticity,  n  x  Vu,  is  zero.  This  corresponds  to 
the  physics  of  the  configuration;  that  is,  the  body  "sheds"  no  vorticity. 


D.1.3  Indexing 

We  now  discuss  the  indexing  system  used  internally  in  PAN  AIR.  The  user 
specifies  an  array  [CP(I,J)]  of  panel  corner  points,  where  I,  1  <_  I  <_  M,  is 
called  the  row  index,  and  J,  1  <_  J  <_  N,  is  called  the  column  index.  "The  upper 
surface  is  defined  by  an  upward  pointing  unit  normal  n  whose  direction  is  the 
vector  cross  product  (direction  of  increasing  column  index)  x  (direction  of 
increasing  row  index).  In  figure  D.4,  we  illustrate  a  network  with  n  pointing 
up  from  the  paper.  The  network  edges  are  labeled  in  counterclockwise  fashion 
as  shown,  and  each  panel's  corner  points  are  similarly  labelled  in 
counterclockwise  fashion.  The  point  CP (1,1)  is  called  the  origin  of  the 
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network.  Finally,  a  panel  I  is  given  a  r ow  index  and  column  index  equal  to 
the  row  and  column  index  of  the  point  P)  on  Z  . 

Singularity  parameters  are  indexed  by  a  distinct  integer  for  each 
parameter.  For  each  index,  the  parameter  type  (source  or  doublet)  and 
location  are  stored,  and,  conversely,  for  each  location  on  a  network,  the 
program  stores  the  indices  of  any  singularity  parameter  located  there. 

D.1.4  Collapsing  of  Network  Edges 

Network  edges  are  collapsed  when  a  network  of  the  type  illustrated  in 
figure  D.5  is  defined  by  the  user.  The  distance  shown  there  is  a  user-input 
"tolerance  distance"  U).  The  short  eoge  of  the  network  in  that  figure  is 
collapsed  as  follows;  the  five  panel  corner  points  on  that  edge  are  each 
replaced  by  the  same  new  point  whose  coordinates  are  the  averages  of  the 
coordinates  of  the  endpoints  of  the  edge.  Thus,  the  revised  network  has  panel 
corner  points  as  illustrated  in  figure  D.6.  The  array  of  points  is  still  a 
rectangular  (MxN)  array,  except  that  now  the  same  point  occurs  five  times. 

The  reason  for  collapsing  a  network  edge  is  that  the  existence  of  nearly 
triangular  panels  (as  opposed  to  exactly  triangular  panels)  such  as  those  in 
figure  0.4  causes  nearly  singular  spline  matrices,  resulting  in  significant 
numerical  error.  On  the  other  hand,  triangular  networks  (which  necessarily 
have  triangular  panels)  cannot  be  excluded  from  consideration  because  the 
natural  paneling  of  many  surfaces  such  as  delta  wings  (see  figure  D.7) 
recuires  the  use  of  triangular  networks. 

A  network  edge  is  collapsed  whenever  the  average  panel  edge  length  on  the 
network  edge  is  less  than  the  tolerance  distance.  If,  however,  the  average 
panel  edge  length  exceeds  e,  yet  one  or  more  of  the  panel  edges  have  length 
less  than  c,  the  program  terminates,  The  edge  cannot  be  left  uncollapsed 
because  some  of  the  panels  are  too  nearly  triangular,  it  cannot  be  collapsed 
because  the  user-input  geometry  would  be  excessively  perturbed,  and  it  cannot 
be  partially  collapsed  because  of  the  indexing  problems  which  would  result 
when  singularity  parameter  locations  are  assigned. 

0.1.5  Additional  Network  Processing 

Additional  processing  is  performed  on  the  geometry  of  eich  network,  but 
will  not  be  discussed  here.  This  processing  'includes  labeling  of  all  but  one 
singularity  parameter  on  a  collapsed  network  edge  as  "null'',  and  storing  data 
concerning  each  network  edge  separately  in  preparation  for  the  automatic 
abutment  search  described  in  Appendix  F.3.  Since  this  data  is  associated  with 
computing  questions  rather  than  engineering  questions,  this  processing  will  be 
discussed  in  section  3  of  the  maintenance  document. 
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0.2  Basic  Panel  Geometry 

In  this  section  we  describe  some  basic  quantities  concerning  panel 
geometry. 

A  panel  is  uniquely  defined  by  its  four  corner  points  Pi,  i=l,...,4,  but 
for  convenience  we  define  nine  panel  defining  points  as  shown  in  figure  0.8, 
where  P5 , . . . , Pg  are  panel  edge  midpoints,  and 

Pg  =  {  (Pi  +  p2  +  P3  +  P4)  (0.2.1) 

Note  that  even  though  Pi,  i=l,...,4,  are  arbitrary,  Pj,  j=5,...,9  lie 
in  a  plane.  The  proof  comes  from  noting  that  by  definition  an  edge  midpoint 
is  the  average  of  the  endpoints  of  the  edge,  and  so 

P5  =  j  (Pi  +  P2) 

Pe  =  ?  (P2  +  P3) 

P7  =  |  (P3  +  P4) 

Pa  =  \  (P4  +  pi) 

and  so 

\  (P5  +  P7)  =  \  (Pi  +  P2  + 

\  (P6  +  P8)  =  2f  (P2  +  P3  + 


(0.2.2) 

P3  +  P4)  =  P9 

P4+Pl)=P9  (D.2. 3) 


Thus  P5,...,Pg  lie  in  the  plane  defined  by  the  line  connecting  P5  and 
P7,  and  the  line  connecting  P5  and  Pg. 

Thus  Pg  is  the  midpoint  of  the  edge  P5P7  as  well  as  of  the  edge 
PgPg,  and  so  Ps,P9  and  P7  lie  on  a  line,  as  do  Pg.Pg,  and  Pg. 

But  a  basic  theorem  in  geometry  states  that  there  exists  a  plane  containing 
any  two  intersecting  lines,  and  so  P5,...,Pg  lie  in  that  plane,  which  is 
called  the  panel's  "average  plane". 

We  define  the  panel  normal  n  as  the  unit  vector  normal  to  the  plane 
containing  P5,...,P9,  a  vector  which  is  unique  provided  the  plane  is 
unique,  that  is,  provided  the  set  Pg,...,P9  contains  at  least  3  distinct 
points.  The  vector  n  can  be  computed  in  a  multitude  of  ways: 


/"> 


n 


V  x  W 
17TTTI 


(D.2. 4) 


for  any  linearly  independent  pair  of  vectors  V  and  W  lying  in  the  plane. 
Equation  (0.2.4)  holds  because  the  cross  product  of  two  vectors  is 
perpendicular  to  each  of  them;  the  condition  that  V  and  W  be  linearly 
independent  (i.e.,  non-parallel)  insures  that 


1 


( 
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since 


V  x  W  ±  0 


(0.2.5) 

(D.Z.6) 


V  x  W  =  | V (  j wi  sine 

where  e  is  the  angle  between  V  and  W.  Further,  |n|  =  1  as  long  as  the 
denominator  of  (D.2.4)  is  non-zero. 

In  practice,  PAN  AIR  deiines 

PlO  =  1/2  (P5  +  P6) 

PU  =  1/2  (P6  ♦  P7) 

?12  =  1/2  (P7  +  P8) 

P13  =  1/2  (P8  ♦  Pr)  (0.2.7) 


and 


(PlO-  P12)  x  (P11-  P13) 


(D.2.8) 


which  insures  that  n  points  up  out  of  the  paper  (see  figure  D.fi).  The 
equation  (0.2.8)  is  used  in  PAN  AIR  because  that  formulation  would  hold  even 
for  "curved  panels"  (not  included  in  version  1.0  of  PAN  AIR)  for  which 
p5,...,Pg  do  not  lie  in  a  plane. 

We  now  compute  n  by  a  different  method,  in  order  to  obtain  a  resuit  used 
in  section  C.l.  Applying  (0.2.4), 


.  _  (M7)  x  (P6-P8) 

n  I (P 5-^7)"  x  ( p6~p8) I 


(D.2.9) 


and  thus,  substituting  (0.2.2)  into  (0.2,9), 


1/2(P!+P2-P3-P4)  x  1 /2 (P2+P3-P4-Pl ) 

r'  “  rr/W^2W*  T/2T^P 3-'P 4-^lTl 

The  numerator  of  (0.2.10)  is 

1/4  {(P1-P3)  +  (P2-?4))  *{-(Pl-P3)  +  (P2-P4)} 
=  1/4  {(P1-P3)  x  (P2-P4)j-{(P2-P4)  x  (P1-P3)) 

=  1/2  (P1-P3)  x  (P2-P4) 


(0.2.10) 


(D.2.11) 

(0.2. 12) 
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Substituting  this  into  (D.2.10), 

(P]-  P3)  x  (P2-  P4) 

"  =  1TP1->1)  x'(*2-  P«)l 

a  result  quoted  in  section  C.l. 


(0.2.13) 


Now,  di,...,P4  need  not  lie  in  the  plane  containing  P5,...,Pg. 

Thus,  a  panel  contains  5  planar  regions;  the  cente>"  region  which  contains  four 
triangular  regions  as  illustrated  in  figure  D.9,  and  4  outer  regions 
containing  one  triangular  region  each.  The  triangular  regions  are  called 
subpanels,  and  so  a  panel  contains  0  subpanels,  which  are  labeled  in  figure 
0.8. 


Much  of  the  geometric  data  for  a  panel  is  computeu  for  each  subpanel, 
though  this  is  occasionally  redundant.  These  include:  (1)  a  subpanel  origin 
and  reference  to  local  transformation  describing  a  local  subpanel  coordinate 
system  (see  Appendix  E),  (2)  a  subpanel  unit  normal  vector  and  co-normal,  (3) 
the  subpanel  area,  (4)  unit  edge  tangent  vectors  for  the  subpanel  edges  along 
with  their  "compressible"  norm,  (5)  subpanel  edge  normals  in  local 
coordinates,  (6)  a  Jacobian  factor  relating  subpanel  area  in  global 
coordinates  to  that  in  local  coordinates,  and  (7)  a  flag  indicating  whether 
the  subpanel  is  subinclined  or  superinclined. 

To  obtain  the  unit,  normai  to  the  subpanel  illustrated  in  figure  D.9,  we 
compute 

n  = 


(V  Pi)_i_(Pk-  h) 

|(Tj~Ti  x  Tk~Ti)| 


(D.2.14) 


where  n  is  not  computed  if  the  denominator  is  less  than  10-1°.  In  that 
case,  the  subpanel  area  is  set  equal  to  zero,  and  no  subpanel  calculations  are 
performed.  The  area  of  the  subpanel  is  (from  geometry) 

A  =  1/2  |Pj-  Pil  |Pk-  sine  (D.2.15) 

Combining  (0.2.6)  and  (0.2.15), 

A  =  1/2  |(Pj-  x  (Pk-  (*i)|  (0.2. 16) 


The  unit  edge  tangents  are 


t  = 


(D.2.17) 


etc.  The  compressible  norm  of  t  (see  Appendix  E  for  a  discussion  of  this 
norm)  is  (by  definition) 

[t.t]  =  t-t  -  m£(co-  t)?  (D.2.18) 
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The  subpanel  conormal  is  defined  in  compressibility  axis  coordinates  (in  which 
the  compressibility  direction  cq  =  (1,0,0))  as 


since 


=  (ss2-l)  (c0-n)c0  +  n 


nx  =  c0-n 


(D.2.19) 


(D.2.20) 

(0.2.21 ) 


Thus,  n  =  n  -  M^Cq-  n)c0  (D.2.22) 

The  Jacobian  factor  J  is  given  by 

,  Area  in  reference  coordinates  ,n  , 

Area  in  local  coordinates  *  ' 


Its  use  will  be  discussed  in  Appendices  I  and  J. 


Finally,  the  sub-panel  is  "subincl i ned"  if 


A  >M 

n-n 

>  0 

(D.2.24) 

and  "superincl ined"  if 

n*n 

<  0 

(0.2.25) 

If  n-n 

a  0 

(0.2.26) 

the  subpanel  is  "Mach-inclined",  and  the  program  terminates  for  reasons  which 
will  be  discussed  in  Appendix  E. 

Some  items  of  data  computed  for  each  panel  are  not  concerned  with  just  a 
single  subpanel.  For  instance,  all  the  data  computed  for  the  subpanels  is 
also  computed  for  the  "projected  panel",  the  projection  of  the  panel  to  the 
average  plane.  In  addition,  it  is  computed  for  the  four  "half  panels",  that 
is,  the  triangles  P 1 1*2^4 »  P2P3P1>  P3P4P2*  p4plp3- 

These  data  are  needed  to  compute  "intermediate  field"  influence  coefficients, 
in  the  computation  of  which  the  panel  is  approximated  either  by  two  half 
panels  or  by  the  projected  panel.  These  are  used  when  measuring  the  influence 
of  the  panel  on  a  control  point  which  is  sufficiently  far  not  to  require  the 
8-subpane'l  representation  of  the  panel,  but  not  far  enouqh  to  permit  the  far 
field  influence  coefficient  computation  method  (see  Appendix  J.2).  All  the 
items  are  computed  for-  the  projected  panel  or  half  panels  in  the  same  manner 
as  for  subpanels.  Redundant  data  is  not  necessarily  computed  (e.g.,  the 
projected  panel  is  super-  or  sub-inclined  whenever  subpanels  5  through  8  are). 
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Finally,  the  program  calculates,  for  each  panel,  its  radius,  its  diameter, 
and  certain  skewness  parameters.  The  radius  is  the  distance  from  the  center 
to  the  farthest  corner  point  and  the  diameter  is  the  maximum  distance  between 
any  two  corner  points.  The  skewness  parameters  result  from  a  non-orthogonal 
transformation  of  coordinates  after  which 


Pg  = 


( 

0 

r  f 

o' 

V 

0 

p8  -  ’ 

0 

p5  =  * 

1 

.,  n  = 

0 

0 

0 

0 

k 

k  ^ 

k  > 

k 

>  0  (D.2.27) 


We  may  see  from  figure  D.8  that  this  is  not  the  standard  choice  of  x  and  y 
axes,  but  it  results  from  having  derived  the  relevant  formulas  witii  the  panel 
in  figure  D.8  rotated  by  180°. 

We  use  this  coordinate  system,  which  we  write  (x*,y*,z*)  because  the 
interior  region  bounded  by  P5,...,Pn  becomes  a  square,  as  illustrated  in 
figure  D.10.  Note  that  in  general  (since  most  panels  are  not  square),  this  is 
not  an  orthogonal  coordinate  system.  The  numbers  C i j ,  j=l,...,4,  1=1,2,  are 
called  skewness  parameters  since  they  are  all  zero  for  a  panel  which  is  a 
parallelogram  in  the  original  coordinate  system  as 

(Pi-  Pg)  =  (P5-  Pg)  +  (P8-  Pg)  (D.2.28) 

for  a  paral lelogram. 


The  doublet  subpanel  spline  matrices  are  calculated  in  the  (x*,y*,z*) 
coordinate  system,  but  rather  than  transform  the  panel  coordinates,  we  compute 
the  matrices  using  the  skewness  parameters  (see  section  1.2  for  details). 


Computing  the  skewness  parameters  is  fairly  straightforward.  Combining 
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i 

t 

! 


Taking  the  cross  product  on  the  left  with  (P8-Pg  ),  and  ootting  into 
obtn i n 


Pg)  x  (Pi-  Pg)}-n  -  (1  +  Cn)  0-n 
+  (1  +  C2i){(P8-  Pg)  x  (P5-  Pg))-n 

+  £  [0*8“  P9)  x 


-  1 


The  final  term  is  zero,  and  so 

„  f(P8-  ?9>  x  (Pi"  P9>}*n 

C21  ’  VFTgT-x-wrtpr 

{(P8-  ^9)  x  (Pl“  ^9)}^ 

Vr'^g)  x'(75-Tgt-T 

Simi larly 

{(Pi-  Pg)  x  (P5-  Pg)}  •  n  -  ((1  +  CnHPg-  )*g)  x  (P5-P9))  •  n 


and  thus 


Cn  = 


_  {(Pi-  Pg)  x  (P5-  M-ft 


(Pg-  Pg)  x  (P5-  Pg) * n 

{(Pi-  P8)  x  (P5-  P9))-fi 

F1 


-  1 


((P8-  Pg)  x  (P5- 


Examination  of  figure  0.10  gives  us 
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This  concludes  the  discussion  of  basic  panel  geometric  quantities. 


n,  we 

(D.2.31) 

(D.2.  ) 

(D.2.33) 

(D.2.34) 

(D.2.35) 


D.3  Error  Checks 

In  this  section,  we  summarize  the  basic  checks  performed  by  the  program  to 
insure  that  the  geometry  of  the  configuration  is  admissible.  These  checks  are 
the  following: 


a.  Check  if  the  average  panel  edge  length  on  a  network  edge  exceeds  the 
tolerance  c,  while  some  panel  edge  length  is  less  than  c  (violation  is  a 
fatal  error). 


b.  Check  if  two  adjacent  edges  of  network  collapse.  This  is  inadmissible 
because  the  calculation  of  spline  matrices  would  be  impossible  for  panels 
near  both  collapsed  edges.  See  figure  0.11  for  a  network  in  which 
adjacent  edges  are  collapsed. 

c.  Check  if  a  panel  edge  in  the  network  interior  has  length  less  than  c. 

This  is  inadmissible  because  of  logic  problems  which  would  occur  in 
calculating  the  spline  matrices  if  the  edge  were  collapsed,  and  numerical 
inaccuracies  occurring  from  nearly  triangular  panels. 

d.  Check  the  panel  aspect  ratio.  This  is  the  ratio  of  the  furthest  distance 
from  the  panel  center  to  its  boundary  over  the  smallest  distance.  Large 
aspect  ratios  cause  numerical  error  in  spline  and  Influence  coefficient 
calculation  (this  has  only  been  verified  experimentally).  Aspect  ratios 
over  106  are  forbidden  and  those  over  100  result  in  a  warning  message. 

e.  A  panel  or  subpanel  is  essentially  Mach  inclined. 

If  n  •  n  <  10-4  this  is  a  fatal  error,  and  if  <  1/10  a  warning 
message  is  printed. 

f.  The  panel  is  seriously  skewed.  Warning  messages  are  printed  if  the  panel 
is  non-convex  (l+Cii+qg  <  0  for  some  i  *  1,....,  4),  nearly 
non-convex  (l+cji+ciz  :  C),  or  triangular  while  having  four  distinct 
vertices  { 1+c i i+c i 2  «  0). 

g.  A  subpanel  has  zero  area  when  projected  to  the  average  plane.  If  so,  a 
flag  is  set,  no  normal  or  conormal  vector  is  calculated,  the  subpanel 
splines  arc  set  to  zero,  etc. 


b.  Doublet  design 
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Figure  D.2  -  Doublet  analysis  and  dwslg.i  singularity  parameter  lccatl 


b.  Doublet  wake  2 


O  doublet  parameter  locations 
x  boundary  condition  locations 


Figure  D.3  -  Doublet  wake  singularity  parameter  locations 
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Edge  1 


Figure  D.ll  -  Impermissible  network  (two  adjacent  collapsed  edges) 
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E.O  Matrices  and  Coordinates 


The  material  in  this  appendix  is  hardly  reflected  in  the  PAN  AIR  code,  but 
rather  provides  background  material  on  coordinate  systems  and 
transformations.  This  material  is  referred  to  in  the  course  of  the  influence 
coefficient  derivations  of  Appendix  J.  In  addition,  we  derive  (in  section 
E.3)  the  expression  for  the  reference  to  local  transformation  (see  (5.2.27)) 


A 


[  n 


o>nolj 


\YJ2 


[Col^o 


J  JH-[C0]^o 

!  6 


8  n0 


i 

!  |{n0*n0f1/2 


T 

(E.0.1) 


and  for  the  transformation  between  orthogonal  coordinate  systems  (see  (5.2.11)) 


r 


COS  a  cos  8 
cos  a  sin  8 
-sin  a 


-sin  8  sin  a  cos  8 

cos  8  sin  a  sin  8 

0  cos  a 


(E.0.2) 


Because  T  is  a  transformation  between  two  orthogonal  coordinate  systems,  it 
is  in  fact  an  orthogonal  matrix.  That  is,  its  inverse  is  its  transpose,  and 
for  all  vectors  X,Y,  the  Euclidean  inner  product  is  invariant  under 
transformation  by  : 


(TX,  TY)  =  (X.Y)  (E.O. 3) 

This  arises  from  the  fact  that  T  is  a  rotation  (see  section  E.3) 

In  our  application,  T  will  be  the  matrix  relating  reference  coordinates 
and  the  compressibility  coordinate  system,  in  which  the  x-axis  is  the 
compressibility  airection. 

The  matrix  A  is  less  well-behaved,  however.  This  transformation  is  the  product 
A  =  GST  (E.O. 4) 


where  we  have 


r  s  g 

*o  x  X  x’  (E.O. 5) 

Here,  X0  is  the  reference  coordinate  system  defined  by  the  program  user,  X 
is  the  compressibility  coordinate  system  in  which  the  freestream  is  in  the 
x-direction,  X  is  a  coordinate  system  in  which  the  y-and  z-axes  have  been 
scaled  according  to  (3.1.3),  and  X1  is  the  local  coordinate  system  in  which 
(5.2.19)  holds. 

While  the  matrices  T  and  G  are  orthogonal,  the  scaling  matrix  S  is  not,  and 
so  the  product  matrix  A  is  not  orthogonal  either.  The  bulk  of  the  complexity 
of  this  appendix  arises  from  this  fact.  In  figure  E.l,  we  illustrate  a  surface 
S  in  the  compressibility  coordinate  system  X  and  its  image  S'  in  the  scaled 
coordinate  system  X'.  We  illustrate  vectors  "f"  and  n,  tangent  and  normal  to 
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the  surface  S  respectively,  and  their  images  t'and  n  in  the  scaled  coordinate 
system  X ’ . 

In  section  E.l,  we  consider  the  properties  of  vectors  and  their  images  under 
an  arbitrary  transformation.  The  reader  may  find  some  benefit  in  verifying 

the  results  of  E.l  for  a  "typical"  matrix  A,  such  as  a  diagonal  matrix  which 
is  not  the  identity.  In  section  E.2,  we  derive  the  properties  of  some  special 
inner  products.  In  section  E.3,  we  verify  that  the  matrix  (E.0.1)  has  all  the 
properties  we  require  of  a  reference-to- local  transformation.  We  do  so,  in 
fact,  without  ever  constructing  the  transformation  G  of  (E.0.5). 
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E.l  Vectors  and  Dual  Vectors 


We  consider  here  the  effect  of  the  coordinate  transformation  A  =  [ a i j ] 

A:  X0— X'  (E.1.1) 


by  which  a  position  vector  x 


l\ 

o  -  x2  • 
X3J 


expressed  in  the  coordinate 


system  X0,  is  transformed  into  an  image  vector  x’=  lx2(*  expressed  in  the 

lx3 '  J 

coordinate  system  X'.  This  image  vector  represents  the  same  physical  quantity 
(such  as  location)  as  the  original  vector,  but  in  a  different  coordinate 
system.  It  is  a  different  vector  only  in  the  sense  that  its  entries  are 
distinct  from  chose  of  x\ 

The  entries  x^'  of  the  image  vector  x"'  are  given  by 
the  formulas 


xi  ■  E  ai,j  xj 


{*4 


(E.l. 2) 


where  a^j  are  the  entries  of  the  transformation  matrix  A.  We  shall 
occasionally  find  it  convenient  to  write  this  equation  using  the  summai ion 
convention  for  repeated  indices,  that  is,  x^'  -  a-jj  Xj.  Example17  of 
other  vectors  which  transform  according  to  the  formula  (E.l. 2)  include  the 
vector  element  of  arc  length,  dl,  and  surface  tangent  vectors  t: 


M  -  ai j  dlj 


aij 


j  -  (Adi), 

=  K)i 


(E.l. 3) 
(E.l. 4) 


Equation  (E.l. 4)  may  be  interpreted  to  assert  that  when  t0  is  a  surface 
tangent  to  some  surface  S  at  some  point  y0  in  S,  then  v  -  Ac0  will  be  a 
surface  tangent  vector  to  the  image  surface  S' 

S'  =  (it1  :  ?'  ■  [A]  t0  for  some  ~x0  in  sj  (E.l. 5) 

at  the  image  point  y'»  [A]  y.  Unless  [A]  is  an  orthogonal  matrix,  however,  we 
need  not  expect  that  t‘  will  be  a  unit  vector  even  when  c  is.  However,  if  T  - 
l  is  any  unit  vector,  then  we  define  the  corresponding  image  unit  vector  by 


At/  At 


(E.l. 6) 


Thus  the  transformation  rule  for  unit  vectors  is  somewhat  more  complicated 
than  the  corresponding  rule  for  vectors.  In  particular,  the  image  of  a  unit 
vector  as  scaled  in  (E.l. 6)  is  a  distinct  vector  from  the  original  one.  Here, 
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t 


and  from  now  on,  we  use  a  a  to  denote  a  vector  of  unit  length. 

We  now  turn  to  a  discussion  of  dual  vectors.  A  dual  vector  is,  by  definition, 
a  real-valued  linear  function  on  the  vector  space.  Whereas  the  typical  vector 
was  the  position  vector  x0,  the  typical  dual  vector  is  the  unit  normal 
vector  n0  or  gradient  operator 

3 / 3  X  a / 3  XJ 

a / ay  '  =  '  3/3x2 

3/32  3/8X3 

It  should  be  noted  that  tensor  analysis  works  generally  refer  to  vectors  as 
"cnntravariant  vectors,"  and  dual  vectors  as  "covariant  vectors."  Both  the 
normal  vector  and  the  gradient  operator  are  linear  functions  on  the  vector 
space  in  a  natural  manner  through  the  dot  product 


where  the  superscript  -T  denotes  the  inverse  of  the  transpose  matrix,  which  is 
the  same  as  the  transpose  of  the  inverse. 

Thus  dual  vectors  transform  by  A_T,  while  ordinary  vectors  transform 
(cf.  (E.1.2))  by  A.  It  should  be  noted  that  if  A  happens  to  be  an  orthogonal 
matrix,  A  =  A-"1"  and  is  length-preserving,  and  thus  regular  vectors,  unit 
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vectors,  and  dual  vectors  transform  identically. 


The  gradient  operator  may  also  be  applied  to  functions  f  of  position  x. 
We  sec  that  if  we  define  V'  by 


V'  f  (*')  =  — 3 —  ffx')  =  — 3 —  f(x0)  I  ^  . 

3  xi'  3  Xi  I  xq  =  A_i  x’  (E.  1.9) 

we  obtain 


(  V'f  (x)). 


af 

3Xk 


[A  1]kJ  6iJ  = 


3  f 
3Xk 


3 

oxk 


f 


(E. 1.10a) 


where  6 i j  is  the  Kronecker  delta: 
«1j  -  1  if  i  =  j 

0  if  i  )t  j 


(E. 1.10b) 


We  thus  obtain 

V'  =  A-T  V  (E.1.11) 

which  is  consistent  with  our  transformation  rule  (E.l.Se)  for  dual  vectors. 

Next  we  see  that,  whenever  wj  and  W£  are  vectors  in  X0  then 
wj  x  W2  is  "almost"  a  dual  vector  in  the  sense  that 

wj  x  wp  *  (Aw.)  x  (Aw„)  =  (det  A ) A-"1  (wi  x  w?) 

12  (E.1.12) 

This  equation  is  proved  below.  Thus,  apart  from  the  factor  of  det  A,  the 
cross  product  of  two  vectors  transforms  in  the  same  way  as  a  dual  vector.  In 
a  similar  vein,  we  note  as  well  that  the  cross  product  of  two  dual  vectors, 
vj  x  v^’  transforms  very  much  like  a  vector 

V i  x  v 2  -  (A-T  vj)  x  (A-T  V2 )  "  (det  A)_l  A  (vi  x  vg)  (E.1.13) 

It  is  appropriate  at  this  time  that  we  give  brief  proofs  of  the  above 
assertions.  In  addition,  we  will  show  that  ndS,  the  surface  unit  normal  t'mes 
the  element  of  surface  area,  transforms  like  an  "almost"  dual  vector,  (cf. 
(E.1.12)). 

A  vector  t  that  is  tangent  to  some  surface  S  at  some  point  x  may  be 
regarded  as  the  tangent  to  some  curve  'c(t),  parametrized  by  T  and  lying 
completely  on  S,  as  that  curve  passes  through  the  point  x.  In  otherjvords, 
when  t  is  a  tangent,  to  S  at  x0,  there  exists  a  curve  c^t)  such  that'c(T) 
lies  in  S,  x0  =  ’c(tq)  and 
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d  -*■ 

Tr~  c 


(t)!_ 


TO 


(E.l.14) 


Given  this  specification  of  t,  it  is  easy  to  see  how  tangent  vectors 

as’Ss.'Piti'r's^rtrx.ss: !;  bs  the  tan9“i  *•  **• 


n  1 

*0 


C '  (  T  )  -  A  t(  T 


AxT 


Thus 


dt 


: '  (t)|t  ml 


d 

dT 


AclT)|T=T  -  A  _d_c(T) 
dt 


T  aT0 


-  At 


as  asserted. 

Next  we  prove  equation  (E.l. 12)  for  vectors  v  and  w.  Recall  from 


(E.l.  5) 


B.3  that 


section 


(v  x  w)r  ■  £pqrVp  Wq 
where  cpqr  is  defined  there.  So, 

(E.l. 16) 

(  A?  «  Kt  V  .  .p,r(Af)p  (Alf )„  .  «p,r  Api  Vj  Agj  wj 
Multiplying  by  Ar  on  the  left, 

(E.l. 17) 

(Av  X  AiJ))s  [»T)sr  (Xvx  Kt)r  .  ,pqr  Ap,  ,,  Wj 

But,  generalizing  the  definition  of  determinant 

(E.l. 18) 

det  A  .  tpqr  Api  Aq2  Ar3 

we  see 

(E.l. 19) 

«ijs  det  A  .  Cpqr  Ap<  Aqj  Ars 
and  thus  substituting  in  (E.l. 18), 

(E.l. 20) 

(AT  (Av  x  Aw))  s  „  £1js  (det  A)vj  wj  -  (det  A)(v"x  w)  s 

(E.l. 21) 

and  so 


AT(At  x  Aw]  »  (det  A)  (t  x  w) 


(E.l. 22) 
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or 


Av  x  Aw  .  (det  A)[AT]  (v  x  w)  (E.1.23) 

which  is  equivalent  to  (E.1.12) 

Next  we  examine  the  transformation  law  for  unnormalized  normal  vectors  n. 
Such  vectors  are  specified  only  up  to  an  arbitrary  multiplicative  constant; 
their  principle  characteristic  is  that  they  are  perpendicular  to  all  tangent 
vectors.  Thus,  if  £i  and  t2  are  two  linearly  independent  tangent 
vectors,  n'  is  given  by 


n  -  a  (ft  x  t2)  (E.  1.24) 

where  a  may  be  chosen  arbitrarily  non-zero. 

Next,  we  note  that  the  image  ‘n'  of  n"  must  be  perpendicular  to  the  images 
*t{  ,  "t2  ,  of  t\  and  "?2;  thus 


-‘‘■i  i  -t"  \ 

n'  =  a1 (t1  x  t2) 

Using  equat'on  (E.1.4)  we  find 

TT'  -  a1  |  Atj  x  At2j  -  o'  (det  A)  A-^  x  t? 

*  _5L_  (det  A)[A-^]  'n 
„  » 


(E.1.25) 


(£.1.26) 


Choosing  o'  *  .. ...  ,  we  obtain  the  desired  results, 

det  A 

Finally  we  note  that  ndS  transforms  as  in  equation  (E.1.12).  This 
observation  follows  immediately  from  the  definitions  (see  figure  (E.2) 

n0dS  -  dl^  x  d T 2 
n'dS  =  dij  x  dl‘ 

dli  “  (Ad1^i  (E.1.27) 

Upon  applying  equation  (C.1.12)  we  find  that 


t'  dS1  -  (det  A)  A~t  n'dS 


(E.1.28) 
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We  conclude  our  discussion  of  vectors  and  dual  vectors  with  the 
observation  that  tre  Euclidean  inner  product  of  a  vector  iJ’with  a  dual  vector 
t  is  invariant  under  transformation,  that  is 

(v\w)  -  v^  w-  =  'v'T  [A-l  A]  w"  «  (A-’1’  v)T  Aw"  »t  v',T  "w1 

-  (v'.w1)  (E. 1 .29) 
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E.2  Metric  Matrices,  Dual  Metrics  and  Inner  Products 


The  introduction  of  metric  and  dual  metric  matrices  is  best  motivated  by 
rarefdl  consideration  of  the  Prandtl-Glauert  equation  (3.^,1)  (for  the  dual 
metric)  and  the  definition  of  the  function  R  (5.2.14)  (for  the  metric 
matrix).  First  we  define  the  metric  matrix  C. 


Peonl!  from  section  8.0  that  R2  is  given  in  terms  of  a  control  point  P 
and  a  surface  point  Q  in  the  compressib i 1 ity  coordinate  system  (x,y,z)  by 


R2  -  (Pl  ■  Ql)2  -  sS2  (P2  -  Q2)2  -  Sg2  (p3  _  q3)2 


(E.2.1) 


This  relation  may  be  written  in  matrix-vector  form  as 


R2  (P  -  Q)t 


1  0  0 
0  sb’  0 
o  o  se2 


(P  -  Q) 


This  equation  motivates  us  to  define  the  metric  matrix  C  by 


(E.2.2) 


(E.2.3) 


Corresponding  to  C,  we  define  the  compressible  inner  product  [wj,  w2]  of 
two  vectors  ,  iJj  by 


t«l »  vfrg]  »  w"iT  [C]^2  =  (^1.  E C ]W2 ) 


(E.2. 4) 


Turning  now  to  the  definition  of  the  dual  metric  matrix  B,  we  note  that  the 
Prandtl-Glauert  equation  can  be  written  (since  sg2  »  1  -  M2,  ) 


SB2 

3  /  3X  ' 

3/3 X  3  /  ay  3  /  sz) 

1 

3  /  ay 

L  L 

a  /  a  z 

In  matrix  vector  form  this  reads 


(E.2.5) 


[  VT  [B]  V  j  0  -  0  (E.2.6) 

where  [B]  is  defined  by  (cf.  (5.2.5),  whe.-e  reference  and  compressibility 
coordinates  are  assumed  to  be  identical) 


[B]  = 


SB2 


(E.2. 7) 


E  .2—1 


Since  the  operator  V  transforms  like  a  dual  vector  (cf.  (E.1.8e),  equation 
(E.2.6)  motivates  us  to  define  the  dual  compressible  inner  product^,  ^v2} 
of  two  dual  vectors  by 


{ vi»  V2  }  =  V  [B]  V2  =  (v*i»  [B]V2)  (E  .2.8) 

An  important  relationship  between  B  and  C  is  the  identity 

[B]  [C]  =  sb2  [I]  (E .2.9) 

When  we  investigate  the  transformation  rules  for  [B]  and  [C]  we  will  find  that 
this  relationship  is  preserved  under  linear  transformations. 

Careful  examination  of  equations  (E.2.5)  and  (E.2.8)  shows  mat  we  may 
define  modified  vectors  w  and  modified  dual  vector  v  by 

w  -  £w  (modified  vector)  (E.2.10) 

v  -  Bv  (modified  dual  vector)  (E.2.11) 

With  modified  vectors  defined  in  this  fashion,  it  is  easy  to  see  that  the 
inner  product  relations  (E.2.4)  and  (E.2.8)  can  be  written 

[wi,  w-j]  .  (wj,  w2)  -  (wj,  w2)  (E .2.12) 

{  VI ,  v2)  “  (vi,  v2)  -  (vj,  v2)  (E.2.13) 

Two  examples  of  modified  dual  vectors  include  the  conormal, 

n  .  [B]  n  (E.2.14) 

and  the  modified  gradient  operator,  V  ,  defined  by  (5.2.4). 

We  now  examine  the  transformation  rules  for  metrics  and  dual  metrics. 

When  a  coordinate  transformation  of  the  form  (E.1.1)  is  performed,  the  metric 
matrix  C  and  dual  metric  matrix  B  in  the  new  coordinate  system  X1  are  defined 
by  the  invariance  requirements  that 

[W1  ,  w2]  -  Wj  1  [C1]  w2  *  [Wj  ,  w2] 

-*-»  >  I  1  -*•  »  T  r  r-,  I  n  “k‘*  m  -*■  , 

V1  •  v2|  "  V1  ^  v2  -  {yi  *  v2> 


(E.2.15) 

(E.2.16) 
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whenever  w.  *  Aw  t*  i-.-T-j.*.  ~ 

i  i’  vi  =  •  For  the  metric  matrix 

C  ,  (E.2.15)  implied  that,  for  arbitrary  vectors  w? 

w1[C]w2  »  [Wj,  wp  a  Wj  * TC C '  ]w^  * .  'WjfA1  C'  A]if, 


(E.2.1: 


Consequently  we  find  that 

C.»TC^.  r.Hu-. 

Similarly,  equation  IE.J.16)  proves  us  .la,  lhe  transformation  role 
8  ■  fl"'  fl-T.  »'  ■  M/0  (E-2-1, 

SL.SJ5S, SI'S, 2^,55! t,ie  «•*•»)  <*  ^ 

8'  C'  .  (A  6  *T)  (Af  c  A-l,  .  A(B  c),-l.  A  ,  s>2  ()  A_,  _  jj2  ( 

(E.2.2C 

make  the  reasonab?ePrequireSttthJtth3t  determir,es  how  5  transforms,  so  we 


(*)'  »  («' 


W  -  (w')~  »  C‘  w'  -  C  A  w  -  [C1  A  C^Jiv 


From  equation  (F. 2. 18)  we  see  that 

C1  A  C-l  .  a-T 

(E.2.2; 

so  that 

w1  -  A~t  w 

(£.2.2. 

This  shows  that  modified  vectors  are  in  fact  dual  vectors. 

ass rect0rs  -  ,ectors'  That 


(E.2.21 


(£.2.2i 


(E.2.2* 


These  observations  provided  us  with  an  interesting  interpretation  of  equations 
(E.2.12)  and  (F. .2.13):  [vq,  w^],  which  is  the  compressible  product  of  the 
vectors  wj  an a  W2,  is  the  same  as  the  Euclidean  inner  product  of  the 
vector  and  the  dual  vector  W2  ;  similarly  (vq,  ,  the  dual 
compressible  inner  product  of  the  dual_vectors  vi  and  V2  is  the  Euclidean 
inner  product  of  q  (a  vector)  and  (a  dual  vector).  This 
observation  shows  that  the  invariance  properties  (E.2.15)  and  (E.2.16)  are 
closely  related  to  the  invariance  relation  (E.1.29). 


E.3  Coordinate  Transformations 

We  recall  from  section  E.O  the  reference  coordinate  system  X0,  the 
compressibility  system  X,  the  scaled  system  X,  and  the  local  system  X’.  In 
this  section,  we  will  determine  the  properties  required  by  the  transformation 
A:  X0  *  X',  and  then  show  that  the  matrix  (E.0.1)  is  the  unique  matrix  with 
chese  properties. 

In  general  the  x-axis  of  coordinate  system  X0  need  not  line  up  with  the 
free  stream.  Thus  it  is  necessary  to  define  a  new  coordinate  system  X  in 
which  the  x-axis  is  lined  up  with  the  free  stream  axis  (that  is  the  x-axis  of 
the  Prandtl-Glauert  equation  (3.0.1))  .  This  is  possible  if  the  user  provides 
the  compressibility  direction  by  means  of  a  compressibility  vector  c0  . 

The  PAN  AIR  program  user  will  specify  the  compressibility  axis  by  giving  an 
angle  of  attack  ac  and  a  sideslip  angle  bc  as  shown  in  fig.  £.3.  The 
orientation  of  the  compressibility  axis  is  given  by  the  unit  vector  (cf. 
(5.2.12)) 


A 

C0 


COS  ac  COS  8C 
.  -sin  Be 


sin  ac  COS  Bc 


(E.3.1) 


A  free  stream  oriented  coordinate  system  X  must  be  defined  such  that  the 
compressibility  vector  Cq  lies  along  the  x-axis  of  this  new  coordinate 
system.  The  transformation  from  X0  to  X  may  be  character ized  as  ->0  angle  of 
attack  rotation  of  (-  ac)  about  the  y0  -axis  followed  by  an  angle  of 
sideslip  rotation  of  (-  bc)  about  the  resulting  z  axis. 

Note  that  coordinates  transform  in  the  opposite  manner  from  basis  vectors. 
Thus  if  we  denote  the  transformation  from  X0  to  X  by  fc  so  that 

rc:  x0  - -  X  (E.3. 2) 

we  have 


"1 

- 

COS  Bc 

-sin  oc 

0 

COS  ac 

0 

sin  ac 

rc  =  R*  (-8c)  Ry(~  ac )  = 

sin  8C 

COS  8C 

0 

0 

1 

0 

_0 

0 

1 

-sin  ac 

0 

COS  d  q 

cos  ac  cos  8C 
cos  ac  sin  bc 
-sin  ac 


-sin  bc 
cos  bc 
0 


sin  ac  cos  Bc 
sin  ac  sin  8,- 
cos  ac 


(E.3. 3) 
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axes. 


Here  Ry  and  Rz  denote  rotations  about  the  respective 
Thus  the  compressibility  axis  in  coordinate  system  X  is  given  by 


A  M  ^ 

c  ■  Ic  C0  " 


1 

<  0  . 
0 


which  is  the  desired  result. 


(E.3.4) 


In  fact,  if  Fc  Is  partitioned  by  rows,  we  see  immediately  that  the  first 
row  of  Tc  is  simply  cj  while  the  remaining  two  rows  are  orthogonal  to 
c0  and  to  one  another: 

m 


lyJ 


(E.3.5) 


In  tact,  rc  is  an  orthogonal  matrix;  rcT  Tc  -  I 


A  matrix  of  the  form  Tc,  transforming  reference  coordinates 
orthogonaiiy  to  another  user-defined  system,  is  used  after  the  potential  flow 
solution  has  been  obtained. 


This  axis  system  X*  is  defined  by  an  angle  of  attack  a*  and  an  angle  of 
sideslip  s*,  with  the  transformation  T*:  X0  *  X* 
defined  by 


r* 


cos  a*  cos  s*  -sin  s* 
cos  a*  sin  b*  cos  s* 
-sin  a*  0 


sin  a*  cos  6* 
sin  a*  sin  fl* 
cos  a* 


E.3.6) 


The  angles  a*  and  8*  are  user-supplied,  and  describe  the  coordinate  system  in 
which  the  user  wishes  PAN  AIR  to  calculate  forces  or  moments. 

Before  we  consider  the  transformation  from  reference  (Xg)  to  local  (X') 
coordinates,  let  us  consider  the  transformations  (see  (E.2.18)  and  (E.2.19), 
substituting  c  for  A) 

T 

[Co]  =  rc  C  "c 


r  b0  ]  a 
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T 

rc  b  rc 


(E.3.7) 


The  matrices  B0  and  C0  have  the  same  properties  in  reference  coordinates 
that  B  and  C  have  in  compressibility  coordinates.  That  is,  equations  (E.2.2), 
(E.2.4),  and  (E.2.3)  hold  for  80  and  C0  if  the  vectors  in  these  equations 
are  written  in  refe'ence  coordinates. 


Now,  from  (E.2.3)  and  (£.2.7) 

[C]  =  sb2  I  +  ( l-ss2 )  ei  ej1 
[B1  =  I  +  (sg2  -  1)  ej 

(E. 3.8) 


where  e,  is  the  ith  column  of  the  identity  matrix  I. 


Now,  since  rc-l  ..  Tc  because  Tc  is  orthogonal,  and 

rc  Si  -  c0 
by  (E.3.5), 

[C0]  =  se2  I  +  (1-se2)  Cq  c0T 

[L0]  =  I  +  (SB2  -1)  c0  CCT  (E.3.9) 

Let  us  now  consider  the  properties  we  require  of  the  transformation 

A:  X0  >  X'  (E.3.10) 

where  X'  is  the  local  coordinate  system  for  each  subpancl. 

The  reasons  for  these  requirements  are  given  following  (E.3.15). 

First,  recalling  (5.2.19)  through  (5.2.22),  we  require,  for  points  p  and 
q,  that 

R2  =  (p'j  -  q'i)2  +  ( p ' 2  -  q ' 2 ) 2 

+  (p'j  -  q'3)2  for  subsonic  flow 

-  (p'l  -  q ' l ) 2  -  (P ' 2  -  q'2)2 

-  ( p ' 3  -  q'3)2  for  subinclined  panels  in  sure.  sonic  flow 

=  -(p'l  -  q ‘ 1 )2  -  (p ' 2  -  r'2)2 

+  ^P3  -  q'3)2  for  super  inclined  panels.  (£.3.11) 


Second,  we  require  that  on  the  subpanel  on  which  the  X'  coordinate  system  is 


defined, 


z'  =  0  (E.3.12) 

Third,  we  require  that  the  "upstream"  direction  be  the  x'<  0  direction  for 
subsonic  flow  or  sub  inclined  panels,  (cf.  (E.3.13))  and  that  the  upstream 
direction  be  preserved  for  superinclined  panels,  (cf.  (E.3.14)).  That  is,  if 
the  surface  normal  in  reference  coordinates  is  pointing  into  the  flow,  then  so 
should  the  surface  normal  in  local  coordinates,  and  similarly  if  the  normal  is 
pointed  with  the  flow.  Precisely,  we  require 

(c0,  A-l  ei)  >  0  (E.3.13) 

in  the  former  case,  and 

sign  ( c0 ,  A”1  e3)  =  sign  (c0,  n0)  (E.3.14) 

in  the  latter  case.  The  fourth  requirement  is 

det  A  >  0  (E.3.15) 

Before  proving  that  these  requirements  are  satisfied,  let  us  discuss  them 
further.  Equation  (E.3.11)  is  necessary  in  order  to  obtain  reasonable 
formulas  for  the  influence  coefficients,  that  is,  formulas  which  do  not  have 
scaling  coefficients  all  over.  The  requirement  that  the  subpanel  lie  in  a 
coordinate  plane  makes  the  integrals  needed  for  influence  coefficient 
calculation  ( -'imputable,  the  z’  =  0  plane  is  chosen  throughout  in  order  to 
permit  uni  •*-  formulas  for  all  three  cases.  The  constraint  on  the  upstream 
direction  makes  the  notation  for  the  derivation  of  the  influence  coefficient 
formulas  simpler.  Finally,  the  requirement  that  A  have  positive  determinant 
insures  that  the  local  coordinate  system  will  be  a  right-handed  one. 

in  the  remainder  of  this  appendix,  we  will  rigorously  prove  that  the 
matrix  A  in  (E.0.1)  satisfies  the  requirements.  We  will  not,  however,  explain 
where  A  came  from,  since  we  did  not  arrive  at  A  through  a  rigorous  procedure. 

Recall  that  we  claim  that 


(E. 3.16a) 


at  = 


(n0>no}| 


TJT 


tC0]  Uq 


rs 


[ Cq  ] 


8  nr 


ln0.n0)  p7 


satisfies  the  requirements  (E. 3. 11-15),  where 
n0  =  unit  normal  vector 
v0  =  (n0  x  c0)/jn0  x  c0| 
r  =  sign  (h0,  n0) 

“o  =  v0  x  n0  (E.3. 16b) 
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The  subscript  o  indicates  these  vectors  are  in  reference  coordinates. 

If  n0  is  parallel  to  c0  ,  v0  may^be  chosen  arbitrarily  as  any  unit 
vector  perpendicula.  to  them.  Since  nQ  and  0o  are  linearly  independent 
vectors  orthogonal  to  n0,  the  second  requirement  on  A,  (E.3.12)  is 
equivalent  to 


(A  u0,  e3)  =  0 
(A  v0,  e3)  =  0 

or  (u0,  Ar  e3)  ■■=  (v0,  AT  e3)  «  0 
or  AT  e3  =  k  n0,  k  £  0 


(E .3.17 ) 
(E.3.18) 
(E.3.19) 


But  this  just  says  that  the  third  column  of  A^  should  be  proportional  to 
n0,  which  is  satisfied  by  the  matrix  in  (E.0.1). 

Next,  by  definition, 

R2  -  ( PI  -  qi)2  +  SB2  (P2  -  q3)2  +  SB2  (p3  -  q3)2 

~i 


SB' 


(P  -  q)  T 

(rc(P0  -  r0))T  [C] 


1 


SB' 


(p“  -  "q ) 
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FC(P0-  %) 


=■  (po  -  q0)T  crj  c  rc](p-0-  %) 

»  (by  (E.2.18)) 

(Po-  Po^  [C03  (Pq-  Pq) 


(E.3.21) 


(E.3.22) 


On  the  other  hand,  we  can  unify  (E.3.11)  by  noting  that  r  =  -1  if  and  only  if 
the  panel  is  super incl ined ,  and  so  (E.3.11)  becomes 


R2  =  (A  (p-0  -  qo )  jT 


A  (Po  -  %) 


(E.3.23) 
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Combining  with  (E.3.22),  we  obtain  the  requirement  on  [A]: 


[AT] 


rs 


[A]  -  |  Cq] 


Inverting  (E.3.24) 


A-l 


rs 


a-t  -  [C0]-l 


or 


rs 


[A][C0]-1  CAT] 


But,  by  (E.3.7),  [C0]“l  -  rj  [C~l]rc 
1/sb2 


r 

c 


1  /SB2 


rc 


SB2 


rc  B  rc 


-V  B0 

SB2 


*  (by  E,3,9)  —r  [I]  +  (  1  -  -Ifr-  )  [So.  s0T] 

Thus,  we  must  show  that 


(E.3.24) 


(E.3.25 ) 


(E.3.26) 

(E.3.27) 

(E.3.2B) 

(E.3.29) 

(E . 3.30) 


[D]  =  A  Cq'1  AT  = 


[A  AT]  +  (1  - 

SB2 


- —  )  [A  c0  c0T  AT] 
2 


SB 


rs 


(E.3.31 ) 


E.  3-6 


/ 


t 


Now, 


[01 


11 


IK.  n o) I 


S3 


G0T  [C0]T  [c0]  Qc 


*  (l  -  ijr  »  =0T  [C„]T  c0  c0T  [C0]  U0) 

But  from  (E.3.9) 

[Cj  C0]  =  b4  [I]  +  2  SB2  (1  -  sb2)  [c0  cjj 
+  (1-  SB2)2  [c0  cl  c0  £J] 

■  B4  [I]  +  (  2sb2  -  2b4  +  1  -  2S82  +  B4)  [c0  Cq] 

-  b4  rn  +  (i  -  b4)  [c0  cj] 


Next, 


[c5  c0  cj  C0]  =  [sb2  I  c0  cj  sb2  I] 

+  tse2  1  C0  Co  (1  -  SB2)  C0  CqT] 

+  [  (1  -  SB2)  Cq  c0T  c0  c0T  sb2H 

t  (1  sb2)  c0T  c0  c0T  (1  _  sb2)  c0  c0T] 


-  s4  [c0  c0T]  +  (SB2  _  b41  [c0  c0T] 

+  (bb2  -  b4)  [c0  c0T]  +  (1  _  Sg2)2  Ce0  eoJ1 
c  [£0  c0^] 


So,  G0T  [C0T  CP1  u0  =  B4  u0T  Uq 
+  (1  -  B4)  cJl  -]0 

-  B4  Ml  -  S4 )  (G0,  c0)2 
and 

re0  e<5i  cc0]  g0  =  (q0,  zo)? 


(E.3.32) 


(E.3.33) 

(£.3.34) 

(£.3.35) 


(E.3.36) 


(E.3.37) 

(E.3.38) 

(E.3.39) 
(E. 3 .40) 

(E.3.41 ) 


E.3-7 


Now,  for  vectors  A,B,C, 

(A  x  B).(f  =  £ijk  Aj  Bj  Ck  =  ejki  Bj  C)<  Ai  ,  x  q‘).a‘ 

Thus,  applying  (E.3.16b), 

^0-^0  =  (v0  x  n0)  ,  c0  =  (n0  x  c0).v0 

=  (n0  x  c0)(v0  .  v0)  =  n0  x  c0 

Thus 

u0'  c0  =  |n0  x  c0|  =  *  sin  0 

where  a  is  the  angle  between  n0  and  c0. 

On  the  other  nand  by  (E.3.9) 
r'o.  n0  =  n0T  B0  n0  =  nQ1  fi0 
+  (iBj  -  1)  (n0  .  c0)? 

=  1  +  ( S8 ^  _  i)  (n0  ,  c0)2  -  l  +  (sg2  _  cos  2  9 
since  (n0  ,  c0  )  =  cos  s. 

So,  On  =  sb?  +  (1  -  5b?)  sin?  o 

r  (1  +  1)  cos?  e) 

(since  r  (  n0,  R0)  =  |{n0,  n0i|  ) 

-  SB?  +  ( 1  -  SB? )  ( 1  -  cos?  o ) 

n  +  1 7T7  n 


(E.3.44) 


(E.3.45) 

(E.3.46) 


(E.3.47) 

(E.3.48) 


(E. 3.49a) 
(E. 3.49b) 


(E . 3.501 


E.3-9 


/ 


s  (1  +  (sb2  -  jj  cos2  e)  ,  r$ 
r  (1  +  (sb2-  1)  cos2  e) 

Next,  we  consider  D12  .  By  (E.O.l)  and  (E.3.31), 


°12  - 


_ rs 

S8JTtn0,n0}Tl/2 


(C0  u0)T  C0  Vq 


+ 


rs 


1  -  S82  8  |{n0,n0}|l/2 


^0  [C0  C0T]  Cq  Vq 


AApplyingA(E.3.35)  and  (E.3.38),  we  see  that  each 
co  v0  or  v0,  both  of  which  are  zero  by  (E. 3.16b), 


term  contains 
and  thus 


°12  =  0 


Next,  013  - 


8  __1 _ 

K  n0,  n0}|  SB2 


"o'  [Co1]  n0  *  (1 


i-)  «oT  [C„T  £0  EJ] 

S82 


-  (by  (E.3.9)) 


8 

Kno»  M 


-i —  u0T  sb2  n0  + 
SB2 


+  (1- 


1 

I? 


U0T  SB2  c0  CqT  n0 


±4-  V  So  EoT  So 

S82 


(1-  — I —  )  (1  -  sb2)  UqT  cc 


C0T  C0  CnT 


S8‘ 


(E.3.60) 


(E.3.61) 

either 

(E.3.62) 


(E.3.63) 


-  (by(E.3.16)) 


(E.3.64) 


/ 


- 8 -  (0  +  _i__  -  l)(u0T  c0  c0T  n0) 

I { no »  no)|  ss2 

+  (se2-  1)  (u0T  c0  c0T  n0)  +  (2  -  _J__  -  sb2)  (u0T  c0  c0T  n0) 

SB2  (E.3.65) 

=  8  .  0  0 

!<n0,  n0}|  (E.3.66) 

Finally,  D23  can  be  expressed  by  (E.3.63),  changing  the  factor  in  front  to 


rs  ,  and  replacing  u0  by  v0.  But  since  we  also  have 

I  (n0,  n0)|T' 2 

(by  (E.3.16)) 

vj  h0  -  0  (E.3.67) 

we  can  follow  the  steps  (E. 3. 63-66)  again  to  obtain 

□23  =  0  (E.3.68) 

Now,  combining  the  fact  that  D  is  symmetric  (see(E.3.31))  with  (E.3.51), 
(E.3.56),  (E.3.60),  (E.3.6Z),  (E.3.66],  and  (E.3.68),  we  have 


[D]  = 


r 


'(E.3.69) 


which  we  have  shown  is  equivalent  to  (E.3.31)  (see  the  argument  from  (E.3.20) 
to  (E.3.31)). 

So,  we  have  proved  that  R2  has  the  appropriate  form  in  the  X1  system 
(E.3.11),  and  earlier  we  showed  that  the  subpanel  lies  in  the  z‘  =0  plane. 

To  show  that  the  upstream  direction  transforms  correctly,  we  exhibit 
first.  We  claim 


■1  „  r 

r— 

A  J 

U0  1 

v0  1  B0  n0 

|{n0,n0)‘|T7? 

.  a  _ 

B  1  B  j{n0,n0)|  l/2 

Verifying  that  [AA_1]»  [I]  is  tedious,  and  uses  the  same  sort  of 
arguments  as  evaluating  D. 

First, 


(E.3.70) 


E.J-11 


* 


[AA-1] 


11 


'  no>  n0'| 


(by  E.3.9) 


( S8 2  U0T 


l(n0.  no)| 

(by  (E.3.46) ,  (E.3.48), 


*  (1  -  s82)  u0t  c0  £0T  G0) 
and  (E. 3.48a ) ) 


r  (T~m7 .TT'd  ;os?  .  (S'Z  *  (1  '  s‘2>  si"  2  •)  ■  1 
Next, 


[AA-i ]22  ,  r^s 

*  (by  (E.3.9)) 


{S*Z  °°T  +  (1  "  ss2)  VoT  c0  c0T  v0) 

“  (fay  (E.3.16) )  vj  v0  =  1 
Next, 


[AA-1] 


33 


>  no.no)| 
(by  definition) 


no 1  B0  n0 


r  .  n0} 

Kno  •  no)l 

by  (E.3.49a) . 


E.3- 


Next, 

rS;{n0.  %y}12  r AA-l  ]15.  =  Gj  cl  v0  = 

(by  (£.3.9),  since  C0  is  its  own  transpose  by  (E.3.24)) 
('-  -  Sfl2)  u<£  cQ  cj  j0  +  ss2  uj  v0  =  c 
by  (E.3.16). 

Next,  rei{n0,  n0»  [ AA"1  [C0  80]  n0 

But  from  (£.2.20)  we  see 

C0  B0  =  ss2  I 

and  thus  by  (£.3.16), 

[AA-1]j3  =  o 

Next, 

e2r2s|{* o-  "o)!1/2  fAA-l]23  -  v£  [CJ  B0]  n0 

Once  again  applying  (£.3.31)  and  (£.3.16),  we  obtain 
[AA-1]?3  „  o 

Next, 


1115°;  tAA-i] 


21  =  v0T  C0  u0  =  o 


by  (£.3.80). 
Next, 


rKno.  n0}| 
8 


[AA-l] 


31 


noT  Uq 


by  (£.3.16). 
Finally 

1/2 


rK''o.  e0}|  [AA-1]32 

by  (£.3.16). 

Thus  we  have  shown  that 


"J  v0 


(£.3.791 


(£.3.80) 


(E. 3.81 ) 


(E.3.82) 


(£.3.83) 


(E.3.84) 


(E.3.85) 


(E.3.86) 


0 


(£.3.87) 
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Applying  (E.3.70)  when  r  =  +1, 


[A-1! 


1 

0 

0 


and  so 


£0T  A-l 


2 

0 

0 


=  (cQ-,..uo) 


^0  X  Cp  ,  Q 

|{"o»"o}|T'7 


This  proves  (E.3.13).  Applying  (E.3.70)  when  r  ,  ~1, 


[A-l] 


and  so 


^B0]n0 


(E.3.89) 


(E.3.90, 


(E.3.91) 


c0T  [A-l] 


-  ioliiol  n0 

8  Uno.n0p/? 


(by  (E.3.9)  and  (E.3.48)) 


(E.3.92) 


_ 1 

e  Kno.n^jpT?" 


(cqT  "o  +  (SBZ  -1)  cQl  c0  60T  n0) 


-  sb  (c0,  n0) 

8  |fnoTn0}|  1 t? 


(E.3.93) 

(E.3.94) 


which  has  the  same  sign  as(c0  ,  n0)since  s  =  -1,  thus  proving  jE.3.14). 
Finally,  we  show  that  det  A  >  0. 

Applying  (F. 1 .12)  to  u0  and  v0, 

Au0  x  Av0  -  (det  A)  [A-l]  (u0  x  v0)  -  (det  A)  [A-T]  nQ 


E.3-14 


(E.3.95) 


« 


/ 


(by  E.3.16). 
Applying  (E.3.70), 


a-t 


"o 


I  { n0  »nQ}| 


rrj-  uo  •  uo 


vo  •  no 


£  T  n  ^ 

777:  ;—rrr  n0  °o  no 
0  f{n0,n0> j  1/2 


4 —  Kno»no}| 


JO.,  ;,c,",™9  fr»  (E.3.79)  tk.t  Sj  [C0J  v„  .  0,  .„d  «,ply,„s 


(£.3.96) 


(E.3.97) 


[A]  u0 


QqT  [C03  Up 
K"0  .  no}!  1/2 


by  (E. 3. 71-73). 


rllno  .  n0>|  1/2 


(E.3.98) 


Next,  applying  (E.3.16)  and  (E.3.79), 


0 

, 

0 

[A]  Vq  ■  ’ 

-P-  V  CC0T]  v0 

> 

rs 

0 

0 

by  (E. 3. 74-76). 


(£.3.99) 


E • 3-15 


So, 


A  u0  x  A  v0 


(by  ( E. 3.80) ) 


0 

0 

i  J  itno 


B2  [A-T ]  n0 


Substituting  in  (E.3.95),  we  see  that 
det  A  ™  >  0 

This  concludes  our  proof  that  [A]  satisfies  (E. 3. 11-15). 


(E.3.100) 


(E.3.101 ) 
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a.  Compressibility  coordinates 


b.  Scaled  coordinates 


Figure  E.l  -  Surface  S  In  compressibility 
and  scaled  coordinates 


*<  i 


Figure  £.3  -  Definition  of  th 


e  compressibility  vector  zQ  in  terms  of  a.  »nd  £( 


F.O  Edge  tc h  i r  q 


fn  this  appendix,  we  will  discuss  the  process  oy  which  the  nmnr*m 
per  otitis  edge  matching",  that  is,  insures  "continuity"  of  doublet  strength 

8  1  and'Titc'l  W1  I  supDly  the  theoretical  background,  summarizing  section 
8.1  and  discuss  mg  a  few  points  not  mentioned  there.  In  section  F  ?  Ill  n 
iscuss  the  concept  of  abutments  between  networks,  introducing  some  of  the 
terminology  user,  within  the  program.  In  section  F.3,  we  discuss  the  Lores^ 
by  which  the  program  determines  the  list  of  abutments  defined  by  the  P  " 
TZ'Tll  configuration.  In  section  F.4,  we  describe  the  assion^nt  of  one 
•  g.  n  he  abutment  to  he  the  matching  edge,  and  show  how  this  ass ionment 
insures  doublet  matching  along  the  abutment.  In  section  F  8  we  discuss  the 
spec, a.  techniques  used  by  the  program  to  process  "abu?^ent  intersea  ons" 
points  in  space  at  which  abutments  meet.  In  section  F.^  we  dKcuss  ’ 
gap-filhng  panels,"  which  are  added  by  the  program  along  abutments  where 
gaps  between  network  edges  exceed  the  user-input  tolerance  5 1st  Zee. 
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F . 1  Continuity  Requirements 


Reel'll  equation  (B.3.12),  that  along  any  panel  edge  we  should  have 


n 

I  S-j  u  j  =  0 

i  =  1  (F.l.l) 


where  n  is  the  number  of  panel  edges  messing,  and  Sj  *  *1  is  determined  by 
the  direction  of  the  panel  normal.  We  supplied  three  distinct  types  of 
justification  for  (F.l.l).  First,  it  is  physically  reasonable.  Second,  it 
ha;  been  exper imentally  shown  to  be  necessary  for  the  analysis  of  supersonic 
flow.  Third,  (F.l.l)  can  be  used  to  increase  the  efficiency  of  the  program  by 
allowing  the  removal  of  the  "line  vortex  terms." 

The  imposition  of  (F.l.l)  is  effected  in  one  of  three  ways.  Within  the 
interior  of  the  network,  it  is  effected  bv  splines,  discussed  in  Appendix  [, 
which  impose  the  equation 

i»l  -  u?  =  0  (F.1.2) 

along  all  panel  edges.  Note  that  therefore  two  networks  must  not  meet  except 
along  network  edges;  else,  the  value  of  n  along  the  line  of  intersection  would 
be  at  least  3,  while  the  spline  methods  assume  n  =  2.  In  figure  F.l,  we 
illustrate  such  an  impermissible  intersection  of  networks.  Along  network 
edges,  boundary  conditions  (called  edge  matching  boundary  conditions)  are  used 
to  impose  (F.l.?)  The  curve  along  which  netwo-k  edges  meet  is  called  an 
abutment.  If  an  abutment  consists  of  only  two  network  edges,  the  user  may 
specify  it  as  a  "smooth  abutment",  in  which  case  a  spli.sing  method  (discussed 
in  Appendix  I),  is  used  in  place  of  boundary  conditions  to  impose  (F.1.2). 

This  results  in  fewer  boundary  conditions,  and  thus  reduces  the  size  of  the 
system  of  equations  to  be  solved. 

The  use  of  smooth  abutments  is  restricted  to  networks  which,  together, 
define  a  continuously  smooth  surface.  If  the  surface  defined  by  the  networks 
is  not  smooth,  the  doublet  gradient  at  the  intersection  should  in  fact  be 
discontinuous,  while  the  smooth  abutment  specification  will  make  the  gradient 
approximate! y  continuous,  resulting  in  an  erroneous  solution.  For  the  same 
reason,  a  sinqle  network  should  never  be  used  to  describe  a  surface  containing 
a  discontinuity  of  slope. 

Ther»  is  one  case  in  which  (F.l.l)  does  not  hold.  This  case  is  that  of  a 
leading  edge  vortex  (see  figure  8.10).  The  true  physics  of  the  situation  is 
that  *:')e  vortex  rolls  up  tighter  and  tighter  (see  figure  F.2)  until  it 
dissipates  due  to  viscous  effects.  A  potentia1  flow  program  could  only 
simulate  the  roll-up  of  the  wake  by  supplying  a  wake  with  infinitely  many 
turns  in  it.  This  not  being  practical,  wake  roll-up  can  be  simulated  by 
replacing  the  "core"  (the  region  where  viscous  effects  predominate)  by  a  "line 
vortex"  (see  figure  F.3).  Along  *-his  network  edge,  the  doublet  strength  is  in 
fact  discontinuous;  that  is,  it  is  non-zero  on  the  wake,  while  it  is  zero  in 
the  region  of  space  surrounding  the  free  edge  of  the  wake.  The  discontinuity 
of  doublet  strength  means  that  when  the  influence  of  the  wake  on  a  control 


F.l-1 


point  is  computed,  the  "line  vortex  terms"  must  be  added  in,  that  is 


J  U  V  (-JL-)  X  dl 

as  R  (F.1.3) 


must  be  computed.  We  describe  the  computation  of  this  quantity  in  appendix  J. 

The  mechanism  by  which  the  program  user  causes  the  line  vortex  term 
(F.1.3)  to  be  added  into  the  influence  coefficient  matrix  is  the  following. 

He  specifies  "no  doublet  matching"  for  a  particular  network  edge.  The  program 
then  insures  that  the  boundary  conditions  imposed  at  the  control  points  along 
the  edge  are  not  those  of  doublet  matching  (that  is,  of  the  form  (F.1.1)),  and 
furthermore  adds  in  the  line  vortex  contribution  for  each  panel  edge  lying 
along  the  network  edge  whan  measuring  the  influence  of  the  panel  on  a  control 
point. 
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F.2  Network  Abutments 


PAN  AIR  deals  with  a  number  of  distinct  data  sets  called  abutments.  There 
are  "pairwise  abutments",  "user-defined  abutments",  "empty  space  abutments", 
and  "program-generated  abutments".  The  latter  three  types  of  abutments  are 
end  products  of  the  procedure  which  generates  a  list  of  all  existing  network 
abutments.  User-defined  abutments  are  those  described  by  the  user,  either  in 
order  to  indicate  that  they  are  smooth,  or  else  because  the  user  is  not  sure 
that  the  "automatic  abutment  search"  described  in  section  F.3  will  define  that 
abutment.  Empty  space  abutments  are  those  which  describe  a  network  edge  or 
portion  thereof  which  does  not  lie  in  proximity  to  any  other  network  edge. 
Program-generated  abutments  (those  which  are  neither  user-defined  nor  empty 
space  abutments)  are  computed  in  a  two  step  procedure.  The  first  step  is  the 
computation  of  pairwise  abutments,  each  of  which  lists  two  network  edges  or 
portions  thereof  which  lie  in  proximity  to  one  another.  In  the  second  step, 
the  program  distills  the  list  of  pairwise  abutments  into  a  non-redundant  list 
of  program-generated  abutments.  The  latter  procedure  is  described  in  some 
detail  in  the  Maintenance  Document  (see  section  4-G),  and  will  not  be 
discussed  further  here. 
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F.3  Automatic  Abutment  Searches 


In  this  section,  we  will  briefly  describe  the  procedure  used  by  the 
program  to  construct  "pairwise  abutments";  that  is,  pairs  of  network  edge 
portions  belonging  to  the  same  abutment. 

The  program  searches  for  pairwise  abutments  one  network  edge  at  a  time. 
For  each  point  P  on  an  edge  E  ,  it  searches  for  network  edges  £■  which  lie 
within  the  user-specified  tolerance  distance  e  of  P.  Here  we  say  that  £■ 
lies  within  e  of  P  if  there  is  some  point  P^  on  E-  such  that  jP  -  P.|<  «. 

If  lies  within  e  of  two  adjacent  panel  corner  points  P  and  P1,  then  the 
panel  edge  connecting  P  and  P’  belongs  to  an  abutment  containing  Eq  and 


The  program  then  proceeds  along  the  network  edge  until  it  arrives  at  the 
endpoint  of  the  edge,  or  at  a  panel  corner  point  for  which  [.  fails  to  lie 
within  e.  The  program  then  defines  a  pairwise  abutment  between  EQ  and  E ■ 
extending  from  the  first  panel  corner  point  on  the  edge  to  the  last  corner 
point  on  the  edge  such  that  lies  within  e  for  the  endpoints  and  the 
intermediate  corner  points.  If  the  situation  illustrated  in  figure  F.4 
occurs,  several  pairwise  abutments  may  be  defined  which  involve  edges  Eq 
and  E-.  There  are,  however,  limitations  on  the  permissibility  of 
configurations  of  the  form  of  figure  F.4.  These  limitations  are  noted  in  the 
User 1 s  Manual . 


F.4  Doublet  Matching  along  Abutments 


The  purpose  of  doublet  matching  boundary  conditions  is  to  insure  that 
equation  (F.1.1)  holds  at  every  point  along  an  abutment,  even  though  a 
boundary  condition  of  this  form  is  imposed  at  only  a  finite  number  of  points. 
The  ability  of  a  finite  number  of  boundary  conditions  to  cause  doublet 
matching  along  the  full  abutment  depends  directly  on  the  splining  techniques 
used  to  define  the  doublet  strength  along  network  edges.  We  discuss  this 
subject  in  section  1. 1.2. 5,  but  we  will  summarize  here  the  results  we  derive 
there. 

Given  any  pair  of  network  edges  belonging  to  an  abutment,  we  call  the 
first  edge  a  refinement  of  the  other  if,  at  every  point  where  a  panel  corner 
is  located  on  the  second  edge,  a  panel  corner  is  also  located  on  the  first 
edge.  According  to  this  definition,  each  network  edge  in  figure  F.5  is  a 
refinement  of  the  other,  while  in  figure  F.6,  edge  1  is  a  refinement  of  edge  2. 

We  show  in  section  I. 1.2. 5  that  if  an  abutment  contains  edges  E^,..., 

En,  and  some  edge  E|<  is  a  refinement  of  each  of  the  other  (n-1)  edges  of 
the  abutment,  then  doublet  matching  can  be  forced  to  take  place  along  the 
entire  abutment  provided  it  occurs  at  the  endpoints  of  the  abutments,  and  at 
the  panel  edge  midpoints  on  edge  E(<.  In  practice,  precise  doublet  matching 
will  not  occur  because  Pan  Air  uses  a  "least  squares"  rather  than  a 
differentiable  edge  spline  (see  section  I. 1.2. 5).  The  extent  to  which  doublet 
matching  fails  to  occur  is  very  small,  and  has  been  found  experimentally  to  be 
negligible. 

The  program  takes  into  consideration  the  above  results  when  assigning  one 
edge  of  an  abutment  to  be  the  "matching  edge",  that  is,  the  edge  at  whose 
panel  edge  midpoints  doublet  matching  boundary  conditions  are  imposed.  Thus, 
when  no  special  considerations  intervene,  .the  edge  with  the  densest  paneling 
is  assigned  to  be  the  matching  edge.  Assuming  that  the  program  user  has  in 
fact  provided  one  edge  in  the  abutment  which  is  a  refinement  of  all  the  other 
edges,  then  that  edge  is  clearly  the  most  densely  paneled  edge,  and  so  doublet 
matching  wi 11  occur. 

Under  certain  circumstances,  the  program  does  not  assign  the  most  densely 
paneled  edge  in  the  abutment  as  the  matching  edge.  The  first  such  case  arises 
from  a  matching  edge  of  a  doublet  design  or  doublet  wake  network  taking  part 
in  the  abutment. 

Unlike  doublet  analysis  networks,  design  and  wake  networks  are  asymmetric; 
boundary  conditions  are  only  imposed  along  certain  edges  of  these  networks, 
called  matching  edges,  as  illustrated  in  figures  D.2  and  D.3.  When  a  matching 
edge  of  a  design  or  wake  network  belongs  to  an  abutment,  the  program  assigns 
it  to  be  the  matching  edge  for  the  abutment,  even  if  it  is  not  the  most 
densely  paneled  edge.  This  is  done  mostly  for  convenience;  the  user  is  not 
likely  to  know  what  boundary  condition  tc  impose  at  the  control  points  along 
the  matching  edge  and  so  the  program  evades  vhis  dilemma  by  assigning  doublet 
matching  boundary  conditions  there. 
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The  other  c i rcumstances  under  which  the  most  densely  paneled  edge  is  not 
chosen  as  the  matching  edge  is  illustrated  in  figure  F.7.  To  be  specific, 
whenever  the  curve  defined  by  an  abutment  is  "supersonic"  (that  is,  no  point 
on  the  edge  is  in  the  domain  of  dependence  of  any  other  point),  then  that 
network  edge  which  is  a  leading  edge  (that  is,  upstream  of  the  remainder  of 
the  network)  is  assigned  as  a  matching  edge. 

The  basis  for  this  assignment  is  largely  empirical.  Experience  with  the 
PAN  AIR  "pilot  code"  with  the  configuration  shown  in  figure  F.8a,  illustrates 
the  need  for  imposing  doublet  matching  on  the  leading  supersonic  edges  of 
networks  in  supersonic  flow.  When  doublet  matching  was  imposed  along  the 
trailing  edges  of  networks  1,  2,  and  3,  the  solution  was  completely  erratic, 
while  shifting  the  matching  boundary  conditions  to  the  leading  edges  of 
networks  4,  5,  and  6  resulted  in  a  solution  which  was  physically  reasonable. 

The  reasons  for  the  numerical  problems  resulting  from  the  assignment  of 
matching  edges  as  shown  in  figure  F.8a  are  not  precisely  known.  It  is  known, 
however,  that  specification  of  normal  mass  flux  in  a  two-dimensional, 
linearized,  planar,  supersonic  flow  problem  is  equivalent  to  specification  of 
the  doublet  gradient.  We  may  see  this  by  combining  equation  (C.1.5),  which 
states  that  aCp  is  proportional  to  Su/ax,  with  equations  (11-1)  and  (11  -3) 
of  reference  F.l,  which  states  that  aCp  is  proportional  to  normal  mass  flux. 

Thus  for  a  two-dimensional  conf iguration,  the  specification  of  zero  normal 
mass  flux  at  panel  center  points,  in  combination  with  doublet  matching  at  the 
trailing  edge,  is  equivalent  to  the  situation  in  figure  C.10,  with  the 
trailing  edge  boundary  condition  becoming  specification  of  u .  But  this  set  of 
boundary  conditions,  in  conjuction  with  the  doublet  analysis  spline,  does  not 
have  a  unique  solution.  We  see  this  by  noting  that  the  double1-  distribution 
u0(x)  shown  in  figure  F.8b  satisfies  u  =  0  at  the  leading  and  trailing 
edges,  and  a p / ax  »  0  at  panel  centers.  Thus,  if  some  solution  u(x)  exists 
which  satisfies  the  boundary  conditions  above,  so  does  u(x)  +  a  u0(x)  for 
all  real  numbers  a.  Thus  it  is  not  permissible  to  specify  u  at  the  trailing 
edge  of  a  two-dimensional  network  on  which  normal  mass  flux  is  specified  at 
panel  centers. 

Of  course,  the  configuration  in  figure  F,8a  is  not  a  two-dimensional  one. 
Nevertheless,  it  seems  to  have  enough  resemblance  to  a  two-dimensionai 
configuration  that  the  imposition  of  doublet  strength  specification  or.  the 
trailing  edge  of  networks  1,  ?.,  and  3  is  an  unstable  boundary  condition 
specification  for  the  doublet  analysis  network  spline  in  jse  on  those  networks. 

Summarizing,  the  program  assigns  a  matching  edge  of  a  doublet  design  or 
wake  network  as  the  matching  edge  in  an  abutment  whenever  one  is  available, 

Tf  there  is  none,  and  the  abutment  is  "supersonic",  the  leading  edge  of  the 
rnojt  "downstream-pointing"  network  is  assigned  as  the  matching  edge.  In  all 
other  cases,  the  most  densely  paneled  edge  is  assigned  as  the  matching  edge. 


F  .4-2 


Thus,  to  insure  precise  doublet  matching,  a  program  user  must  be  sure,  for 
every  abutment  containing  a  matching  edge  of  a  doublet  design  or  wake  network, 
that  this  edqe  is  a  refinement  of  all  the  other  network  edges.  Similarly,  if 
it  is  a  supersonic  abutment,  the  leading  edge  of  the  most  downstream  pointing 
network  must  be  a  refinement  of  the  others.  Finally,  in  all  other  cases,  some 
edge  must  be  a  refinement  of  all  the  others  (recall  that,  if  two  edges  have 
identical  paneling,  each  is  a  refinement  of  the  other). 

If  these  rules  are  fol'owed,  the  edge  chosen  by  the  program  as  the 
matching  edqe  will  ir  fact  always  be  the  mest  densely  paneled  one,  so  precise 
doublet  matching  will  occur.  This  loes  not  necessarily  mean  that  minor 
violations  of  the  rules  will  be  serious.  For  instance,  in  figure  F.9 
(ignoring  the  gap  -  filling  panels  for  the  moment),  the  edge  of  the  network  A 
is  not  quite  a  refinement  of  the  edge  of  network  B.  There  is  no  reason  to 
believe,  however,  that  the  doublet  discontinuities  which  result  from  the  small 
discrepancies  in  figure  F.9  are  significant. 
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F.5  Abutment  Intersect  ions 


Within  the  interior  of  an  abutment,  the  equation 

£sju-j*0  IF. 5.1) 

can  easily  be  imposed  by  assiqning  a  particular  edge  as  the  matching  edge,  and 
imposing  (F.5.1'  at  the  panel  edge  midpoints  on  this  edge. 

At  abutment  intersections,  points  where  two  or  more  abutments  meet,  (see 
figure  F.10),  the  choice  of  points  at  which  to  impose  (F.5.1)  becomes  more 
difficult.  Only  one  matching  boundary  condition  may  be  imposed  at  a  network 
corner  point  (since  only  one  control  point  is  'located  there),  yet  the  corner 
point  lies  at  the  end  of  two  distinct  abutments.  We  witl  say  that  a  corner 
point  C  is  "assigned"  to  ari  abutment  A  if  the  boundary  condition  imposed  at  C 
is  doub’et  matching  across  A. 

A  second  complication  is  the  danger  of  overspecification.  Consider  the 
abutment  intersection,  formed  by  four  networks,  illustrated  in  figure  F.10. 

Let  us  define  Wj  to  be  the  doublet  strength  at  the  corner  of  network  Nj 
at  this  intersection.  In  order  to  obtain  doublet  matching,  we  require 

gj  *  gg  »  m3  «  u4  (F.5. 2) 

8ut  these  are  only  three  equations.  Thus,  if  we  assign  corner  point  C’t 
to  abutment  A\,  Cg  to  Ag,  and  C3  tc  A3,  that  is,  impose  the  boundary 
conditions 


ul  »  ug  at  Cj 

ug  »  P3  at  Cg  (F.5. 3) 


and  U3  «  U4  at  C3 

we  have  satisfied  (F.5. 2).  If  we  were  to  assign  corner  point  C4  to  abutment 
A4  in  addition,  the  resulting  boundary  condition 

u4  =  uj  at  C4  (F .5 .4) 


would  be  redundant,  since  it  follows  from  (F.5. 31.  If  a  row  of  the  A1C  matrix 
corresponding  to  (F.5.4)  were  generated,  the  resulting  matrix  would  therefore 
be  singular,  sini.e  this  row  would  be  a  linear  combination  of  three  rows 
corresponding  to  (F.5. 3). 


Thus  overspec i f feat  ion  must  be  avoided  if  the  program  is  to  provide  a 
numerical  solution  to  the  potential  flow  problem.  This  is  straightforward  for 
any  reasonable  example,  but  clearly  the  program  must  follow  a  well-defined 
method  which  assigns  corner  points  to  abutments  in  such  a  manner  that  doublet 
matching  occurs  at  all  abutments  while  nn  overspecification  occurs.  As  an 
example,  the  abutment  intersection  in  figure  F.ll  may  arise  from  a  realistic 
airplane  configuration,  yet  an  automatic  procedure  assigning  corner  points  to 
abutments  is  not  obvious. 


Before  we  outline  such  a  procedure,  we  must  obtain 
abutment  intersections.  We  will  not  prove  these  facts 


a  few  facts  about 
in  general ,  but  wi 1 1 
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justify  them  by  showinn  that  they  hold  for  the  abutment  intersections  in 
figures  F.10  and  F.ll.  The  interested  reader  is  urged  to  make  up  examples  of 
his  own,  and  establish  these  facts  for  those  examples. 

The  first  such  fact  is  that  some  linear  combination  of  the  n  doublet 
matching  equations  arising  at  the  abutment  intersection  (where  n  is  the  number 
of  abutments  in  the  intersection)  is  a  trivial  equation  reducible  to  0  =  0. 
Further,  the  linear  combination  can  be  defined  with  all  the  coefficients  being 
±1. 


in  the  case  of  figure  F.10,  the  four  matching  equations  are 
ul  -  u2  =  0 
u2  -  U3  =  0 
u3  -  u4  »  0 

u4  -  uj  =  0  (F. 5.5) 

and  their  sum  is  0  =  0. 

In  figure  F.ll,  let  us  assume  the  normals  on  networks  1,  3,  and  4  point 
up,  out  of  the  paper,  the  normals  on  2  and  5  point  down,  and  the  normals  on  6 
and  7  point  to  the  left.  Then  the  doublet  matching  equations,  by  abutment,  are 


Ap 

ul  - 

n 

-  u3  =  0 

A?: 

u3  - 

u4 

-  u6  =  0 

A3: 

u4  + 

u5 

«  0 

A4: 

u6  * 

u7 

=  0 

A5: 

u2  ' 

u5 

=  0 

A6: 

U7  - 

ul 

=  0 

Note  that  the  plus 

sign 

for 

abutment  3  follows  from  the  opposite 

orientations  of  netwo-ks  4  and  5.  For  a  precise  description  of  the 
computation  of  the  signs  in  the  doublet  matching  boundary  condition 
(F.5.1),  see  section  B.3.  Once  again,  the  sum  of  all  the  equations  in  (F.5.6) 
is  0  =  0. 

Next,  we  claim  that  (n-1)  of  the  n  equations  that  occur  at  an  intersection 
of  n  abutments  are  linearly  independent.  Considering  (F.5.5),  we  see  that 
each  equation  (except  the  last  one)  introduces  a  variable  which  had  not 
previously  been  intro  lu^ed.  Thus  each  equation  is  independent  of  the  previous 
ones,  and  so  the  fir.  •'  -ee  equations  are  linearly  independent. 

Similarly,  consider  equations  2,  3,  4,  5,  and  6  of  (F.5.6).  equation  3 
introduces  115,  4  introduces  u7,  6  introduces  u?,  and  6  introduces  m, 
and  thus  these  five  equations  ata  linearly  independent. 

Next,  let  us  consider  one  more  example  of  an  abutment  intersection  (see 
figure  F .  1 2 ) .  The  doublet  matching  equations  are  (assuming  n  points  leftward 
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from  N]  ,  upward  from  N4 ,  and  out  of  the  pape*-  from  N2  and  N3 I  : 


A,  : 

Ul  -  U2  +  u3  =  0 

A?: 

u2  =  0 

a3  ■ 

u4  -  U3  =  0 

A4: 

C 

c 

•p* 

It 

0 

(F.5.7) 

Again,  we  see  that  the  second,  third,  and  fourth  equations  of  (F.5.7)  are 
linearly  independent,  since  each  introduces  a  new  variable,  while  the  sum  of 
the  fi^st  three  equations  minus  the  fourth  is  0  =  0. 

Thus,  for  our  three  examples,  the  right  number  of  doublet  matching 
boundary  conditions  to  impose  at  an  abutment  intersection  is  one  less  than  the 
number  of  abutments,  for  then  match inq  occurs  everywhere,  with  no 
overspecif ication. 

We  now  make  the  rash  general i nation  that  we  should  always  impose  one  fewer 
doublet  matching  boundary  condition  than  we  have  abutments.  While  not  proven 
in  general,  this  principle  has  been  shown  to  be  valid  for  a  large  number  of 
examples. 

We  are  still  left  with  two  questions.  First,  if  there  are  more  network 
corner  points  at  an  abutment  intersection  than  the  number  of  abutments  minus 
one,  then  at  which  corner  points  should  doublet  matching  boundary  conditions 
not  be  imposed  For  example,  in  figure  F - 10  there  are  4  corner  points  and  4 
abutments.  Second,  to  which  of  two  possible  abutments  should  a  corner  point 
be  assigned  for  matching,  once  the  program  decides  to  assign  it  to  some 
abutment  In  figure  F.10,  for  instance,  the  boundary  condition  available  at 
C2  may  be  used  to  impose  doublet  matching  on  either  or  A2. 

We  are  able  to  provide  a  systematic  approach  to  the  assignment  problem  by 
constructing  a  pictorial  mode!  for  an  arb’trary  abutment  intersection.  Let  us 
first  observe  that  each  network  corner  point  lies  at  the  end  of  two  distinct 
network  edge  segments,  and  therefore  there  are  exactly  two  abutments 
associated  with  any  corner  point.  For  example,  associated  with  corner  point 
F4  in  network  N4  of  fiqure  F.10  are  the  two  abutments  A3  and  A4.  On 
the  other  hand,  one,  two,  or  many  corner  points  are  associated  with  each 
abutment  belonging  to  an  abutment  intersection.  For  example,  corner  points 
r.  1  and  C4  are  associated  with  abutment  A4  in  figure  F.10.  The  same  two 
observations  hold  about  points  in  space,  and  line  segments  connecting  these 
points,  under  the  correspondence 

corner  points  ♦=>  line  segments 


(F.5.8) 


abutments  <  points  in  space 

That  is,  each  line  segment  has  er.actly  two  endpoints,  while  a  given  point  may 
be  the  endpoint  of  any  number  of  line  segments.  This  correspondence  is  not  a 
natural  one,  since  we  are  letting  points  correspond  to  lines  and  vice  versa. 
Nevertheless,  it  is  an  extremely  valuable  tool  in  analyzing  abutment 
intersections. 
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We  illustrate  in  figures  F.l3a,  b,  and  c  the  collections  of  line  segments 
and  points  which  correspond  to  the  abutment  intersections  in  figures  F.10, 
F.ll,  and  F.12.  Segments  are  labeled  Cj  to  emphasize  that  they  represent 
corners  of  network  N, ,  and  points  are  labeled  A,  to  represent  abutments. 

We  may  use  the  graphs  of  the  type  in  figure  F.13  as  a  tool  to  describe  a 
systematic  assignment  of  corner  points  to  abutments  in  such  a  manner  that  each 
assignment  introduces  a  new  variable  u i ,  and  thus  assures  the  linear 
independence  of  the  boundary  conditions  which  are  imposed. 

To  describe  this  systematic  assignment,  we  must  first  make  an 
observation.  Suppose  we  pick  an  arbitrary  abutment,  and  assign  any  corner 
point  which  belongs  to  the  abutment.  Next,  we  move  to  the  other  abutment 
associated  with  that  corner  point,  and  assign  any  corner  point,  other  than  the 
one  previously  assigned,  to  it.  Once  again,  we  pick  the  other  associated 
abutment,  always  making  sure  no  corner  point  is  assigned  twice. 

We  now  note  that  in  general,  as  long  as  we  are  not  forced  into  a  "dead 
end",  or  into  an  abutment  to  which  we  have  already  assigned  a  corner  point, 
and  as  long  as  we  stop  when  we  reach  the  last  abutment  but  one,  or  earlier, 
each  abutment  involves  a  new  network  corner  point,  which  has  not  been 
associated  with  a  previous  abutment.  That  is,  each  time  we  jump  from  point  to 
point,  we  come  across  a  new  line  segment. 

But  this  means  that  if  we  assign  corner  points  to  abutments  subject  to  the 
restrictions  above,  we  are  always  introducing  a  new  variable  in  each  equation 
we  produce,  and  thus  the  linear  equations  must  be  independent. 

So,  for  an  arbitrary  graph  of  the  form  in  figure  F.13,  we  must  find  a 
"path"  or  a  sequence  of  paths  through  the  graph,  such  that  each  time  we  come 
to  a  new  abutment,  a  new  line  segment  occurs  (associated  with  that  abutment), 
which  did  not  occur  before.  If  we  ever  come  to  a  new  abutment  for  which  no 
new  line  segment  occurs,  we  have  reached  a  dead  end,  since  the  corner  points 
corresponding  to  those  line  segments  have  already  been  used  for  matching. 

cor  example,  in  figure  F.13a,  we  may  assign  Cp  to  Aj ,  then  C3  to 

A?,  and  then  C4  to  A3.  In  figure  F .13b,  we  may  assign  to  A3, 

C7  to  Ag,  Cg  to  A4,  Ca  to  Ap,  and  C5  to  A3.  In  figure  F.13c, 

we  may  assign  Cp  to  Ap,  Ci  to  Aj ,  and  C4  to  A4.  In  each  case,  we 

have  assigned  one  fewer  corner  point  than  there  are  abutments. 

In  choosing  these  paths  through  the  three  graphs,  we  obeyed  the  following 
principles. 

a.  We  started  at  an  abutment  with  empty  space  (that  is,  an  abutment  with 
only  one  associated  comer  point)  wherever  one  existed,  in  order  to 
avoid  ending  a  path  in  one  (e.g.,  Ap  in  figure  F.12). 

b.  We  were  sure  not  to  circle  around  an  entire  "closed  loop."  An 
example  of  a  closed  loop  would  be  assigning  (in  figure  F,13c)  Cj  to 
^1,  and  C4  to  A4.  Had  we  done  so,  all  variables  wi  would 
already  have  occurred  somewhere,  and  we  could  not  be  sure  that  the 
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would  be 


.V  .  acea  ny  assigning  some  corner  point  to  sc 
linearly  independent  of  the  previous  equations. 


c . 


ll  n lTJrre<i  ear'^er’  we  never  assigned  the  same  corne-  point  twice 
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rewer  assignment  than  there  were  abutments 

Document  (section  4-H)  J  Ct$  wl)1  discussed  in  the  Maintenance 


F.5-5 


A 


r .6  Gap-Fi 1  ling  Panels 


Whenever  a  gap  whose  size  is  greater  than  the  user-specified  tolerance 
distance  occurs  between  portions  of  two  or  more  network  edges  which  form  an 
abutment,  gap-filling  panels  are  defined.  The  placement  of  gap-filling  panels 
is  illustrated  for  an  abutment  containing  two  network  edges  in  figure  F.9. 

We  now  briefly  outline  the  process  by  which  gap-filling  panels  are 
constructed,  first  considering  the  case  of  two  network  edges.  First,  each 
edge  i the  abutment  is  "parametrized."  That  is,  each  panel  corner  point  on 
the  edge  is  assigned  a  real  number  t  between  0  and  1  inclusive,  where  t  is  the 
ratio  of  two  distances.  The  first  distance  is  the  sum  of  the  lengths  of  the 
panel  edges  between  the  starting  point  of  the  abutment  and  the  panel  corner 
point  in  question,  while  the  second  distance  is  the  sum  of  the  lengths  of  all 
the  panel  edges  on  a  network  edge.  Thus  t  represents  the  proportion  of  the 
entire  edge  length  which  one  has  traveled  in  proceding  from  the  start  of  the 
abutment  to  the  panel  corner  point  in  question.  In  figure  F.9,  each  panel 
corner  point  is  given  a  value  t. 

Now,  suppose  the  distinct  values  of  t  which  occur  for  the  two  network 
edges  are  {t0,  , . . . ,  tn>  ,  where 

0  «  t0  <  ti  <...<  tP  «.  1  (F.6.1 ) 

In  the  example  of  figure  F.9,  n  =  9,  since  there  ire  11  panel  corner  points 
other  than  the  initial  points,  and  the  values  t  =  .80  and  t  *  1.0  occur  twice. 

Now,  up  to  n  gap-filling  panels  may  be  constructed  to  fill  the  gap  in  the 
abutment.  For  each  integer  1,  1  <  i  <  n,  the  quadrilateral  region  with  corner 
points  lying  on  the  two  network  edges,  with  respective  parameter  values  t  » 
t and  t  =  tj  is  examined.  If  t(  is  not  the  parameter  value  of  a 
corner  point  (for  instance,  .30  is  not  the  parameter  value  of  any  cornerpoint 
on  network  A  in  figure  F.9),  linear  Interpolation  between  corner  points  is 
used  to  find  the  point  on  the  panel  edge  with  that  parameter  value.  If  three 
or  more  of  the  four  edges  of  this  quadrilateral  region  have  length  greater 
than  the  user-specified  tolerance  distance  e,  a  gap-filling  panel  is  defined. 

Thus,  for  the  abutment  in  figure  F.6,  no  gap-filling  panels  would  be 
defined,  since  the  gap  size  is  uniformly  smaller  than  e,  and  so  all  potential 
gap-filling  panels  have  two  edges  of  length  less  thar.  e.  On  the  other  hand, 
if,  in  figure  F.9,  e  were  approximately  .05  times  the  abutment  length,  seven 
gap-filling  panels  would  be  defined,  while  two  potential  ones  would  be 
discarded  because  two  edges  of  the  panels  would  be  too  short.  The  reason  that 
very  small  gap-filling  panels  are  never  defined  is  that  numerical  difficulties 
could  occur  in  measuring  the  influence  of  these  panels  on  control  points.  It 
is  not  known  at  this  time  under  which  circumstances  the  resulting  doublet 
discontinuity  might  be  significant. 

Next,  we  address  the  question  of  how  to  define  the  doublet  strength  on  the 
gap-filling  panels  so  that  doublet  continuity  is  attained.  The  edge  splines 
constructed  in  appendix  I  assure  that,  if  one  edge  is  a  refinement  of  the 
other,  then  the  doublet  strength  matches  at  points  on  the  two  network  edges 
with  the  same  parameter  value  t.  Thus  we  want  the  doublet  strength  to  be 
constant  on  the  panel  along  the  direction  perpendicular  to  the  direction  of 
the  abutment. 
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We  illustrate  this  in  figure  F.14.  The  four  corner  points  of  the  panel 

i  I 

are  and  P.+1  on  edge  A  and  Pi  and  P.+1  on  edge  B.  We  then 

define  M.  as  the  midpoint  of  the  segment  P.  P.^,  and  Mi '  similarly. 

Then,  since  P.,  P^,  and  M.  each  has  the  same  parameter  value  as  its 

primed  counterpart,  it  also  has  the  same  doublet  strength,  namely  a,  y.,., 

+  ,  ^  • 
or  respectively.  Thus,  we  have  defined  y  at  six  of  the  nine  panel 

defining  points,  and  we  define  y  at  the  remaining  three  panel  defining  points 

in  the  natural  way. 


This  defines  y  uniquely  on  the  whole  panel  (see  section  5.5).  Further,  it 
insures  continuity  of  y  on  the  whole  edge  P.  P..,  and  tne  whole  edqe 

*  I  1  1TI 

P^+i»  since  these  two  gap-filling  panel  edges  are  subsets  of 
ordinary  panel  edges.  Thus  the^dbablet  strength  on  the  network  edges  is 
defined  by  a  single  quadratic  function  in  one  variable,  and  therefore  agrees 
with  the  doublet  strength  on  the  gap-filling  panel  edge  everywhere,  since  it 
agrees  at  three  points. 


Finally  we  must  consider  the  case  of  three  or  more  network  edges  meeting 
in  an  abutment,  as  illustrated  in  cross-section  in  figure  F.15-  There, 
network  E0  Is  the  most  densely  paneled  network  edge,  and  so,  if  the  user  has 
followed  the  paneling  rules,  it  is  a  refinement  of  edges  Ei  and  E?.  We 
construct  gap-filling  panels  as  illustrated  in  order  to  fill  the  gap  in  the 
abutment. 

It  still  remains  to  be  decided  how  to  define  the  doublet  strength  on  the 
gap  filling  panels.  We  want  the  doublet  strength  to  be  continuous  across 
edges  Ej  and  E2,  while  at  E0  we  want 

Wo  “  w(l)  -  y(2)  =  0  (F.6.2) 

where  y(i)  is  the  doublet  strength  on  the  gap-filling  panel  spanning  the  gap 
from  E0  to  Ej.  On  the  other  hand,  the  doublet  edge  splines  and  matching 
boundary  conditions  insure 


w0  -  ul  -  ug  =  0  (F.6.3) 

where  y-j  is  the  doublet  strength  on  edge  Ej.  Thus  the  specification 
w(l)  =  wl 

u(2)  *  W2  (F .6.4) 

insures  doublet  continuity  (in  the  form  (F.1,1))  everywhere. 

Thus  the  general  procedure  used  by  Pan  Air  for  gap-filling  panels  in 
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abutments  with  three  or  more  network  edges  is: 

a.  choose  the  most  densely  paneled  edge  (which  should  be  a  refinement  of 
all  the  other  network  edges), 

b.  define  gap-filling  panels  in  the  gap  between  the  finest  edge  E0 
and  each  other  edge  Ej,  just  as  if  this  were  an  abutment  with  only 
two  edges,  and 

c.  define  the  doublet  strength  on  the  gap-filling  panels  to  be  equal  to 
the  doublet  strength  ori  the  edge  E-j. 

ulota  that  this  procedure  works  even  if  there  are  only  two  edges  in  the 
abutment.  Further,  it  insures  that  the  equation 

ESi  »i  -0  (F.e.5) 

is  imposed  along  all  network  edges. 
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Network 


Figure  F.l  -  Impermissible  network  Intersection 
(in  cross-section) 


•  -  region  where  viscous 
effects  dominate 


Figure  F.2  -  Leading  edge  vortex  (in  cross-section) 


Figure  F.3  -Simulation  of  a  vortex  core 
by  a  line  vortex 


Hgur*  F.4  -  Multiple  pairwise  abutments  Involving 
the  same  edges 


Figure  F.5  -  Each  network  edge  Is  a  refinement  of  the  other 
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Figure  F.6  -  Edge  1  Is  a  refinement  of  edge  2 
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Figure  F.8t  Doublet  distribution  arising  from  specification 
of  u  at  trailing  edge 


Network  A 


gap-filling 

panels 


Figure  F.9  -  One  edge  Is  not  precisely  a 
refinement  of  the  other 


Ai 


N  ■  network 
A  ■  abutment 
C  *  corner  point 


Figure  F.10  -  An  abutment  Intersection  with  4  abutments 
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Figure  F. 


paths  discussed 
in  text 


Line  segment  and  point  diagrams  corresponding 
to  three  abutment  Intersections 
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Figure  F.  14  -  Gap-filling  panel 


"1 

Figure  F.15  -  Gap-filling  panels  on  an  abutment  with  3  network  edges 


G.O  Control  Point  Locations 


In  figure  G.l  we  illustrate  the  possible  location  of  points  on  a  network, 
called  control  points,  at  which  boundary  conditions  are  defined.  These 
locations  are  independent  of  the  source  type  or  doublet  type  of  the  network; 
however,  we  will  see  in  Appendix  H  that  meaningful  boundary  conditions  are  not 
necessarily  imposed  at  all  control  points  (for  instance,  on  wake  networks, 
boundary  conditions  are  only  imposed  along  one  edge). 

Note  that  controls  points  are  illustrated  as  being  located  near,  but  not 
directly  on,  midpoints  of  panel  edges  lying  on  network  edges.  This  is  due  to 
the  disastrous  results  which  would  occur  from  attempting  to  measure  the 
velocity  or  potential  at  a  control  point  that  lies  directly  on  a  panel  edge 
(see  section  J . 1 1 ) .  Later  in  this  section  we  describe  the  procedure  used  to 
recede  control  points  from  the  panel  edge. 

When  a  network  edge  is  divided  into  distinct  portions  belonging  to 
separate  abutments,  as  illustrated  in  figure  G.2,  an  extra  control  point,  in 
addition  to  those  in  figure  G.l,  is  defined.  The  same  data  is  computed  for 
these  control  points  as  for  ordinary  control  points. 

In  order  to  determine  its  location,  a  control  point  is  placed  in  one  of 
three  categories:  panel  center  control  points,  edge  midpoint  control  points, 
and  panel  corner  control  points.  The  latter  two  categories  are  only  defined 
along  the  network  perimeter.  The  control  point  is  defined  by  prescribing  a 
"hypothetical  location"  (the  center  point,  edge  midpoint,  or  corner  point  at 
which  the  control  point  would  ideally  be  located),  and  a  "recession  vector" 
which  describes  the  extent  to  which  the  control  point  is  receded  into  a 
subpanel  from  its  hypothetical  location. 

The  size  of  the  "recession  vector"  has  been  determined  experimentally. 
Basically,  it  has  been  chosen  as  small  as  possible  without  causing  severe 
numerical  error.  We  refer  to  figure  G.3  in  defining  the  recession  vectors. 
There,  we  show  an  edge  control  point  as  P5  and  a  corner  point  at  Pi  ;  for 
control  points  at  other  points  or  edge  midpoints  the  procedure  is  identical. 

Panel  center  control  points  are  only  receded  very  slightly  from  the  center 
point  P9  since  the  doublet  distribution  is  differentiable  and  the  source 
distribution  is  continuous  at  Pg  ;  as  a  result  (see  section  J.ll)  the 
potential  and  velocity  induced  by  the  singularity  distributions  are  very  well 
behaved  at  Pg.  It  is  still  necessary  to  recede  the  control  point  slightly, 
however,  because  Influence  coefficients  can  not  be  computed  for  a  point  lying 
directly  on  a  sub-panel  edge,  because  the  calculations  yield  singular  results 
there.  So,  we  choose  the  recession  vector  to  be 


■&  _  (Pe  -  Pg}  +  (P7  -  Pg) 

- rooc - 


(G.0.1 ) 


Edge  control  points  are  receded  considerably  further  because  of  the 
discontinuities  in  doublet  derivative,  surface  slope,  and  source  strength 
which  occur  at  network  edges.  Thus,  for  the  control  point  located  at  P5,  we 
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define  its  recession  ve«.:.or  to  be 


t  (Pg  -  F\)  4  fPg  -  °“r) 

’ - W  — . .  (G.O.Z) 

and  similarly  for  other  edge  control  points. 

For  corner  control  points,  the  situation  is  complicated  by  the  fact  that 
not  all  panels  look  like  the  one  in  figure  G.3,  for  which  the  control  point  at 
Pj  would  be  receded  in  some  obvious  manner  into  the  first  subpanel.  In 
figure  G.4(a),  the  first  subpanel  is  tiny,  while  in  G . 4 ( b )  it  does  not  exist 
at  all. 

We  thus  determine  a  recession  vector  for  this  case  as  follows.  Let  A, 
be  the  area  of  the  ith  subpanel  projected  to  the  average  plane.  Then  if 

A!  >  A5/10  (G.0.3) 

we  set 


"r  „  (Pe  -  Pj)  »  (P5  -  Pi) 


(G.0.4) 


otherwise,  we  pick  P^g  "between"  and  P9  as  described  below,  and  set 


R  -  (Plo  -  Pi)  +  (P9  -  PlO)  +  -~-(P8  "  1*10)  (P5  '  ?10) 

(G.0.5) 

To  evaluate  Ai  and  P^g  let  us  consider  the  panel  coordinate  system 
discussed  in  section  0.2  and  illustrated  in  figure  D.ll.  In  this  coordinate 
system,  the  area  of  subpanel  5  is  1/2.  Subpanel  1,  projected  to  the  average 
(z  =  0)  plane,  is  illustrated  in  figure  G.5.  Its  area  (see  0.2.16)  is 

/-1-ClA  /-C]1  \ 

A!  =  1/2  1(^5  -  Pi)  x  (P^g  -  Pi)|.  1/2  [-C21  x  (  -1-C21  ] 

\  0  y  \  °  )  (G.0.6) 
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associated  sign  is  computed.  These  arise  from  the  matching  boundary  condition 
(see  section  F.i) 

E  s-j  wi  *  0  (6.0.14) 

where  the  m  are  the  values  of  doublet  strength  on  different  networks. 

In  figure  G.6,  we  illustrate  an  abutment  containing  three  network  edges. 
Although  the  control  point  is  receded  from  the  edge,  the  matching  boundary 
condition  involves  singularity  strengths  at  the  edge;  In  this  example  (G.0.14) 
becomes 

2 

£  u ( H-j )  -  0  (G.0.15) 


i  -  0 

where  H0  is  the  (default)  hypothetical  location  of  the  control  point,  while 
Hi  and  H2  are  extra  hypothetical  locations. 

In  Appendix  F  we  indicate  how  the  signs  si  are  computed;  here  we 
describe  the  computation  of  the  extra  hypothetical  locations.  Hypothetical 
locations  are  computed  one  abutment  at  a  time  by  parametrizing  the  abutment 
(see  section  F.4),  a  process  that  assigns  to  each  panel  corner  point  or  edge 
midpoint  P  on  that  portion  of  a  network  edge  belonging  to  an  abutment  a  real 
number  t(P)  between  0  and  1. 

In  figure  G.7,  we  illustrate  an  abutment  with  two  network  edges.  Given 
the  control  point  and  default  hypothetical  location  H0  ,  we  compute  the 
extra  hypothetical  location  Hi  as  follows.  Parametrizution  of  the  abutment 
gives  us  t(H0),  and  also  assigns  a  value  t  to  every  panel  corner  point  and 
edge  midpoint  on  the  edge  of  network  1. 

By  interpolation  between  these  points,  we  find  ,'i  as  the  point  satisfying 

t(Hi).t(H0)  (G.0.16) 

In  addition  to  the  coordinates  of  the  extra  hypothetical  locations,  the 
program  determines  the  panel  and  subpanel  on  which  each  extra  hypothetical 
location  lies,  so  that  the  doublet  strength  can  be  computed  there  later. 

Oui  discussion  of  matching  boundary  conditions  has  assumed  we  are  dealing 
with  doublet  matching.  In  the  case  of  a  source  matching  boundary  condition 
(which  may  occur  on  the  edge  of  a  source  design  network) 

Esi  oi  -  0  (G.0.17) 

extra  hypothetical  locations  and  signs  are  computed  as  before. 

There  are  two  final  pieces  of  geometric  data,  associated  with  control 
points,  which  we  have  not  yet  discussed.  These  are  the  normal  and  conormal  of 
the  subpanel  on  which  the  control  point  lies.  The  normal  is  needed  in 
post-processing  to  compute  velocity  from  the  potential  and  the  normal  mass 
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flux  (see 
mass  flux 

v"  •  n 


Appendix  N) ,  while 
from  the  velocity 


/-he  conormal  n  is  needed  to 
influence  coefficient  matrix 


The  computation  of  the  normal  it  Oescrioed  in  tection  0.2 
n  «  [B0]  n 

where  [B0]  „  I  ♦  (Sfl2  .  1} 
by  equation  (E.3.9). 
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Figure  G.5  -  Subpanel  1,  projected 
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Network  0 


Figure  G.6  -  Abutment  with  3  network  edges  (cross-section) 
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H.O  8oundary  Conditions  and  Onset  Flows 

In  this  appendix,  we  describe  the  processing  of  the  user-input  boundary 
condition  data  by  the  program.  The  program  is  not  (with  one  exception) 
concerned  with  the  nature  of  the  boundary  value  problem  defined  by  the  user 
(that  is,  whether  or  not  it  is  well  posed).  Under  certain  circumstances, 
however,  user-specified  boundary  conditions  are  over-ridden  by  the  program. 

In  section  H.l,  we  discuss  the  standard  boundary,  condition  equation, 


aA  wA  .  n  +  cA  +  tA  .  v'a 

+  ap  a  +  cq  u  +  tg  .  vu  =  b  (H.0.1) 


and  describe  how  the  program  computes  the  coefficients  of  the  left  hand  s'de 
of  the  equation.  In  section  H.2,  we  discuss  program  overrides  of  the 
user-specified  boundary  conditions.  In  section  H.3,  we  discuss  the 
computation  of  the  right  hand  side  of  (H.0.1)  via  onset  flows. 


i 


i 
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h.l  Reduction  of  User-Specified  Boundary  Conditions  to  Standard 

Formulation 

The  program  user  usually  defines  v.wo  boundary  conditions  at  each  control 
point.  Generally  this  is  done  on  a  network-wide  basis  (especially  in  defining 
the  left  hand  side  of  (H.0.1),  but  it  may  be  done  on  a  point-by-point  basis. 
The  User's  Manual  (section  3)  explains  how  to  define  the  boundary  condition 
coefficients;  for  standard  cases  it  is  done  automatically  by  the  program.  In 
any  case,  the  user-input  boundary  condition  can  be  much  more  general  than 
(H.0.1);  it  can  be  of  the  form  (though  almost  all  coefficients  would  generally 
be  zero); 


aj  wy  .  n  +  cj  +  tj  .  +  ej  vj,  .  n 


+  a^  wL  .  n  +  c^  $L  +  \  +  eL  \  •  n 


I  -fc  A  T  -M  ->»  T  -t.  A 

+  a^  w^  .  n  +  cA  4^  *  t*  .  vfl  +  ej|  vA  .  n 


“A  WA  A  •  ’A  A  'A 


I  -  *  -I  +  t1 


+  a0  17  +  CD  u 


D  .  Vu  +  e0  vQ  .  n 


(H.1.1) 


Here,  the  subscripts  U,  L,  A,  D  refer  to  upper,  lower,  average,  and 
difference,  while  the  superscript  I  specifies  that  these  are  user-input 
quantities. 

Letting  X  stand  for  any  of  the  quantities  w,  i,  or  v,  we  have,  by 
definition, 


XA  «  1/2  (Xu  +  XL) 

XD  -  Xu  -  XL 

Inverting  (H.l. 2)  we  have 
X(j  -  XA  +  1/2  Xq 
XL  -  XA  -  1/2  Xq 

Thus,  ay  Xy  +  ol  Xj_  ■  (ay  ♦  «l)xA  +  1/2  (<»u  -  «l)  *D 
where  au  and  ay  4re  any  real  numbers. 


(H.l. 2) 


(H.l. 3) 


(H.1.4) 


H.l-1 


Substituting  (H.1.4)  into  (H.1.1),  we  have 
(a*  +  +  a*)  wA.n  +  (c*  +  c*  +  cA)#A 

*  (<j  ♦ij>  •  *»  *  <"2  *  *;  • s 

*  (1/2  aj  -  1/2  aj  +  aj)  a 

+  d/2  cj  -  1/2  cj+cj)  u 

+  (1/2  tj  -  1/2  tj  +tj)  .Vy 

+  (1/2  ej  -  1/2  ej  *  ej)  nTd  .  n  -  b  (H.1.5) 

Here,  we  have  used  the  facts  that  g  *  wq  .  n  and  y  -  So  we  have 
replaced  upper  and  lower  flow  quantities  in  (H.1.1)  with  average  and 
difference  quantities.  But  in  order  to  put  the  equation  in  the  non-redundant 
form  (H.O.l),  we  still  have  to  eliminate  the  normal  velocity  terms  which  may 
be  selected  by  a  program  user  In  place  of  normal  mass  flux. 

Now,  we  have  already  shown  (see  5.4.16a)  that 

vf  •  n  =  "v  •  n  (H.l .6) 

where  n  is  the  co-normal.  Now,  assuming 

n  •  n  *  0  (H.l. 7) 

(n  •  n  =  0  Is  the  case  of  a  forbidden  "Mach-inclined"  panel),  we  have  the 
identity 

n  ■  1  n  +  t 

n  .  n  (H.l. 8) 

where 

T  «  n  -  1  n 

n  .  n  (H.l. 9) 


H.  1—2 


Now 


n  .T -  1  -  JL  •  n  =  0 
n  .  n 

and  so  T  is  in  fact  a  tangent  vector  or  zero. 

Thus,  by  (H.1.8), 

v  *  n  x  ...l  y  i  jj  t  ?  *  i  _».A  __ 

n  .  n  ~~ - x  >y  •  n  ♦  T  .  S 

n  .  n 

Substituting  (H.l.ll)  into  (H.1.5),  we  obtain 


(H.1.10) 


(H.l.ll) 


V  +  ai 1  +  aAI  +  1 


n  •  n 


-  (eu1  *  eLf  +  eAI  ) 


"A  <  n 


*  (cu1  +  cL*  ♦  cAI)  0A 

+  (?Ur  +tLI  ♦  tAI  ♦  (euI  ♦  eLI  eA I )  t  }  .  *A 
+  UK  aUr-  1/2  aLl  *  a0r  ♦  1  ni9  B  r  ,  * 

“TT*  {1/2  eu  '  1/2  eL  +  *or)) 

+  (1/2  cui  -  1/2  cLI  *  cpi)  B 

f  (1/2  t(jI  ~  1/2  +  V  *  (1/2  eyl  -  1/2  eLI  *  e0I)?)  * 


•v»  -  b 


(H. 1 .1?) 
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h.Z  Program  Overrides  of  User  Boundary  Condition  Specifications 

The  program  overrides  that  can  occur  are: 

(1)  reformulation  of  boundary  conditions  on  a  superincl inded  panel  to  specify 
conditions  on  the  downstream  side, 

(2)  nullification  of  the  boundary  condition  if  no  corresponding  singularity 
parameter  exists, 

(3)  imposing  matching  of  doublet  or  source  strength,  and 

(4)  imposition  of  a  closure  boundary  condition. 

H.2.1  Superincl ined  Panel  Override 

In  describing  the  program  override  which  occurs  on  super incl i ned  panels, 
that  is,  those  for  which 

n-n  <  0  (H.2.1) 

we  will  assume  for  convenience  tnat  the  'upper”  surface  of  the  panel  is  the 
"upstream"  surface,  that  is,  that 

n  •  c0  <  0  (H.2.2) 

where  c0  is  the  compressibi 1 ity  vector. 

This  assumption  is  not  made  within  the  program,  of  course.  Under  this 
assumption,  any  upper  surface  specification  is  ill-posed,  or  very  nearly  so. 
Nevertheless,  such  a  boundary  condition  could  accidentally  occur  if  a  panel 
significantly  inclined  to  the  freestream  becomes  superincl ined  as  the  Mach 
number  is  increased. 

We  say  that  an  upper  surface  condition  has  been  specified  if  all  the 
coefficients  of  Xl's  are  zero,  where  Xi  is  defined  in  (H.1.3),  and  X 
stands  'or  wm,  0  ,  or  v-.  Using  (H.1.3),  we  see  that 

XA  -  1/2  Xg  =  XL  (H.2.3) 

Mow,  an  upper  surface  boundary  cond'tion  specification  has  occurred  if 

aL  ■  0 

cl  -  o 

and  tL  -  0  (H.2.4a) 

that  is,  if  aA  =  2  ao 

CA  “  -  CD 

and  tA  «  2  tg  (H.2.4b) 

H.2- 


Whenever  (H.2.4)  occurs,  the  boundary  condition  (H.0.1)  is  replaced  by  the 
revised  boundary  condition 

"L  .  n  =  wA.n  -  1/2  a  *  0  (H.2.5) 

or,  if  that  boundary  condition  has  already  been  specified  as  the  other 
boundary  condition  at  the  control  point,  (H.0.1)  is  replaced  by 

=  0  (H.2.6) 

finally,  if  the  boundary  condition  (H.0.1)  is 

o  =  b  (H.2.7) 

the  program  assumes  this  to  be  an  indirect  upper  surface  boundary  condition 
associated  with  interior  perturbation  stagnation,  and  thus  replaces  this  with 
the  boundary  condition  (H.2.5). 


H.2.2  Nullification  of  User-Input  Boundary  Conditions 


The  program  override  of  a  user-specified  boundary  condition  just  discussed 
differs  from  the  other  overrides  in  that  one  boundary  condition  of  the 
standard  form  (H.0.1)  is  replaced  by  another  boundary  condition  of  the  same 
form.  The  other  program  assigned  boundary  conditions  have  non-standard  form. 

Let  us  consider  the  method  by  which  the  program  decides  the  number  of 
non-trivial  ooundary  conditions  to  Impose  at  a  control  point.  Here,  the 
underlying  principle  Is  that  the  number  of  boundary  conditions  must  equal  the 
number  of  singularity  parameters. 

Tnis  principle  is  achieved  by  the  following  algorithm.  Initially,  the 
number  is  zero.  Next,  we  compare  the  control  point  location  (see  figure  G.l) 
with  the  boundary  condition  locations,  for  the  network  source  type, 
illustrated  in  figure  H.l.  If  a  boundary  condition  location  appears  at  the 
control  Doint  location  we  increment  the  boundary  condition  count,  unless  the 
source  type  is  rail,  in  which  case  we  do  not  increment  the  count.  Next,  we 
compare  the  control  point  location  to  the  boundary  condition  locations  for 
doublet  networks  illustrated  in  figure  H.2,  again  Incrementing  the  count  only 
if  a  boundary  condition  location  appears  in  the  control  point  location.  This 
gives  us  the  number  of  boundary  conditions  to  be  imposed  at  the  control  point. 

For  "extra"  control  points,  at  most  one  boundary  condition  is  imposed, 
depending  on  the  doublet  type.  One  boundary  condition  is  imposed  if  the  extra 
control  point  lies  on  a  doublet  analysis  network,  or  on  the  matching  edge  of  a 
doublet  wake  1  or  doublet  design  network. 

For  the  typical  case  (that  of  a  source  analysis/doublet  analysis  network) 
this  algorithm  results  in  the  Imposition  of  two  boundary  conditions  (such  as 
K  -  0,  ,  ,  -t-n)  at  panel  centers,  and  one  boundary  condition  (such  as 
$L  -  0)  at  edge  control  points. 


H.2-2 
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Now,  the  program  may  decide  that  zero,  one,  or  two  boundary  conditions  are 
required  at  a  control  point.  It  then  determines  a  list  of  user-input  boundary 
conditions,  possibly  modified  by  the  program  in  the  case  of  a  super incl ined 
panel.  Again,  there  may  be  zero,  one,  or  two  of  these.  Next,  it  determines  a 
list  of  program-generated  boundary  conditions  of  the  form  of  doublet  or  source 
matching,  or  closure.  If  the  total  number  of  non-trivial  boundary  conditions 
to  be  assigned  exceeds  the  number  of  program-assigned  boundary  conditions, 
additional  boundary  conditions  are  assigned  from  the  list  of  user-input 
boundary  conditions.  If  an  insufficient  number  of  user-input  boundary 
conditions  is  available,  the  program  prints  an  error  message  and  terminates. 

If  fewer  than  two  non-trivial  boundary  conditions  are  needed  at  a  control 
point,  the  remaining  boundary  conditions  are  labeled  "null",  so  that, 
formally,  two  boundary  conditions  are  defined  at  each  control  point.  The  null 
boundary  conditions  are  ignored  when  the  aerodynamic  influence  coefficient 
matrix  is  computed.  If  more  user-input  boundary  conditions  ere  entered  than 
are  required,  the  program  chooses  which  one  to  impose  according  to  a  procedure 
described  in  section  H.2.5. 


H.2.3  Source  and  Doublet  Matching  Boundary  Conditions 


The  program-assigned  boundary  conditions  of  source  or  doublet  matching  or 
closure  only  occur  at  network  edges.  Source  matching  and  closure  boundary 
conditions  only  occur  for  design  networks,  while  doublet  matching  boundary 
conditions  may  occur  on  an  edge  of  any  network  whose  doublet  type  is  not 
"null1'. 

Recall  from  section  F.3  that  for  each  network  abutment,  at  most  one 
network  edge  segment  is  labelled  to  the  effect  that  its  control  points  will  be 
used  for  doublet  matching.  All  the  edge  midpoint  control  points  on  that 
network  edge  segment  now  receive  a  program-assigned  boundary  condition  of 
doublet  matching.  Similarly,  It  may  occur  that  at  most  one  network  edge 
segment  Is  labelled  source  matching.  The  edge  control  points  on  that  segment 
are  then  assigned  a  boundary  condition  of  source  matching. 

Similarly,  at  each  "abutment  Intersection",  some  of  the  corner  control 
points  belonging  to  the  intersection  may  be  labelled  as  doublet  matching 
control  points.  These  control  points  are  assigned  a  doublet  matching  boundary 
condition. 


H.2.4  Closure  Boundary  Conditions 


Closure  boundary  conditions  occur  when  one  particular  edge  of  a  source  or 
a  doublet  design  network  Is  designated  as  a  "closure  edge"  by  the  program 
user.  Then,  for  each  edge  midpoint  control  point  on  the  network  edge,  the 
boundary  condition 

//(a A  wa  •  n  +  aD  a)  dS  -  b  (H.2.8) 


( 

t 

\  ■ 


C 
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is  imposed,  where  C  is  the  row  or  column  of  panels  headed  by  that  control 
point,  as  illustrated  in  figure  H.3.  The  coefficients  a^,  ag,  and  b  are 
user-supplied,  and  once  again  can  be  redundantly  defined  in  terms  of  upper, 
lower,  average,  and  difference  terms.  We  will  explain  (H.2.8)  by  means  of  a 
simple  example. 

In  figure  H.4,  we  illustrate  a  thick  wing  on  the  upper  surface  of  which  we 
desire  a  specified  pressure  distribution  (see  Appendix  C  for  a  discussion  of 
the  design  process).  Now,  after  solving  the  potential  flow  problem  and 
relofting  the  surface,  we  obtain  a  relofted  surface,  whose  trailing  edge  may 
or  may  not  coincide  with  the  unchanged  trailing  edge  of  the  lower  surface. 

The  closure  boundary  condition  can  be  used  to  insure  that  the  trailing  edge 
coincide  after  relofting,  that  is,  that  the  airfoil  "closes". 

But  now,  suppose  the  boundary  condition 

B 

J  wu.n  dl  -  0  (H.2.9) 

A 

is  satisfied,  where  A  and  B  are  shown  in  figure  H.4.  Then  clearly  a 
streamline  originating  on  the  wing  upper  surface  at  A  will  end  up  at  B.  It 
can  not  end  up  "above"  B,  since  then  a  streamline  starting  slightly  below  A 
would  end  up  slightly  above  B,  and  thus  the  Integral  of  the  mass  flux  through 
the  surface  would  be  non-zero  (see  figure  H.5). 

Now,  a  wing  is  a  3-dimensional  object,  and  thus,  in  order  to  Insure  that 
any  streamline  originating  at  the  leading  edge  of  the  design  network  will 
arrive  at  the  trailing  edge  of  the  design  network,  equation  (H.2.9)  must  be 
imposed  on  a  dense  set  of  integration  contours  originating  at  the  leading 
edge,  and  following  the  wing  surface  in  a  streamwise  direction  to  the  trailing 
edge.  Then  the  relofted  surface,  which  is  required  to  be  Impermeable,  must 
necessarily  be  the  surface  defined  by  the  streamlines  originating  at  the 
leading  edge  and  ending  at  the  trailing  edge.  So,  the  imposition  of  (H.2.9) 
on  a  dense  set  of  integration  lines  would  insure  that  the  trailing  edge  of  the 
relofted  surface  agrees  with  the  trailing  edge  of  the  design  network. 

Now,  a  panel  method  being  a  discretization  method,  we  do  not  impose 
(H.2.9)  a.t  a  dense  set  of  lines,  but  instead  on  a  set  of  narrow 
two-dimensional  surfaces  aligned  streamwise,  namely,  rows  or  columns  of 
pane1*;.  Thus  we  Impose  the  boundary  condition 


Now, 


and 


Wu-  n  dS  =  0 

(H.2.10) 

WU  «  V»  +  W(j 

(H.2.11) 

wu«n  »  "w^’N  +  1/2  o 

(H.2.12) 

& 

R 

O 

(H.2.13) 

H.2-4 


because  of  the  perturbation  stagnation  boundary  conditions  (d|_  -  0)*  Thus 
(H.2.10)  can  be  written 

//  (a  +  dS  -  0  (H.2.14) 

c 

or 

//  o  dS  -  b  -  -  //  l^n  dS  (H.2.15) 

c  c 

which  is  of  the  form  (H.2.8),  with  ag  ■  1,  a a  “  0.  The  more  general  form 
of  (H.2.8)  is  available  for  program  users  solving  non-standard  problems. 

This  completes  our  discussion  of  closure  boundary  conditions  at  this 
time.  In  section  K.5,  we  describe  the  manner  in  which  equation  (H.2.8)  is 
converted  into  a  linear  equation  in  the  set  of  singularity  parameters. 


H.2.5  The  Boundary  Condition  Hierarchy 


Now  we  consider  the  case  where  there  are  more  user-supplied  boundary 
conditions  than  are  needed.  Obviously,  if  zero  boundary  conditions  are 
needed,  the  solution  is  to  choose  none  of  them.  So,  let  us  assume  one 
boundary  condition  Is  needed  and  two  are  supplied  by  the  user.  Whenever  two 
boundary  conditions  are  supplied  by  the  user,  they  are  given  an  ordering,  and 
If  only  one  is  needed,  the  first  one  is  cnosen. 

The  ideas  behind  the  ordering  method  are: 

(a)  potential  and  doublet  strength  are  quadratically  varying,  while 
source  strength  and  velocity  are  linearly  varying;  therefore  the 
former  should  be  specified  rather  than  the  latter,  since  quadratic 
functions  are  not  amenable  to  extrapolation,  but  need  to  be  "pinned 
down"  at  network  edges. 

(b)  tangential  velocity  boundary  conditions  are  loss  stable  than  normal 
velocity  ones,  therefore  the  latter  should  be  specified,  given  a 
choice,  and 

(c)  there  are  fewer  source  parameters  than  doublet  parameters  on  a 
network,  in  general,  so  specifying  source  strength  (especially  on 
network  edges)  risks  overspecification  and  a  singular  AIC  matrix. 

Based  on  these  considerations,  we  give  six  mutually  exclusive  categories 
of  boundary  conditions  in  figure  H.6.  We  order  the  two  boundary  conditions  so 
that  the  ore  belonging  to  the  category  with  the  lowest  Index  comes  first, 
choosing  arbitrarily  if  both  belong  to  the  same  category.  If  the  doublet  or 
source  type  of  the  network  is  null,  however,  no  boundary  condition  in  category 
1  or  5,  respectively,  may  be  Imposed,  or  else  a  singular  AIC  matrix  would 
result.  In  concluding  this  discussion,  we  reiterate  that  the  definitions  of 
the  categories  In  figure  H.4,  and  their  order,  are  not  rigorously  justifiable, 
but  only  based  on  example  and  the  principles  above. 
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H.3  Onset  Flows 


Equation  (H.0.1)  is  the  most  general  possible  equation  in  6  and  its 
derivatives,  but  it  is  often  inconvenient  for  the  user  to  evaluate  the  scalar 
b  on  the  right  hand  side  of  (H.0.1).  The  most  common  example  arises  from  the 
boundary  condition 


Wu*  n  -  0 

where  W*  is  total  mass  flux.  Since 
W  «  w  +  V,,, 
equation  (H.3.1)  becomes 

wu*  n  »  -  \to*  n  -  b 


(H.3.1) 

(H.3. 2) 

(H.3. 3) 


The  scalar  b  could,  of  course,  be  computed  by  the  user  at  every  control  point, 
but  much  'labor  is  saved  by  having  the  program  do  so. 


Similarly,  consider  the  tangential  velocity  boundary  condition 

t*u  .  Vy  =  b  (where  b  Is  user-specified),  (H.3. 4) 


which  becomes 


t’u'vjj  -  B  -  V^-tu  (H.3. 5) 

Finally,  suppose  a  program  user  wishes  to  define  total  Internal 
stagnation,  as  opposed  to  perturbation  stagnation.  The  boundary  conditions  to 
be  Imposed  should  therefore  indirectly  (that  is  by  specifying  potential) 
specify 

Wj_  *  0  (H.3. 6) 


Thus,  we  specify 


$L  -  0 

where  $  is  defined  by 
"w  -  v  I 


(H.3. 7) 

(H.3. 8) 


on  the  surface,  as  Illustrated  in  figure  H.7. 

Note  that  $  *  ♦  ,  where  V 

Now,  we  prove  that  up  to  a  constant,  (H.3. 8)  requires  that 


*  (x)  -  _L_  [%,,  ,  x]  ♦  #(x) 
sB2 


(H.3. 9) 
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We  now  prove  (H.3.9).  We  use  reference  coordinates.  By  (5.2.4) 


[\L 

-  (by  (E.2.4)) 


i  r b0i  ij  . jl_  &, ,  t] 

j  3xj 


j,k,m 


[B01  -Ij 


3Xj 


(  (  Vj,,}  ^  tc0]  km  xm) 


Noting  that  and  [C0]  are  independent  of  xj,  while 


(H.3.10a) 


(H.3. 10b) 


(xm)  *  *jm 

3Xj 

(the  Kronecker  delta),  we  nave 

rv„  ,  t]  - 


(H.  3 . 11  a ) 


j,k',m[B°]iJ  {V"}  k  [Crlkffl  4jm  " 

[BoJij  [^olk j  {  Vflo }  k  (H. 3 . lib ) 

Now,  applying  (E.2.9)  to  B0  and  C0,  and  noting  by  (F.3.9)  that  C0  is  its 
own  transpose, 

V  [to  .  t]  -  SB2  to  ( H . 3 . 12a ) 

Thus, 

V  (—*  [to  ,  X]  +  d  (t))  -  +  Vd  -  W 

'  sbz  '  ( H . 3 . 12b ) 

which  implies  (H.3.9). 

So,  the  boundary  condition  (H.3,7)  is  equivalent  to 


*1  (x)  -  —4—  [to  .  t] 

SB2 


(H.3.13) 


The  right  hand  side  quantities  of  equations  (H.3.3),  (H.3.5),  and  (H.3.i3)  are 
automatically  computed  in  PAN  AIR  for  user  convenience.  But,  in  fact,  PAN  AIR 
offers  more  general  right  hand  side  options  which  have  a  rather  empirical 
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justif  icaMon^for  existence.  These  options  arise  from  the  introduction  of  an 
"onset  flow"  U0  with  the  assumption 

W  -  U0  ♦  w  (H.3.15) 

Now,  there  is  nothing  empirical  aoout  (H.3.15)  unless  we  make  the  assumption 

U0  *  V.  (H.3.16) 

where  \U  is  the  uniform  freestream,  aligned  with  the  compresslbi  1  >  ty 
direction  c0. 

Even  so,  at  Mach  zero,  the  boundary  condition 

W.n  .  0  (H.3.17) 

combined  with  (H.3.15),  where  U«  is  a  uniform  vector  field  UU  which  is  not 
parallel  to  (see  figure  H.8)  Is  still  theoretically  valid,  since  the 
Prandtl-Glauert  equation  reduces  to  Laplace's  equation,  and  therefore  has  no 
preferred  direction. 

Now,  at  non-zero  Mach  number,  It  is  still  possible  for  the  small 
perturbation  assumptions  to  be  satisfied  if  Uq  Is  very  close  to 
everywere.  The  most  conflion  application  of  this  is  to  simulate  flow  conditions 
at  multiple  angles  of  attack  which  only  differ  slightly  bv  varying  the  uniform 
onset  flow  without  varying  the  compressibility  direction  c0.  The  advantage 
Is  that  as  long  as  lL  «  c0  Is  not  varied,  the  same  AIC  matrix  may  be  used 
each  time,  thus  saving  on  computation  time. 

If  the  perturbation  to  the  freestream  defined  by  the  onset  flow  Is  small, 
It  need  not  be  uniform.  Consider  the  case  of  a  propeller  slipstream  (see 
figure  H.9).  The  action  of  the  propellers  causes  an  increased  flow  which  does 
not  arise  from  the  solution  of  Prandtl-Glauert  equation.  Thus  the  appropriate 
boundary  condition  to  impose  Is  (H.3.17)  where 

W  -  +  AUi  +  w  (H.3.18) 

and  &Ui  is  the  "local  Incremental  onset  flow",  In  this  case  the  Incremental 
flow  due  to  the  action  of  the  propellers.  Once  again,  we  can  put  W  In  the 
form  (H.3.15)  by  setting 

U0-‘vL  +  4U1  (H.3.19) 

As  a  third  example,  we  consider  a  case  in  which  the  onset  flow  Is  not  a 
smail  perturbation  of  the  freestream,  but  Is  so  In  the  neighborhood  of  the 
configuration.  Consider  the  case  of  an  airplane  undergoing  a  small  rolling 
motion  of  magnitude  Iwl  In  a  "right  handed"  rotation  about  an  axis  with 
direction  w‘  through  a  point  P0  (see  figure  H.10). 

Computation  of  the  magnitude  luTI  from  a  particular  roll  rate  (In  radians  per 
unit  time)  Is  discussed  In  section  7  of  the  User's  Manual.  This  is  an 
unsteady  phenomenon,  but  we  simulate  It  (calling  the  flow  "quasi-steady")  by 
defining  an  onset  flow 

{[■)  -1L+  u  x  (P*-  Pq)  (H.3.20) 
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where  P  is  the  control  point,  and  imposing  the  boundary  condition. 

vy-Ft  =  -U0- n  (H.3.21) 

Note  that  U0  is  unbounded  as  I  P  -  P0|  becomes  large,  and  thus  a 
rotational  onset  flow  is  never  a  "small  perturbation"  in  all  of  space,  no 
matter  how  small  the  rotation  rate.  Thus  no  theoretical  justification  for  the 
use  of  rotational  onset  flows  exists,  and  so  rotational  onset  flows  must  be 
used  with  extreme  caution.  The  use  of  a  rotational  onset  flow  is  generally 
valid,  however,  if  the  perturbation  it  induces  is  small  in  the  neighborhood  of 
the  configuration,  and  may  be  used  to  estimate  aerodynamic  derivatives  due  to 
steady  roll,  pitch,  and  yaw  rates. 

PAN  AIR  provides  for  all  these  right  hand  side  boundary  condition  options 
by  permitting  an  arbitrary  linear  combination  of  the  options  described.  Thus, 
in  general,  the  user  may  define  an  arbitrary  onset  flow  at  a  control  point  P  by 

Uo  (P)  »  Uoo  +  AUi(P)  *  w  x  (P-P0)  (H.3.22) 

-Ah  ^ 

where  the  user  defines  U*,  ,  i  Uf  ,  <v,  and  P0.  The  vector  U»  is  defined 
by  a  magnitude  |Ctol  .  an  angle  of  attack  a  and  angle  of  sideslip  B,  such 
that  (compare  with  (E.3.1)) 


Uoo  »  luu 


COS  a  COS  6 
-sin  b 
sin  a  cos  a 


(H.2.23) 


The  vector  AU(P)  Is  specified  by  the  user  on  a  control  point  by  control  point 
basis  either  as  a  vector  In  reference  coordinates,  or  by  specifying  a 
magnitude  Uj ,  and  angles  a],  and  bi  (1  stands  for  local)  such  that 


Ul  ■  Ugo  +  Hi  »  U-| 


COS  a  1  COS  B 1 

*  -sin  B] 
sin  a i  cos 


(H. 3.24 ) 


Now,  the  general  right  hand  side  expression  which  may  be  defined  by  a  user 
for  a  boundary  condition  is 


b(P)  -  b0  -  bn  U0-n  -trU0  -  Ji.  [tu.P] 

SB?  (H.3.25) 

where  b0,  bn,  tj  and  are  user-defined  quantities.  We  mention  In 
passing  that  various  default  options  are  available  to  define  the  standard 
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combinations  which  occur.  These  options  are  described  in  the  PAN  AIR  User's 
Manual . 

This  concludes  our  discussion  of  boundary  conditions.  One  exception  is 
that  we  have  not  discussed  the  effect  of  symmetry  planes  on  the  boundary 
condition  processing.  This  is  covered  in  section  K.l. 


a.  Source  analysis 


b.  Source  design 


matching  or  closure  edge 


Figure  H.l  -  Boundary  condition  locations  for  source  networks 


b.  Doublet  wake  1 


matching  edge 


c.  Doublet  wake  2 


Figure  H.2  -  Boundary  condition  locations  for  doublet  networks 
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closure 
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points 


Figure  H.3  -  Columns  of  panels  Illustrated  by  cross-hatching 
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Figure  H.4  -  Design  of  upper  surface  of  thick  wing 


-  streamlines 


Figure  H.5  -  Pattern  of  streamlines  on  Imposition  of 
a  closure  boundary  conoltlon 


Order  In 

Hierarchy  Coefficient  restrictions  example 

Cq  ^  0 »  all  others  “0  U  *  b 

2.  CA  *  0,  aA  -  Ta  ■  0  0Mb 

3*  aA  *  0.  TA  -  0  WA*  N  ■  b 

4  ta"°  VA  •  Ta  -  b 

5.  T0  *  0,  aA  -  CA  ■  Ta  ■  aD  -  0  TD  •  7U  «  b 

6i  ®0^0»aA“CA“TA*0  C*b 


Figure  H.6  -  Boundary  condition  categories 


Figure  H.10  -  Airplane  undergoing  snail  rolling  motion 
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Singularity  Splines 


Singularity  splines  define  the  source  ard  doublet  uistributions  on  the 
entire  configuration  in  terms  of  the  source  and  doublet  singularity 
parameters.  These  distributions  are  defined  by  a  collection  of  matrices. 
First,  the  source  and  doublet  distributions  on  a  subpanel  (recall  from  section 
5.5  that  a  panel  is  partitioned  into  eight  subp&nels)  are  each  defined  by  a 
"subpanel  spline  matrix"  (denoted,  respecti vely,  SPSPL$  and  SPSPL0)  in 
terms  of  five  "panel  source  parameters"  and  nine  “panel  doublet  parameters." 
Thus  there  are  eight  of  each  of  these  matrices  associated  with  each  panel. 

Next,  the  panel  source  and  doublet  parameters  are  defined  by  "outer  spline 
matrices"  (denoted,  respecti  vely,  hy  !P  and  B^1)  in  terms  of  singularity 
parameters  located  in  the  neighborhood  of  the  panel.  There  is  one  of  each  of 
these  matrices  associated  with  each  panel.  There  is  one  of  each  of  these 
matrices  associated  with  each  panel. 

The  subpanel  spline  matrices  are  defined  by  equation  (b.5.7).  That  is, 

[SPSPlS]3x^  relates  the  three  coefficients  o0>  o^,  (which  define  a 

linear  source  distribution  on  the  subpanel)  to  the  five  panel  source 

parameters  (that  is,  the  source  strengths  at  the  five  points  on  the  panel 

illustrated  in  figure  I. la).  Similarly,  [SPSPLD]6x9  relates  the  six 

coefficients  u  (which  define  a  quadratic  doublet  distribution  on 

o  nn 

the  subpanel)  to  the  nine  panel  doublet  parameters  (whose  locations  are 
illustrated  In  figure  I. lb). 


The  outer  spline  matrices  are  defined  by  equation  (5.5.8).  That  is, 

[Bs]  defines  the  five  panel  source  parameters  in  terms  of  the  neighboring 
source  singularity  parameters  (generally  nine  In  number),  while  [B°]  defines 
the  panel  doublet  parameters  in  terms  of  the  neighboring  doublet  parameters 
(generally  21  in  number). 

The  subpanel  and  outer  spline  matrices  are  used  in  the  influence 
coefficient  calculations.  The  subpanel  spline  matrices  are  first  used  in 
order  to  compute  "panel  Influence  coefficient"  (PIC)  matrices  (see  sections 
4.4.2  and  J.l),  and  the  PIC  matrices  are  multiplied  by  the  outer  splice 
matrices  to  obtain  potential  and  velocity  Influence  coefficient  matrices 
(OIC1  and  [VIC])  which  give  the  perturbation  potential  and  velocity  at  a 
point,  in  terms  of  all  singularity  parameters,  due  to  all  the  panels  In  the 
conf iguratlon  (see  sections  4.2.3  and  5.9.1). 

In  section  1.1  we  discuss  the  construction  of  outer  sp11.no  matrices. 
While  their  construct!  ion  Is  simple  in  principle,  based  on  a  least  square 
procedure,  In  practice  It  is  quite  involved  because  there  are  many  special 
cases.  In  particular,  a  special  "edge  spline"  Is  used  near  network  edges, 
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which,  in  conjunction  with  •'he  doublet  matching  boundary  conditions  discussed 
in  Appendix  F,  results  in  precise  matching  of  doublet  strength  along  network 
edges.  In  section  1.2  we  describe  the  construction  of  subpanel  spline 
matrices. 

In  section  1.3  we  discuss  full  pare!  and  half  panel  spline  matrices. 

These  matrices  define  source  and  doublet  distributions  specified  by  single 
polynomials  over  the  whole  panel  or  half  the  panel,  respecti vely,  also  in 
terms  of  the  panel  singularity  parameters.  The  distributions  are  rough 
approximations  to  the  8  subpanel  distributions  defined  by  the  subpanel 
splines.  They  are  used  in  "intermediate  field"  influence  coefficient 
calculation. 

Next,  in  section  1.4,  we  discuss  "far  field  moments",  matrices  describing 
integrals  of  the  singularity  strength  over  a  panel  in  terms  of  the  panel 
singularity  narameters.  The  matrices  are  used  in  far  field  influence 
coefficient  calcualtion.  Finally,  in  section  1.5,  we  discuss  the  theory  of 
the  least  squares  procedure. 

We  now  briefly  discuss  the  reasoning  behind  the  subpanel  and  outer  spline 
construction  techniques.  First  (cf.  section  C.3),  we  require  the  spline  to  be 
stable:  the  disturbance  in  the  singularity  distribution  caused  by  a 
perturbation  of  a  boundary  condition  should  die  off  quickly. 

Second,  the  source  spline  should  be  linearly  accurate  and  the  doublet 
spline  quadratically  accurate.  That  is,  if  the  source  parameters  are  defined 
by  a  linear  function,  the  source  distribution  defined  by  the  spline  matrices 
should  be  exactly  that  linear  function.  An  analogous  property  should  hold  for 
the  doublet  splines.  The  justification  for  a  linear  source  and  quadratic 
doublet  distribution  are  given  in  section  B.5. 

Third,  the  spline  must  be  local  In  nature.  That  is,  the  singularity 
distribution  on  a  panel  must  depend  on  a  reasonably  small  number  of 
singularity  parameters.  This  is  due  to  the  storage  problems  which  would  occur 
otherwise.  That  is.  too  much  core  and  disk  storage  would  otherwise  be 
required  for  each  panel. 

Fourth,  the  doublet  strength  should  be  continuous  (see  section  B.4).  It 
is  preferrable  to  have  a  differentiable  doublet  strength,  continuous  source 
strength,  and  smooth  geometry  as  well;  unfortunately  only  the  continuous 
source  strength  is  easily  feasible  and  thus  Is  produced  In  °AN  AIR,  even 
though  its  value  In  the  absence  of  a  differentiable  dou':lpt  strength  and 
smooth  geometry  is  questionable  (see  section  J.12). 

Finally,  the  entries  of  the  PIC  matrices,  which  ere  defined  as  sums  of 
Integrals,  should  be  computable  1.,  closed  form.  Thai  is,  numerical 
Integration  should  not  be  required  for  the  evaluation  of  the  integrals.  The 
reason  for  this  requirement  is  one  of  simplicity.  The  integrands  in 
(5.6.9-10)  are  far  too  singular  to  be  Integrated  numerically  as  they  stand. 

It  might  be  posslole  to  partition  the  integral  into  a  regular  part,  integrable 
numerically,  and  singular  part,  Integrable  in  closed  form,  but  such  a  method 
has  not  yet  been  developed. 
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It  is  the  avoidance  of  numerical  integration,  in  combination  with  the 
maintenance  of  geometric  continuity,  that  causes  much  of  the  complexity  of  the 
spline  construction.  Geometric  continuity  between  panels  can  be  maintained 
either  by  breaking  up  a  panel  into  flat  subpanels,  or  by  defining  a  single 
curved  panel.  The  integrals  over  the  curved  panel  are  not  computable  in 
closed  from  in  supersonic  flow,  however. 

Once  one  has  decided  to  use  flat  subpanels,  a  minimum  of  five  planar 
regions  (those  of  figure  5.2)  is  mandated  to  achieve  geometric  continuity. 

The  use  of  eight  subpanels  has  been  chosen  because  it  offers  a  convenient 
method  of  defining  a  continuous  doublet  distribution,  while  not  required 
polynomials  of  degree  greater  than  two.  An  explicit  polynomial  distribution 
has  been  chosen  rather  than  a  parametric  distribution  because  the  integration 
in  parametric  coordinates  can  not  be  performed  in  closed  form. 
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1.1  Outer  Splines 


* 
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The  construction  gf  outer  sglines  is  a  two  step  process. 


_  ...  _  _  ....  ___r  ,  .  ...  In  the  first 

step,  row  vectors  SP$  and  SP^  (called  "spline  vectors")  are  formulated 
for  grid  points  as  illustrated  <n  Figure  I.lc  for  some  typical  cases.  These 
row  vectors  define  the  source  or  doublet  strength  at  each  enriched  grid  point 
in  the  network  as  a  linear  combination  of  surrounding  singularity  parameter 
values.  In  the  second  step,  matrices  and  [B^1]  are  constructed  for 
each  panel,  giving  the  source  or  doublet  strength  at  the  appropriate  grid 
points  on  the  panel  (panel  singularity  values)  as  linear  combinations  of 
values  of  singularity  parameters  in  the  neighborhood  of  the  panel. 


Thus  the  matrices  [B^]  have  five  rows  while  the  [BD]  have  nine  rows, 
since  the  source  strength  is  defined  at  five  points  on  a  panel  (the  panel 
source  parameter  locations)  by  row  vectors  SP$  ,  while  the  doublet  strength 
is  defined  at  nine  points  by  row  vectors  SP&  (see  Figure  I.l).  The  number 
of  columns  in  a  matrix  B  is  variable:  it  equals  the  total  number  of 
distinct  singularity  parameters  on  which  the  panel  source  or  doublet 
parameters  depend.  The  matrices  B  are  assembled  from  the  required  row  vectors 
SP  in  a  fairly  straightforward  manner  described  in  the  maintenance  manual  (see 
the  preface  of  SUBROUTINE  VECUNM  of  the  DQG  module).  Briefly,  first  row 
vectors  SP  are. computed  for  every  grid  point  in  the  conf iguratinn  (pxcept.  that 
row  vectors  SP^  are  not  needed  for  panel  source  parameter  locations)  and 
stored  on  disk.  Then,  when  the  spline  quantities  for  a  single  panel  are  being 
computed,  the  five  (or  nine)  row  vectors  for  each  of  the  panel  source 
(or  doublet)  singularity  parameter  are  fetched  from  the  disk.  These  row 
vectors  are  then  amalgamated  into  a  single  matris  8s  (or  B°)  by  VECUNM. 


In  this  section  we  will  concentrate  our  attention  on  the  computation  of 
individual  row  vectors  SP$  or  SP^.  The  basic  principle  is  simple.  For 
source  splines,  the  source  strength  at  a  grid  point  is  fit  in  a  linearly 
accurate  manner  to  as  few  surrounding  source  parameters  as  possible  while  for 
doublet  splines  we  do  the  same  in  a  quadratically  accurate  manner.  But  while 
the  basic  principle  is  simple,  implementation  is  complex  because  of  a  myriad 
of  special  cases  which  do  not  fit  the  general  rules. 

We  will  cover  these  cases  on  order  of  reducing  generality.  First,  we  will 
discuss  source  splines  for  analysis  networks.  Then  we  will  discuss  doublet 
splines  for  analysis  and  wake  networks.  Finally  we  will  oiscuss  source  and 
doublet  splines  for  design  networks. 


1.1.1  Source  Spline  Vectors  for  Analysis  Networks 

Computing  the  row  vector  describing  the  source  strength  at  the  center  of  a 
panel  In  analysis  network  is  particularly  simple,  since  a  source  singularity 
parameter  is  located  there.  Thus  the  source  strength  is  just  the  singularity 
parameter  value;  that  is, 

09  -  Ajj  «  lIj  a*  (1. 1.1a) 

or  LSPSj  -  l  1  j  (I.l. lb) 


_  the  row  vector  of  length  1  with  unit  value. 
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1. 1.1.1  Neighboring  Singularity  Parameters 

Next,  to  find  the  source  strength  at  a  panel  corner,  we  perform  a 
"bilinear  fit"  (a  process  to  be  described  below)  to  the  four  surrounding 
source  parameter  values.  In  Figure  1.2,  we  show  the  variety  of  cases  which 
may  occur  in  the  course  of  determining  the  four  neighboring  source  parameter 
locations.  In  the  "standard"  case  (A),  the  four  source  parameters  are  the 
obvious  adjacent  ones.  In  cases  (B)  and  (C),  the  network  edge  precludes  the 
existence  of  some  of  the  obvious  choices,  and  neighboring  parameters  must  be 
obtained  by  reaching  toward  the  interior  of  the  network.  The  logic  used  for 
points  B  or  C,  however,  when  extended  to  D,  results  in  a  large  number  of 
neighboring  source  parameters.  To  ‘•3'-'  storage  to  a  minimum,  we  choose  (in  a 
fairly  arbitrary  manner)  from  this  set  of  points,  those  points  which  are  as 
far  as  possible  in  index  from  the  u-!fj<  lapsed  edges  of  the  network. 


I. 1.1. 2  Computation  of  a  Local  CoorJinace  System 

Next  we  compute  the  source  strength  at  a  panel  corner  in  terms  of  the  fou 
surrounding  singularity  parameter  values,  once  we  have  in  fact  located  these 
four  parameters.  The  first  step  is  to  form  a  local  coordinate  system  whose 
(£,  n)  plane  is  the  one  in  which  the  source  strength  is  to  vary  linearly. 

The  four  singularity  parameter  locations  determine  (generally 
non-orthogonal )  basis  vectors  vr  and  vn,  connecting  pairs  of  panel  edge 
midpoints,  for  this  coordl nate  system  as  follows.  Let  P0  be  the  grid  point 
at  which  we  wish  to  find  the  source  strength.  Then  for  any  point  P  on  the 
network,  we  want  to  be  able  to  determine  coordinates  £(P),  n(P),  r ( P ) ,  such 
that 

(P’-Po)  “  €(P)  v£  ♦  n  (P)  v*n  +  C(P)  ^  (1.1.2) 

The  (£,  n,  C)  coordinates  used  here  (in  section  1.1)  are  not  related  to  the  X 
coordinate  system  (ajho  denoted  (£,  n,  £  )  at  times)  used  in  Appendix  E  and 
seetjon  1.2.  Here,  v^  is  a  vector  perpendicular  to  the  p]ane  spanned  by  vr 
and  vn.  Such  a  vector  is,  of  course^,  a  multiple  of  vr  x  v*n,  but  a  simple 
dimensional  argument  shows^  that  if  vV  *s  be  independent  of  the  scale  of 
coordinates  (that  is,  if  tr  is  to  be  aoubled  when  every  point  coordinate  in 
the  network  is  doubled),  we  must  have 

t  «  1 A  "n 

\%  *  %l1/2  (1.1.3) 


Now,  to  find  the  functions  which  define  £,  n,  and  let  us  first  take  the 
£ross  product  of  (1.1.2)  with  v£  on  the  left,  and  then  the  dot  product  with 
V£.  Next,  we  take_  the  cross  product  with  v),  on  the  right,  and  then  take  the 
dot  product  with  v£  .  Since 

\  x  vc  -  0  -  v„  x  vn 
\  \  -  0  ■ 

( v£  x  vc  '  .  v?  -  0  .  (v£  x  vj,)  •  v£  (1.1.4) 
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we  obtain 


X  *  (p  -  po> 

(P  -  po)  X  vn 

-  Pi)  • 


n  ( P )  x  vn) 

£(P)  (^  *  ”vn) 
<;(p)  (v?  •  v?) 


Dotting  the  first  two  equations  with  v^  ,  we  have 

v^  x(p“-  ’  X  *  n  ^P)  ^  ‘  ^  i  <p)  I  v£  x  vnl3/2 


(1.1.5) 


(1.1.6) 


Thus.  £(P)  - 


■(p) 


Vr  X  V„ 


(_P_-_  Pq)_; 

'lY*  Vnl 


(1.1.7) 


I. 1.1.3  The  Bilinear  Fit  at  Panel  Corner  Points 

Now,  let  P^,...,P^  be  the  four  source  parameter  locations  for  any  of 
the  cases  illustrated  in  figure  1.2,  and  let  ■  o(P^)  denote  these 
source  singularity  parameters.  Then  these  four  values  of  source  strength 
define  a  "bilinear"  function  In  £  and  n,  that  is,  a  function 

o(£,  n)  =*  oQ  +  0j£  +  °2  n  +  °3  (1.1.8) 

(where  the  symbol  oQ  as  used  in  section  1.1  has  a  different  meaning  than  in 
section  5  or  the  remainder  of  Appendix  1),  which  takes  on  exactly  these  four 
values.  The  function  a  (  £,  n)  is  defined  by 
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=  [BL] 
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and  thus 
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The  points  Pp...,P^  are  not  coplanar  in  general,  and  thus  computing 
o(£*n)  by  (1.1.10)  in  terms  of  surrounding  source  parameters,  ignores  the 
C-component  of  the  parameter  locations;  in  other  words,  we  project  the 
parameter  locations  to  the  plane  defined  by  v^  and  v^.  This  Is  justifiable 
in  view  of  the  fact  that  a  reasonable  number  of  panels  should  be  used  In 
defining  a  geometric  surface,  and  thus  the  distortions  due  to  curvature  can  be 
neglected  locally. 


Now,  by  (1.1.7),  £(P0)  =  n( P0 )  =  0,  and  thus  by  (1.1.8), 


o(Pq)  “  "o 
Thus  by  (1.1.10), 


o(P0)  b 


L1  0  0  Oj  [BL]-1 


Setti  ng 

LSPS_,  »  L1  0  0  0j  [BL]-1 


d.1.11) 


(1.1.12) 

(1.1.13) 
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we  see  that 


a(P0)  =  lSPI. 


(1.1.14) 


Note  that  lSP^j  Is  just  the  first  row  of  [BL]-1.  Now,  by  (1.1.14), 
SpS  is  just  the  row  vector  we  seek;  namely,  it  gives  the  value  of  source 
strength  at  the  point  PQ  as  a  linear  combination  of  four  neighboring 
singularity  parameters.  A  spline  vector  may  similarly  be  constructed  for 
every  panel  corner  point  in  the  network,  whereupon  matrices  B'  may  be 
computed  for  each  panel  as  discussed  at  the  beginning  of  section  1.1. 


This  concludes  the  discussion  of  spline  vector  construction  for  source 
analysis  networks.  Two  special  cases,  networks  with  only  one  row  or  column, 
and  networks  with  only  one  panel;  are  discussed  in  the  maintenance  document 
(see  section  4-1.4  and  SUBROUTINE  ONDFIT  of  the  DQG  module). 


1.1.2  Doublet  Spline  Vectors  for  Analysis  Networks 

Doublet  spline  vectors  SpD  are  more  complex  to  compute  for  a  variety  of 
reasons.  First,  the  requirement  of  quadratic  accuracy  forces  the  doublet 
strength  at  a  grid  point  to  depend  on  a  greater  number  of  singularity 
parameters  than  the  source  strength.  Second,  to  insure  doublet  continuity 
across  network  edges  on  non-smooth  abutments  (along  which  boundary  conditions 
specifying  the  matching  of  doublet  strength  are  imposed),  we  require  that  the 
doublet  strength  at  any  point  on  a  network  edge  depend  only  on  the  singularity 
parameters  located  on  the  network  edge.  The  example  of  a  thin  wing  with  a 
curved  planform  illustrates  the  need  for  this  requirement  ( cf . ,  Figure  1.3). 

The  doublet  strength  is  zero  at  the  singularity  parameter  locations  on  the 
free  network  edge.  If  the  doublet  strength  at  a  panel  corner  point  on  the 
edge  depended  on  singularity  parameters  in  the  interior,  it  coulu  not  be  zero, 
independent  of  conditions  !n  the  network  interior,  as  we  wish  It  to  be.  But 
by  insisting  that  It  only  depend  on  edge  parameters,  we  insure  that  it  is  zero. 

A  third  cause  of  increased  complexity  in  determining  doublet  spline  row 
vectors  is  the  introduction  of  "smooth  abutments."  These  are  abutments 
consisting  of  portions  of  two  distinct  network  edges,  along  which  splines 
rather  than  boundary  conditions  are  used  to  enforce  continuity  of  doublet 
strength. 

For  grid  points  which  ao  not  lie  on  a  network  edge,  obtaining  the  row 
vector  SrD  which  describes  the  doublet  strength  at  each  grid  point  in  terms 
of  surrounding  singularity  parameters  is  a  two  step  process.  First,  the  set 
of  surrounding  singularity  parameters  is  determined.  Second,  the  doublet 
strength  at  the  grid  point  is  determined  in  a  quadratically  accurate  manner  in 
terms  of  the  neighboring  singularity  parameters. 


f 
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I. 1.2.1  The  Quadratic  Least  Squares  Fit  for  Panel  Corners  or  Panel  Edge 
Midpoints 

This  quadratical ly  accurate  procedure  is  somewhat  more  complex  than  the 
bilinear  fit  employed  for  source  splines.  While  there  is  generally  a  bilinear 
function  which  exactly  fits  values  at  four  points  (unless  three  of  the  four 
lie  on  a  line,  which  is  unlikely  if  they  are  panel  centers),  a  quadratic 
function  is  less  well  behaved.  There  is  a  unique  quadratic  through  six 
points,  unless  these  points  all  lie  on  two  lines.  With  very  regular  paneling, 
however,  it  is  quite  likely  that  six  center  points  chosen  as  neighbors  of  a 
grid  point  will,  in  fact,  lie  on  two  lines.  Thus,  the  procedure  we  choose  for 
the  quadratic  fit  is  a  "least  squares"  procedure. 

That  is,  we  choose  an  excessive  number  of  neighboring  singularity 
parameters,  and  find  the  quadratic  function  which  takes  on  the  values  of  the 
closest  singularity  parameters  exactly,  while  taking  on  the  the  values  of  the 
remaining  singularity  parameters  in  a  "least  squares"  sense.  The  row  vector 
SpD  for  the  grid  point  that  Is,  panel  corner  or  edge  midpoint  determined  by 
the  value  the  function  takes  on  at  the  grid  point  as  a  linear  combination  of 
the  singularity  parameter  values. 


We  now  describe  this  least  squares  procedure  more  precisely.  Let 

(xj.  i  «  1, . . . ,k)  be  the  singularity  parameters  (in  the  neighborhood 

of  the  selected  grid  point)  to  which  we  fit  the  quadratic  function  exactly. 

Let  ( x?,  i  *  k  +  1,...,  k+m)  be  the  remaining  neighboring  singularity 
1  n 

parameters.  Let  xY  be  located  at  (£it  n^,  C^),  where  the 
computation  of  these  coordinates  will  be  discussed  shortly.  Once  again, 
however,  this  Is  not  the  local  (5,  n.  5  )  coordinate  system  denoted  X'  in 
Appendix  E. 


Let  A  be  the  matrix 


A  . 

1  Cl 

11 

l/zcf 

Cl  n 

1/2  nf 

1  Ck 

nk 

i/zCS 

Ck  Ik 

1/2  ng 

This  is  the  matrix  for  which  any  function 

f(£.  n)  *  fl  +  f?  £ +  f3  n  +  1/2  f4£z  +  ^5  Cn  +  l/2f6  n2 


(1.1.15) 


(1.1.16) 
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taking  on  the  values 

f(€i.  ni )  =  x? 
satisfies 


[A]kx6  I 


fll 

fz 


tf6 


1,...,  k 

r  \ 

*1 
*2 

*k 


(1.1.17) 


(1.1.18) 


Now,  whenever  k  <  6  ,  as  it  wi  1 1  be  in  the  current  applications,  equation 
(1.1.18)  does  not  fully  specify  the  coefficients  of  f.  Thi  coefficients  are 
completely  specified  by  requiring  the  minimization  of 


k+m 

E  w?  [f  (Si,  ni)  -  x.°]2 


1-k+l  (1.1.19) 

where  w-j  is  a  "weight",  to  be  discussed  shortly,  which  depends  on  the 
relative  locations  of  the  singularity  parameter  and  the  grid  point. 

If  we  write 


[A1]mx6  = 

"1 

^k+1 

nk+1 

1/2  U 

^k+lnk+1 

l/2nk+l~ 

.1 

£k+m 

nk+m 

1^2  k+m 

^k+m^k+m 

l/2nk+m  _ 

(1.1.20) 

equation  (1.1.19) 

becomes 

k+m 

I  =  z 

i*k+l 

wi2 

(\ 

\s«l 

(A'  i. 

-k,s)fs-  Xi^j 

^  2 

(1.1.21) 

The  method  by  which  we  minimize  (1.1.21),  subject  to  the  exact  conditions 
(1.1.18),  is  called  a  "constrained  least  squares"  procedure,  and  is  discussed 
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in  section  1.5.  The  result  of  performing  this  procedure  is  i  (6  x  (k+m) | 
matrix  LSQ  such  that 

V 


n 


^6 


[LSQ] 


.  D 
xk+m 


:  i  .1.22) 


Now,  we  will  construct  our  (£,  n,  ?  )  coordinate  system  such  that  at  the  grid 
point  P0  we  have 


Thus, 


f(P0) 


€(P0)  -  o 

n(P0)  u  0 


(1.1.23) 


x°k+m 


(1.1.24) 


But  we  required  the  row  vector  SP&  to  define  the  value  at  Pn  of  the 
quadratic  function  f  which  satisfied  (1.1.18)  while  minimizing  (1.1.21),  and 
thus 

lSP°j  -  lLSQi,.j  (1.1.25) 

that  is,  SPD  is  the  first  row  vector  of  the  matrix  LSQ  defined  by  the 
constrained  least  squares  procedure. 

In  describing  the  construction  of  SP^  for  a  grid  point  in  a  network 
interior,  we  have  deferred  the  discussion  of  three  Items.  These  are  the 
determination  of  the  set  of  neighboring  singularity  parameters,  their 
(£,  *i,  C  )  coordinates,  and  the  corresponding  w.ights  wi.  We  will  discuss 
them  in  order  as  follows. 


I. 1.2. 2  Neighboring  Points  for  Least  Squares  Fit 

Figure  I . 4a  illustrates  the  location  of  neighboring  singularity  parameters 
for  grid  points  which  do  not  lie  near  a  network  edge.  Note  that,  since  a 
Singularity  n»«-am?*'.r  is  located  at  each  panel  venter,  the  suiine  vector 
SPD  for  a  panel  center  point  is  (like  the  spline  vector  SP$)  a  vector  of 
length  1  with  a  unit  entry. 
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Now,  if  the  grid  point  (panel  corner  or  edge  midpoint)  lies  near  (but  not 
on)  a  network  edge,  the  set  of  neighbors  must  include  singularity  parameters 
on  the  network  edge.  Actually,  we  fit  a  quadratic  function  to  neighboring 
grid  points,  where  these  grid  point  need  only  be  singularity  parameter 
locations  when  they  are  in  the  interior  of  the  network.  The  value  of  doublet 
strength  at  those  grid  points  which  lie  on  the  network  edge  depends  in  turn  on 
a  small  number  of  singularity  parameters  located  on  the  network  edge.  This  is 
a  procedure  which  is  defined  in  detail  in  the  maintenance  document  (see 
section  4-1 ) . 

Figure  1.4.0  illustrates  the  neighboring  points  we  use  for  the  quadratic 
fit  to  obtain  a  spline  vector  for  a  yrid  point  which  lies  near  (but  not  on)  a 
network  edge  which  does  not  belong  to  a  smooth  abutment.  Recall  that  only  one 
singularity  parameter  is  located  on  a  collapsed  edge  of  a  network. 

Figure  I. 4c  illustrates  the  set  of  neighboring  points  when  the  grid  point 
in  question  lies  near  a  smooth  abutment.  In  this  case,  we  see  that  the  set  of 
"neighboring  points"  may  lie  in  two  distinct  networks.  This  is  because  the 
singularity  parameters  on  the  network  edges  on  the  smooth  abutment  (though  not 
at  the  corner  points  at  the  ends  of  the  abutment)  have  been  removed  for 
reasons  of  economy.  The  neighboring  points  in  the  same  network  as  the  point 
P0  are  chosen  in  the  usual  manner  (see  Figure  1. 4a)  while  those  In  the 
adjacent  network  are  chosen  as  Illustrated.  The  precise  method  by  which  the 
latter  points  are  picked  is  described  in  the  maintenance  document  (section 
4-1. 2. 1.2). 


I. 1.2. 3  Construction  of  a  Local  Coordinate  System 

Next  we  discuss  the  construction  of  a  (£,  n,C  )  coordinate  system.  This 
system  is  similar  but  not  Identical  to  that  of  section  1. 1.1.2,  and  totally 
distinct  from  the  X'  coordinate  system  X'jnf  Appendix  E  or  section  I, 2. 2. 5. 
First,  we^consti-uct  basis  vectors  v£  and  v"n  as  Illustrated  in  Figure  1.5. 

That  Is,  w-  and  v^  span  pairs  of  enriched  grid  points  adjacent  to  the  base 
point.  P0.  '•Next,  we  define  tr  by  (1.1.3).  Then,  analogously  to  (1.1.17),  we 
define 

£(P)  -  n(p)  ;(P)  -  (L-JAAlI 

1 5  x  %|3/2  x  |  ^  X  vj 

(1.1.26) 

The  bars  Indicate  that  these  are  prel 1m 1  nary  coordinate  values  which  will 
be  adjusted  to  account  for  surface  curvature.  Consider  a  cylindrical  surface, 
as  illustrated  in  Figure  1.6.  If  we  use  the  coordinates  and  n  above,  we  are 
essentially  projecting  the  surface  down  to  the  tangent  plane  at  the  point 
P0.  When  the  surface  is  highly  curved,  this  makes  the  points  A  and  0  appear 
to  be  closer  to  Pn  than  they  really  are,  since  we  are  dealing  with  their 
projected  Images  A'  and  O'.  The  points  B1  and  C'  are  also  closer  to  the  grid 
point  than  B  and  C,  but  not  in  the  same  proportion. 


1.1-9 


We  rectify  this  by  scaling  the  €  and  n  coordinates  of  a  point  according  to 
its  height  above  the  tangent  plane.  We  define  a  scaling  factor 

A(P1  *  1/2 

£(P)2  ♦  n(P)2  (1.1.27) 

Then  we  define 

€(F)  -  A(P)  £(P) 

n ( P )  -  A ( P )  n(P)  (1.1.28) 

This  coordinate  scaling  assures  that  the  contribution  of  distant  points  Is 
more  accurately  measured.  Note  that  the  denominator  of  A ( P )  is  non-zero 
provided  P  +  P0  . 


I. 1.2. 4  Weights  for  the  Least  Squares  Fit 

Next  we  consider  the  weights  w^  for  the  least  squares  procedure. 

In  order  to  provide  stability,  we  would  like  to  fit  more  closely  to  nearby 
singularity  parameters  than  further  ones.  This  Is  done  In  part  by  fitting  the 
quadratic  function  exactly  to  the  nearest  parameters,  as  Illustrated  by  Figure 
1.4. 


A  second  consideration  In  determining  weights  Is  the  desire  to  give 
heavier  weights  in  supersonic  flow  to  points  which  are  upstream  of  the  grid 
point  than  tc  those  which  are  downstream.  This  weighting  has  been  found 
experimentally  to  reduce  Instabilities  problems  which  arise  at  high  Mach 
numbers.  In  recognition  of  these  requirements,  we  set  w^  ■ 

w(P)  - 

1  +  •  tfjjJo)/  IfjJoll 

(T”+ ~2  kMJ  (1.1.29) 

The  constant  k  Is  set  to  zero  In  subsonic  flow  In  view  of  the  lack  of  a 
preferred  upstream  direction,  lhat  is,  the  compressibility  direction  c0  may 

be  replaced  by  -c0  without  changing  the  solution  to  the  equation,  In 

supersonic  flow,  k  has  been  chosen  by  experiment,  and  has  order  of  magnitude  1. 

Since  the  dot  product  of  unit  vectors  lies  between  -1  and  1,  the  numerator 
of  (1.1.29)  lies  between  1  and  (1  +  2k  M*,  ).  Thus  the  ratio  of  weight 
(neglecting  the  effect  of  distance)  at  a  directly  upstream  point  to  that  at  a 

directly  downstream  point  Is  1  +  2k  M*,  .  For  -  3,  and  k  -  1  (the 

provisional  choice  for  k),  this  ratio  is  7.  This  concludes  our  discussion  of 
the  construction  of  doublet  spline  vectors  for  grid  points  lying  In  the 
interior  of  an  analysis  network. 
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I. 1.2. 5  Edge  Splines  for  Non-Smooth  Abutments 

Finally  we  consider  grid  points  (panel  corner  points  or  edge  midpoints) 
lying  on  a  network  edge.  A  network  edge  is  divided  into  distinct  portions 
belonging  to  different  abutments.  A  doublet  parameter  is  located  at  the  grid 
points  which  form  the  endpoints  of  the  portion  of  the  edge  belonging  to  the 
abutment  (if  such  an  endpoint  is  not  a  network  corner  point,  the  doublet 
parameter  is  an  "extra"  singularity  parameter  (see  figure  5.13)).  Doublet 
parameters  are  also  located  at  the  panel  edge  midpoints  unless  the  abutment  is 
a  smooth  one,  in  which  case  the  parameters  are  removed  (doublet  parameters 
located  at  aboutmont  endpoints  are  retained  for  simplicity). 

We  discuss  first  the  case  of  a  non-smooth  abutment.  In  that  case,  the 
value  of  doublet  strength  at  a  grid  point  depends  only  on  singularity 
parameters  located  on  the  network  edge. 

Consider  the  abutment  Illustrated  in  Figure  I. /a,  with  one  network  edge 
panelled  more  finely  than  the  other  and  with  a  panel  corner  on  the  more  finely 
paneled  network  located  wherever  the  more  coarsely  paneled  network  edge  has  a 
panel  corner.  The  goal  Is  to  find  a  splining  method  such  that  the  imposition 
of  doublet  matching  boundary  conditions  of  some  or  all  of  the  control  points 
on  the  edge  results  in  the  exact  matching  of  doublet  strength  on  the  whole 
edge. 

Experimentation  with  least-squares-iype  splines  shows  that  they  cannot 
satisfy  the  above  considerations.  Let  us  consider,  on  the  other  hand,  a 
differentiable  spline.  Let  the  edge  be  divided  into  n  Intervals,  as 
Illustrated  in  Figure  I. 7b.  It  is  reasonable  to  ask  how  many  differentiable 
functions  exist,  defined  by  a  single  quadratic  on  each  of  the  r.  Intervals. 

Now,  there  are  3n  linearly  independent  quadratic  functions  altogether  (since  a 
quadratic  function  on  an  Interval  has  3  coefficients),  and  requiring 
continuity  at  P2»*<«.pn-1  yields  (n-1)  constraints  on  the  set  of 
functions,  while  requiring  continuity  of  derivative  at  these  points  provides 
(n-1)  additional  constraints.  Thus,  there  are  (n+2)  linearly  independent 
piecewise  quadratic  functions  with  continuous  derivatives. 

But  this  Is  equal  to  the  number  of  control  points  on  the  edge,  and  so 
there  is  a  unique  differentiable  function  which  takes  on  a  prescribed  set  of 
(n  +  2)  values  at  the  midpoints  of  the  Intervals  and  the  endpoints  of  the  edge. 

We  can  apply  this  result  to  the  situation  illustrated  by  Figure  I. 7a.  The 
doublet  distribution  on  the  edge  1  will  consist  of  some  differentiable 
function  defined  by  a  single  quadratic  on  each  interval  of  edge  1.  If  we  now 
Impose  doublet  matching  boundary  conditions  at  the  control  points  of  edge  2, 
we  obtain  on  edge  2  the  unlqu?  differentiable  doublet  distribution  defined  as 
a  single  quadratic  on  each  Interval  of  edge  2,  which  agrees  with  the  doublet 
distribution  on  edge  1  at  the  specified  points.  But,  since  every  Interval  of 
edge  2  is  a  subset  of  a  corresponding  Interval  on  edge  1,  the  doublet 
distribution  on  edge  1  satisfies  the  above  criterion  too.  So,  since  the 
distribution  Is  unique,  the  doublet  distributions  on  edge  1  and  edge  2  are 
Identical. 
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Summarizing,  we  have  shown  that  if  edges  1  and  2  form  an  abutment,  and  the 
paneling  on  edge  2  is  a  "ref inement"  of  the  paneling  on  edge  1  (that  is,  every 
corner  point  of  edge  1  is  also  a  corner  point  on  edge  2,  though  edge  2  may 
have  additional  corner  points),  then  the  imposition  of  doublet  matching  at  the 
control  points  of  edge  2  results  in  exact  matching  of  doublet  strength  along 
the  entire  abutment.  Generalizing,  if  several  network  edges  meet  in  an 
abutment,  and  one  edge  is  a  refinement  of  each  of  the  other  edges,  then  the 
imposition  of  doublet  matching  boundary  conditions  on  that  edge  forces  the 
alternating  sum  of  the  doublet  strengths  to  zero: 

E  S  -j  y  -j  0  (1.1.30) 


where  s,  «  +  1 . 

Unfortunately,  the  differentiable  edge  spline,  while  leading  to  doublet 
continuity  under  a  greater  variety  of  circumstances,  does  not  permit  forward 
weighting  in  supersonic  flow.  As  a  result,  the  differentiable  edge  spline  is 
insufficiently  stable  and  cannot  be  used  in  Pan  Air.  This  fact  was  determined 
fairly  late  in  the  development  of  Pan  Air,  and  thus  a  discussion  of  the 
differentiable  edge  spline  has  been  included  in  this  document. 

The  spline  which  is  actually  implemented  in  Pan  Air  is  a  one  dimension 
quadratic  least  squares  fit.  Consider,  for  instance,  a  network  edge  as 
illustrated  in  figure  I. 7b.  The  points  Pi,...,  Pn+i,  and  , 

1»'i,...,n,  are  singularity  parameter  locations,  and  the  doublet  strength 
there  is  defined  to  be  equal  to  the  value  of  the  singularity  located  there. 
Thus  the  doublet  spline  vector  SPD  for  each  of  these  points  is  a  unit  vector 
of  length  one,  as  it  is  for  panel  center  points  in  a  doublet  analysis  network. 

Next,  the  doublet  strength  at  the  points  Pi,  U2,...,n-1,  is  obtained  by 
a  constrained  least  squares  analgous  to  that  described  in  section  I. 1.2. I,  but 
in  one  dimension.  That  Is,  the  quadratic  function  f(t)  (t  a  variable  defining 
distance  along  the  network  edge)  is  found  such  that 

f(  «k)  -  u(Mfc)  -  xf  k=i>1+i 

and  f(Mr)  =  u(Mr)  *  r  „  ^  i+2 

in  a  least  squares  sense. 


Then  the  row  vector  SP^1  which  defines  u(P^)  in  terms  of  the  singularity 
parameters  (x°,  k*  1-1 .  i+2),  is  such  that 


M<P1 )  -  f (Pi )  (1.1.31c) 

We  now  discuss  the  differentiable  edge  spiine  which  is  not  implemented  in 
Pan^Air.  First  we  must  compute  the  spline  matrices  which  correspond  to  tiis 
differential  piecewise  quaurataic  distribution,  it  can  be  shown  numerica  iy 
that  such  a  function,  if  It  has  a  non-zero  value  at  one  panel  center,  and  is 
zero  at  all  other  panel  centers  and  the  endpoints  of  the  edge,  is  never 
identically  zero. 


(I. 1.31a) 
(1.1.31b) 
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Now,  by  (1.1.35: 


-  ^pi)  +  1/2  ^^pi)  •  (Pi_i  -^i) 

1  -  2,...,  n+1  (1.1.38) 

Combining  (1.1.40)  and  (1.1.42),  and  noting  that  Vu  is  continuous,  we  have 
(Pi  -  Pi_j.)  x,°  +  (Pi+i  -  Pi)  - 

(Pi  -  Pi_i)  u ( P i )  +  1/2  lUPi)  (Pl+1  -  Pi)  (Pi  -  Pi-l) 

dx  (1.1.39) 

♦  (?W  -  Pi)  m  ( P  i )  +  1/2  lH_(Pi)  (Pi  -  Pi_i)  (Pin  -  Pi) 

dx 


(1.1.40) 


This  defines  the  spline  vector  for  -Ji  as  computed  with  the  differentiable 
edge  spline,  which  is  not  Implemented  in  Pan  Air. 


Now,  we  wish  to  evaluate  u(Mi),  1«l,...,n.  Again  consider  a  function 
u(x)  on  [-1,  1]  defined  by  (1.1.31). 

Then 


u(-l)  »  a  -  b  +  c 
u  ( 1 )  »  a  +  b  +  c 


»(-l)  +  (-1)  -  a  -  c 

dx  (1.1.41) 

u(o)  -  a  - 

1/4  M(-l)  +  1/4  m(1)  +  1/2  (m(-1)  ♦  JiL.  (-1)] 

dr.  (1.1.42) 
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Applying  this  to  Figure  1. 7b,  we  see 


u(Mi) 


1/4  „(P.)  *  1/4  M(ui+1)  +  1/2 

1  *  1 , . .  • ,n 


(1.1.43) 


This  defines  the  spline  vector  for  M^. 


Equations  (1.1.37),  (1.1.41),  and  (1.1.43)  together  describe  y  at  grid 
points  which  lie  on  a  network  edge  belonging  to  a  non-smooth  abutment  as 
linear  combinations  of  neighboring  singularity  parameters  on  the  edge.  We 
again  point  out  that  this  procedure  is  not  implemented  in  Pan  Air. 


I. 1.2. 6  Edge  Splines  for  Smooth  Abutments 

We  now  describe  the  computation  of  spline  vectors  for  grid  points  lying  on 
smooth  abutments.  Once  again,  to  obtain  matching  of  doublet  strength  we 
require  that  one  network  be  paneled  as  a  refinement  of  the  other,  as  in  the 
example  of  Figure  I. 7a.  Then,  spline  vectors  for  grid  points  on  the  more 
coarsely  paneled  edge  are  computed  first,  followed  by  spline  vectors  for  grid 
points  on  the  more  finely  paneled  edge. 

Spline  vectors  for  grid  points  on  the  coarser  edge  are  also  computed  by  a 
constrained  least  squares  procedure,  even  though  again  the  "neighboring 
points"  lie  In  two  networks.  Figure  1.9a  shows  some  representative  examples 
which  illustrate  the  procedure  for  choosing  the  set  of  neighboring  points. 

The  method  is  described  precisely  in  the  Maintenance  Document  (see  Appendix  1 
of  section  4) . 

Now,  continuity  of  doublet  stength  along  a  smooth  abutment  is  Insured  by 
requiring  the  doublet  strength  at  a  grid  point  on  the  more  finely  panelled 
network  to  be  identical  (as  a  linear  combination  of  surrounding  singularity 
parameters)  to  that  at  the  "corresponding"  point  on  the  coarsely  panelled 
network.  We  determine  the  correspondi ng  point  by  "parametrizing"  the 
abutment,  that  is,  assigning  to  each  grid  point  a  real  number  t,  0  <  t  <  1, 
which  specifies  the  proportion  of  the  total  abutment  length  that  the  grid 
point  is  distant  from  the  starting  point  of  the  abutment.  This  procedure  is 
discussed  in  more  detail  in  the  maintenance  document  (see  SUBROUTINE  PRMEDG  of 
the  DQG  module) . 

Figure  I. 9b  illustrates  the  parametrization  of  an  abutment.  Now,  some 
grid  point  P'j  on  the  fine  network  will  have  parameter  value  t‘i,  where 

tj  <  t'  i  <  tj+i  (I  .l.**4) 

for  some  Integer  j,  that  Is,  the  corresponding  point  on  the  coarse  network  is 
not  a  grid  point.  But,  y  must  vary  quadratlcal ly  on  the  panel  edge,  so  we  can 
obtain  u(P'l)  as  a  linear  combination  of  y(Pj),  u(Pj+l),  and  p ( P j+2 ) • 


( 

t 
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Now,  it  follows  from  (1.1.31-32)  that  on  an  interval  [-1,  1], 
u(x)  =  a  +  bx  +  cx2  = 
u (0)  *  (l/2y(l)  ♦  1/2  u(-l ))x 

+  [1/2  u ( 1 )  ♦  1/2  g ( — 1 )  -  *(0)3x2  (1.1.45) 


We  can  apply  this  to  the  interval  in  Figure  1.9c  by  making  the 
transformation 


x’ 


x 


tj+ 2  - 

?x‘  -  1 


tj+2  -  tj 


(1.1.46) 


(1.1.47) 


Equation  (1.1.46)  maps  the  interval  In  Figure  I. 9c  to  [0,  1],  wh*ch  In 
turn  is  mapped  to  [-1,  1]  by  (1.1.47). 


Substituting  (1.1.47)  in  (1.1.45),  we  obtain 

u(t)  -  u ( Pj+l )  +  [1/2  m ( F* j  +2 )  -  1/2  u(Pj)3 

tj+2  "  tj 

+  [1/2  m ( P j+2 >  +  1/2  u(Pj)  -  *(Pj+i)] 

tj+2  -  tj  (1.1.48) 


Setting  t  »  t'(,  we  have  g ( P ^ )  as  a  linear  combination  of  g ( P j ) , 
w ( Pj+1 ) »  and  w(Pj+2); 


u(P'i)  -  (-1/2  +  1/2  T2)  u(Pj) 

+  (1  -  T2)  w(Pj+1)  +  (1/2  r  1/2  T2)  u(Pj+2) 

(1.1.49) 

where  T  »  Jjji. _ ^.ll2 - 

tj+2  *  ^ 

(1.1.50) 

This  c-r.cludes  our  discussion  of  spline  vector  construction  for  doublet 
analysis  networks.  We  have  now  discussed  the  computation  of  doublet  spline 
vectors  for  all  enriched  grid  points  in  a  doublet  analysis  network.  In 
practice,  these  vectors  are  all  computed  and  stored  on  a  disk,  Then,  within  a 
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loop  over  panels,  the  spline  vectors  correspond! ng  to  the  nine  panel  defining 
points  are  retrieved  from  the  disk,  and  merged  into  an  outer  spline  matrix 
8°  by  VECUNM. 


1.1.3  Doublet  Spline  Vectors  for  Wake  Networks 

Singularity  parameter  locations  for  doublet  wake  networks  are  Illustrated 
in  Figure  D.3.  !n  addition,  if  the  edge  of  the  wake  I  networks  on  which 
singularity  parameters  are  located  forms  p  t  of  more  than  one  abutment,  an 
extra  singularity  parameter  is  located  at  the  abutment  endpoints  lying  in  the 
interior  of  the  edge . 

The  purpose  of  a  doublet  wake  1  network  is  to  model  a  wake  surface  on 
which  the  doublet  strength  is  constant  in  the  streamwise  direction.  Thus, 
spline  vectors  for  grid  points  are  constructed  as  follows.  First,  spline 
vectors  are  constructed  for  each  grid  point  on  the  edge  containing  singularity 
parameters,  just  as  though  the  edge  were  part,  of  a  non-smooth  abutment  of  an 
analysis  network  (It  should  be  noted  in  passing  that  smooth  abutments  are  only 
permitted  between  analysis  networks).  Then,  the  spline  vector  constructed  for 
a  particular  grid  point  on  the  edge  Is  also  used  for  every  grid  point  lying  in 
the  column  or  row  of  points  emanating  In  an  indicially  perpendicular  direction 
from  the  edge.  This  produces  a  doublet  strength  which  is  constant  in  one 
indicial  direction,  as  desired.  In  general  this  direction  is  the  direction  of 
increasing  row  Index,  though  this  program  default  may  be  overridden  by  the 
user.  See  section  7,  record  N12,  of  the  User's  Manual. 

Doublet  wake  2  networks  are  used  to  define  a  constant  strength  doublet 
sheet,  whose  strength  is  the  value  of  the  one  singularity  parameter  in  the 
network.  Thus,  the  Identical  spline  vector  is  constructed  for  every  grid 
point  on  the  network;  namely  the  row  vector  of  length  one  with  unit  entry. 


1.1.4  Source  Splines  for  Design  Networks 


Singularity  locations  for  source  design  networks  are  given  by  Figure  D.l. 
Since  a  source  parameter  is  located  at  every  panel  corner,  the  spline  vectors 
for  these  grid  paints  are  just  unit  vectors  of  length  1.  Spline  vectors  for 
panel  centers  are  also  straightforward  to  compute: 

SPS  -  l  1/4  1/4  1/4  1/4.!  (1.1.51) 

That  is,  the  source  strength  at  a  panel  center  Is  defined  as  the  average 
of  the  source  strengths  at  all  the  panel  corners. 


1.1.5  Doublet  Splines  for  Design  Networks 

Figure  D.2  shows  the  location  of  singularity  paraneters  on  a  doublet 
design  network.  For  grid  points  in  thj  Interior  of  the  network,  spline 
vectors  are  computed  by  fitting  to  neighboring  points,  as  illustrated  in 
Figure  1. 10a.  For  grid  points  or:  the  "matching  edges"  (which  nave  singularity 
parameters  located  at  the  panel  edge  midpoints),  the  doublet  analysis  edge 
spline  of  section  I. 1.2. 5  is  used. 
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The  only  unusual  aspect  of  doublet  design  splines  is  the  edge  spline  for 
non-mctching  edges.  The  doublet  parameters  are  located  at  panel  corners  along 
these  edges  (rather  than  panel  edge  midpoints)  for  stability,  since  the 
boundary  conditions  in  the  vicinity  of  non-matching  edges  tend  to  be  doublet 
gradient  boundary  conditions.  For  nonmatching  edges,  as  for  matching  edges,  a 
differentiable  edge  spline  and  a  least  squares  edge  spline  are  available, 
though  once  aga’n  the  least  squares  spline  is  implemented  in  Pan  Air.  The 
least  squares  spline  is  similar  to  that  for  matching  edges,  except  that  now  it 
is  at  panel  edge  midpoints  that  the  doublet  strength  is  defined  by  least 
squaring  to  the  four  surrounding  edge  doublet  parameters,  while  at  panel 
corners  the  doublet  strength  is  defined  by  a  unit  spline  vector. 

We  now  discuss  the  construction  of  the  differentiable  edge  spline.  Let 

be  the  value  of  the  doublet  parameter  located  as  a  panel  corner 
as  illustrated  in  Figure  I. 10b.  We  define  a  row  vector  ,Yij.  0  <  i  <  n  (n 
the  number  of  panel  corners  on  the  network  edge)  of  length  n  as  follows.  We 
define  y0  and  Yn  t0  be  row  vectors  with  the  entries  1  in  the  first  entry 
and  the  nth  entry,  respectl vely,  and  otherwise  zero.  For  1  <  i  <  n  -  1,  we 
obtain  yi  by  performing  a  one-dimensional  least  squares  fit  to  the  4  (or  3, 
if  1 » 1  or  n-1)  neighboring  singularity  parameters  on  the  edge. 

Thus,  at  each  edge  midpoint,  and  at  the  endpoints  of  the  edge,  a  row 
vector  vi  is  defined.  This  is  analagous  to  the  situation  for  the 
differentiable  doublet  analysis  edge  spline.  We  now  obtain  u  at  corner  points 
and  edge  midpoints  by  using  the  doublet  analysis  edge  spline,  but  in  terms  of 
the  Yi  rather  than  the  singularity  parameters. 

For  example,  we  have,  analagously  to  (1.1.40), 


w(P5) 


\\zhl _ 

[Pfi  -  P5MP5  -  P4I 


JjvJul. _ 

IPs  -  P5MP5  -  P4I 


J5j  tM°} 

(1.1.52) 


This  concludes  our  discussion  of  spline  vector  construction.  Details  of 
the  construction  are  cont  lined  in  the  Maintenance  Document  (section  4-1. 2. 3). 
We  note  that  the  "RESERVE"  spline  discussed  there  is  in  fact  the  least  squares 
edge  spline  implemented  in  Pan  Air. 
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1.2 


Subpanel  Splines 

1.2.1  Source  Subpanel  Splines 

1. 2. 1.1  Prel  iminaries 


Consider  two  panels  in  one  network,  side  by  side  ( cf . ,  Figure  11).  The 
points  A  and  B  are  common  to  both  panels  and  are  locations  of  panel  source 
parameters.  Because  of  the  manner  in  which  the  outer  source  spline  is 
constructed,  the  source  strength  is  continuous  at  these  points.  To  insure 
linear  accuracy,  and  insure  that  o  is  continuous  on  the  entire  segment  AB,  we 
require  a  to  vary  linearly  between  A  and  B. 

Illustrating  panel  in  Figure  1.12,  we  see,  since  P3  is  the  midpoint 
of  P1P4,  that  is, 

os  u(Pfl)  =  1/2  ( a  1  +  04)  (1.2.1) 

Similarly  for  all  the  other  edge  midpoints,  the  value  of  source  strength  there 
is  the  average  of  the  values  at  the  vertices  of  the  edge.  Since  Pg  is  a 
panel  source  parameter  location,  we  thus  have  the  source  strength  at  all  nine 
"panel  defining  points"  In  terms  of  the  five  panel  source  paraemters. 

To  "fill  in"  the  source  distribution  on  each  suboanel,  we  note  that  a 
linear  function  in  two  variables  can  be  specified  at  exactly  three  distinct 
non-colinear  points.  Thus,  the  specification  of  0  at  the  three  vertices  of  a 
subpanel  uniquely  specifies  the  linear  variation  of  source  strength  on  the 
subpanel . 

Consider  the  subpanel  in  Figure  1.13,  with  the  vertices  specified  in  local 
coordinates  (the  third  coordinate  is  omitted  sin,.e  it  is  zero).  The  local 
coordinate  system  we  use  here  is  the  system  X1  of  Appendix  E.  That  is,  the 
matrix  A  of  equation  (E.0.1)  defines  the  transformation  from  reference 
coordinates  to  this  local  system.  We  will  not  use  primes  to  denote  local 
coordinates  In  this  appendix,  however.  The  origin  of  the  local  coordinate 
system  is  always  one  of  the  vertices  of  the  subpanel,  if  the  subpanel  is  an 
interior  one,  the  origin  is  the  panel  center,  while  the  origin  for  each  of  the 
four  comer  subpanels  is  the  correspondi ng  panel  corner.  The  local  coordinate 
system  X'  is  distinct  from  the  local  systems  used  in  section  1.1.  The  latter 
systems  are  used  only  in  section  I. I,  and  appear  nowhere  else  in  this 
document. 

We  now  compute  the  distribution 

oil,,  n)  «  <70  +  0£  l,  +  n  (1.2.2) 

(where  o0,  or  and  on  are  constant  coefficients)  which  assumes  the  values 
ai,  oj,  and  o|<  at  P^,  Pj,  and  P|<. 

Now,  we  clearly  nave 

oi  *  o(?\)  •  o(  £  j,  m)  »  °o  +  n< 

(1.2.3) 
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Similar  equations  hold  for  oj  and  o^,  so  in  matrix  form  we  have 
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Inverting,  we  find 
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I. 2. 1.2  Inversion  of  the  Matrix  of  Coordinates 


Now,  we  can  find  o0,  a  ,  and  an  in  one  of  three  ways.  A  standard 
program  for  numerical  solutions  is  not  suitable  since  we  need  the  solution  for 
an  arbitrary  "constraint"  or  "right  hand  side"  vector  (this  Is  made  clear  by 
equation  (1.2.27)).  Now,  we  can  invert  the  matrix  numerically,  then 
performing  the  matrix  multiplication  in  (1.2.5).  Or,  we  can  invert  the  matrix 
analytically  (that  Is,  find  the  inverse  as  a  function  of  the  £’s  and  n's)  and 
perform  the  multiplication  in  (1.2.5). 

The  approach  taken  in  PAN  AIR  is  based  on  practical  considerations. 

Because  a  matrix  Inverse  routine  using  the  Gauss-Jordan  method  (see  Ref.  1.1) 
Is  already  available,  the  first  method  is  used  in  solving  small  sys1  of 
equations,  even  though  greater  numerical  accuracy  would  be  obtained  i , 
analytic  inversion  of  tha  matrices. 

Now,  analytic  Inversion  of  the  3x3  matrix  in  (1.2.4)  is,  of  course, 
straightforward;  however,  we  will  demonstrate  a  round-about  method  for 
calculating  this  inverse,  using  triangular  coordinates,  since  this  method  can 
be  generalized  to  6x6  and  10x10  matrices  which  need  inverting  later  on.  The 
equations  in  the  remainder  of  section  1.2. 1.2  are  not  Implemented  in  Pan  Air, 
but  are  Included  here  for  the  interested  reader. 

In  Figure  1.14,  we  illustrate  a  triangle  with  vertices  Qi  ,1«1,2,3  (in 
our  applications,  the  Qi  will  be  three  of  the  panel  defining  points)  and 
triangular  coordinates  L^,  i-1,2,3.  These  coordinates  are  defined  in  the 
following  manner,  let  (  j  ,  n\)  be  the  local  coordinates  of  Q<.  Then 
(with  all  subscripts  modulo  3),  a  counter-clockwise  tangent  vector  (not  of 
unit  length)  parallel  to  the  edge  opposite  Q<  is 

ti  «  Ql+2  -  Qi+1  -  (  $1+2  -  £l+l.  ni+2  -  n<+l )  (1.2.6) 
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Thus,  an  inward  pointing  normal  vector  to  the  edge  opposite  Qj  is 
n i  =  (  -  lni+2  ~  ni+l)>  Ci+2'Ci+i)  (1.2.7) 

Now,  for  any  point  Q,  let 

Li(Q)  =  (0"  -  Ql*l)-'ni 

(Qi  -  Qi+1 ) • n i  (1.2.8) 

We  can  see  that 

Li (Qi )  =  1;  L i (Qi  +  i )  =  L  j (Qi+2)  =  0  (1.2.9) 

Now,  the  coordinates  L ^ ,  l,,  and  are  not  independent  (after  all, 
points  in  a  plane  are  specified  uniquely  b./  two  independent  coordinates) . 
Inspection  of  the  points  Q^,  ’=1,2,3,  shows  that 

L1(Q)  +  L2(Q)  +  L3(Q)  .  1  (1.2.10) 

for  any  point  Q,  On  the  other  hand,  no  two  of  the  1^  are  dependent,  and  thus 
any  linear  function  is  some  combination  of  the  Li. 

Thus,  given  a  linear  function  a, 


o(Q) 

=  01  L i ( Q )  +  02  L2(Q)  +  03  L 3 ( Q ) 

(1.2.11) 

where 

°i  = 

o(Qi ) 

(1.2.12) 

But, 

applying  (1.2.8),  and  writing  Q=(  £  ,  n). 

(1.2.13) 

L  i  (Q )  = 

A\*±i i .'liti'.J’L.  =  ai  *  t>,  c+  c,  * 

(Cl  -  Ci  +  1  >  n ;  -  n;+l )  •  "nj 

(1.2.14) 

where,  applying  ((.2.7), 

3i  *  [  Ci+2  (nit-?  -  ni  +  l)  -  nj  +  l  (£1+2  -  Ci+1 )]/  A  j 

“  [  Ci+1  ni+2  -  ni+l  Ci  +2 ]/  (1.2.15) 


1.2-3 


where 


*i  =  - ( Ci  -  4i  +  l)  ( n i -*-2  “  ni+1 )  +  ( n i  -  n i  +l )  (4|+2  -£i+1.) 


=  - ( Q i  -  Qi+l )  x  (Qi+2  -  Qi+1 ) 


0 

0 

1 

k.  j 


2A 


(1.2.16) 

(1.2.17) 


where  A  is  the  triangle  area  computed  in  local  coordinates.  Note  that  a 
triangle's  area  depends  on  the  coordinate  system,  since  the  transformation 
(E.0.1)  is  not  orthogonal,  and  therefore  not  ulstance-preserving.  Equation 
(1.2.17)  follows  from  (0.2.16)  because  the  cross  product  of  two  vectors  In  the 
z  =  0  plane  is  a  multiple  of  (0,0,1),  and  thus  its  magnitude  is  plus  or  minus 
Its  dot  product  with  (0,0,1).  Here  the  right  hand  rule  insures  the  plus  sign. 

Now,  similarly 


-  Jlltl  1  I1  +L 

2A  (1.2.18) 

2A  "  (1.2.19) 


Now,  for  the  definition  of  o0,  a*  ,  o„  in  (1.2.2),  and  from 
(1.2. 12-14) ,  we  obtain  *■ 
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Thus,  substituting  (1.2.15-19)  in  (1.2.20), 
of  Figure  1.18,'  the  Inverse  of  the  matrix  in 
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Cjnk  -  njtk  Ckni  -  nkti 


nj  -  nk  nj<  -  ni 

^k  ~  ^i  -  ^k 


and  reverting  to  the  notation 
(1.2.4)  is 

-  nitjl 


ni  -  nj 

•  * 


(1.2.21) 


Note,  therefore,  that  is  Invertible  whenever  the  triangle  has  non-zero 
area. 


i.2-4 


9 

■i 


I.?. 1.3  The  Extension  Matrix 

In  order  to  compute  the  matrix  SPSPL^  such  that 
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we  first  compute  a  3x5  "extension  matrix"  Xr  such  that 

o^,  oj,  the  source  strength  at  the  three  vertices  of  the  subpanel 

are  given  by 


■V 

r>r 

’ 

'  4 

1 

-  [XTS] 

°4 

hJ 

03 

k  a 

(1.2.23) 


From  (1.2.1)  and  its  analons,  we  see  that  [XTS]  is  the  matrix  whose 
first,  second,  and  third  rows  arc  the  i*h,  jth,  and  kth  rows  of  tne  9x5  matrix 
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since 
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Combining  (1.2.5)  and  (1.2.23),  and  comparing  with  (1.2.22),  we  see  that 

[SPSPLS]  [G5]"1  [XTS]  (1.2.26) 


As  specified  by  (1.2.22),  SPSPL^  is  the  matrix  which  defines  the  three 
coefficients  of  a  linearly  varying  source  strength  on  a  subpanel  in  terms  of 
the  five  panel  source  parameters.  It  should  be  noted,  however,  that  while  the 
source  subpanel  splines  insure  that  the  sojrce  strength  varies  linearly  over 
each  subpanel,  and  linearly  along  panel  edges,  the  source  distribution  is  only 
piecewise  linear  ovor  e  panel  as  a  whole. 


1.2.2  Doublet  Subpanel  Splines 

Now  we  consider  doublet  subpanel  splines.  The  outer  spline  matrix  B 
defines  the  nine  panel  doublet  parameters,  that  is,  the  values  of  doublet 
strength  at  the  nine  panel  defining  points.  The  quadratic  accuracy  to  be 
achieved  by  the  doublet  distribution  gives  us  more  leeway  in  choosing  the 
distribution  over  each  subpanel  than  linear  accuracy,  since  it  requires  the 
specif ication  of  values  at  six  points  to  define  a  unique  quadratic  function. 


I. 2. 2.1  Continuity  Requirements 

Let.  us  consider  a  quadratical  ly  ;•  ying  function  or.  a  triangular  region, 
such  as  the  one  In  figure  1.14.  On  each  edge,  the  function  is  just  a 
quadratic  on  one  variable,  and  thus,  the  behavior  of  the  function  on  the  whole 
edge  is  determined  by  the  values  at  three  distinct  points  on  the  edge;  say, 
the  edge  midpoint  and  the  two  vertices.  So,  we  can  determine  the  behavior  of 
the  function  on  •*  entire  boundary  of  the  triangle  if,  and  only  if,  we  know 
its  values  at  ,,  ie  edge  midpoints  and  three  vertices  of  the  triangle.  On 
the  other  hand,  i|  (nation  of  the  value  of  the  function  at  these  six  points 
defines  the  function  on  the  whole  triangle.  So,  the  specification  of 
quadratic  variations  on  each  of  the  three  edges  of  the  triangle  defines  a 
unique  quadratic  function  in  the  interior  of  the  triangle  which  assumes  the 
specified  values  on  the  ooundary.  Therefore,  to  specify  a  quadratic  doublet 
distribution  on  each  subpanel,  we  need  only  specify  the  doublet  variation  on 
all  the  subpanel  ed^es.  This  insures  doublet  continuity  within  the  panel  in 
addition,  since  the  doublet  strength  is  uniquely  defined  on  the  set  of  points 
common  to  two  or  more  subpanels. 
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The  requirement  of  continuity  of  doublet  strength  across  panel  edges  makes 
it  clear  how  we  must  define  g  on  the  panel  edges.  Since  the  outer 
spline  matrix  8^  forces  continuity  of  g  at  only  three  points  (the  vertices 
and  midpoint)  on  a  panel  edge  (see  section  1.1),  the  value  of  g  on  the  entire 
edge  must  be  determined  by  these  three  values.  Thus  we  require  g  to  be  a 
single  quadratic  function  on  each  panel  edge. 

This  leaves  eight  interior  subpanel  edges  on  which  g  is  not  yet  fully 
defined.  One  possibility  considered  in  the  course  of  the  development  of  the 
doublet  subpanel  splines  was  to  minimize  the  discontinuities  in  doublet 
gradient  in  the  Interior  of  the  panel.  Experimentation  showed  that  this 
method  was  unacceptable.  An  indication  of  the  numerical  error  introduced  by 
this  method  can  be  seen  In  Figure  1.15,  which  illustrates  the  values  of  panel 
doublet  parameters  and  doublet  strengths  at  all  the  subpanel  edge  midpoints 
which  result  from  the  minimization  of  derivative  discontinue '-es.  In  fact,  in 
this  example,  the  panel  is  square  and  there  are  no  discontinuities  In  doublet 
gradient.  It  is  thought  that  the  oscillate. 7  behavior  on  the  vertical  edge 
midpoint  connector  results  in  instabilities. 

No  theoretical  study  has  bean  performed  on  the  above  problem;  however,  an 
alternate  approach  has  been  found  co  be  experimentally  successful..  In  this 
approach,  the  doublet  strength  on  the  edge  midpoint  connectors  is  defined  to 
be  the  single  quadratic  function  dofired  by  the  values  at  tiK  endpoints  and 
midpoint.  Subject  to  this  constraint,  the  discon' inuities  in  doublet  gradient 
are  minimized.  The  panel  doublet  parameters  illustrated  in  Figure  1.15  now 
produce  the  doublet  distribution  illustrated  in  Figure  1.16.  The  latter 
distribution  does  not  exhibit  the  oscillatory  behavior  of  the  former 
distribution. 


I. 2. 2. 2  Definition  of  "Kappa"  Quantities 


We  will  new  describe  the  computation  of  the  subpanel  splines  by  the  second 
approach,  the  one  which  is  Incorporated  in  PAN  AIR.  For  reasons  which  will 
soon  become  clear  (that  is,  in  order  to  derive  (1.2.36),  (1.2.45),  and 
(1.2.47)),  we  describe  the  quadratica) ly  varying  doublet  strength  on  an 
Interval  AB,  (which  will  later  be  used  to  represent  either  a  subpanel  edge  or 
a  panel  edge)  as  illustrated  in  Figure  1.17,  by  specifying  u(A),  g(B),  and 


*AB  "  u(A)  +  1/2  Vg(A)  •  (B’-A) 

=  *3A  “  g(B)  *  i/2  Vg(B) •  (A  -  B) 


(1.2.27) 

(1.2.28) 


the  quantity  <ab  being  specified  rather  than  g(M). 
are  proved  in  section  1.1. 

Now  let  M  be  the  midpoint  of  AB  (F;gure  1.17). 

Vg(M).(8-A)  .  g(B)  -  g(A) 

for  any  quadratic  function  on  A3.  Thus 

Vu(M)*(8-M)  «.  xJ&l.-Ji.'&L 


Equations  (1.2,27-28) 

Then 

(1.2.29) 

(1.2.30) 
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It  follows  from  (1.2.28)  that 


<MB  -  u(M)  +  1/2  7  y(M)  .  (t  -  .  U(M)  +  1/4  M(B)  -  1/4  y(A) 


(1.2.31) 

Similarly  *MA  *  y(M)  +  1/4  U(A)  -  1/4  U(B)  (1.2.32) 

Also  *MA  =  <AM  -  u(A)  +  1/2  7m(A)  •  (M  -  A)  (1.2.33) 

Thus  7u(A)  •  (M  -  A)  -  2  *MA  -  2u(A) 

-  2u(H)  *  l/2u(A)  -  1 / 2 u ( 8 )  -  2u(A)  (1.2.34) 

=  2u(M)  -  3/2  y(A)  -  l/2u(B)  (1.2.35) 


We  can  ‘.pDiy  (1.2.31)  and  (1.2.32;  to  a  panel  on  which  the  doublet 
strength  is  a  single  quadratic  on  the  panel  edges  and  on  the  lines  connecting 
opposing  edge  midpoints  that  is,  P5  P7  and  Pg  Pg  of  figure  1.12. 

Writing  for  the  quantity  *p,p,,  we  see  that  (cf.,  Figure 

1.12)  1  J 


*15 

=>  M5  +  l/4ui  - 

1/4u2 

*52 

■  V5  -  l/4ul  + 

1/4m2 

*26 

=  ug  +  1/4m2  - 

1/4m3 

*63 

»  m6  -  1/4u2  + 

/ 14  m  3 

(1.2.36) 

etc. 

1. 2. 2. 3 

Computation  of 

"Kappa" 

Quantities  On  Lines  Containing  only  two  Pan.i 

Defining  Points 


It  remains,  however,  to  determine  *55,  K57,  <73  and  <gc.  Because 
these  lines  contain  only  two  panel  defining  points,  no  obvious  method  exists. 
We  therefore  construct  a  procedure  by  which  derivative  discontinuities  are 
minimized.  We  consider  the  standard  panel  in  Figure  D.ll,  and  project  it 
down  to  the  z»0  plane.  One  way  to  compute  <53  for  example,  would  be  to 
define  it  based  on  the  doublet  gradient  at  P5  given  by  the  doublet  strength 
on  P5  Pg  P7  and  on  Pj  P5  p£. 
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So,  by  (1.2.28),  we  have 


4^  =  V5  +  1/2  Vb(p5)  (p"8  -  P5)  = 

_ 1 _  /  Pi  -  u2  -  3(1  +  cn  +  c 21  )p5  +  4(1  ♦  cii  )p5  \ 

4(1  +  cn)  \-  (1  +  Cl i  *  C2l)u7  +  4(1  ♦  r'l+  C21  )p9  /  (1.2.43) 


- — l .  [gl  -  u?  +  (1  +  c i j  -  3c2l)n5  -  (1  +  cn  +  C21 )  u7 

4(1  +  cn) 


+  4(1  +  cn  +  C2i)vg] 


(1.2.44) 


On  the  other  hand,  we  could  just  as  well  calculates  85  by  requiring  a 
differentiable  doublet  strength  at  P8.  We  follow  exactly  the  same  procedure 
as  before.  The  analog  to  (1.2.39-40)  is 


(1.2.45) 

(1.2.46) 


'-1' 

► 

1  +  cn+  c2i  - 

1  .  1 

(C11 

1 

1  +  c2i  [  ( 

CNJ 

O 

+ 

(l  *  ‘21 J 

.  l:.cal:.cal  <p9  .  p8)  ♦ 

1  +  C21  1  +  C21 

As  an  ana’og  to  (1.2.44),  we  obtain 


(Pi  -  Ps) 


4(1  +  C21 ) 


ui  -  u4  +  (1  +  C21  -  3cn)u8 
-  (  1  *  cn  1  C21  )u6  +  4(1  +  C11  +  C21  )u9 


(1.2.47) 


Now,  clearly,  the  definition  we  use  for  K53  should  be  some  weighted 
average  of  the  two  values  we  have  calculated.  Further,  if  (l+c^)  or 
(1+C2i)  is  zero,  one  of  the  values  of  <53  goes  to  infinity,  indicating  the 
impossibility  of  providing  a  continuous  doublet  gradient  on  that  occasion 
(this  situation  occurs  whenever  the  panel  is  triangular).  Thus,  our  weighted 
average  should  be  such  that  zero  weight  is  given  to  an  infinite  value  of 
<50.  The  simplest  such  weighted  average  is  given  below: 


1  ♦  cn _ 

2  +  cn  +  c2i 


1 ,.t.C.2_L. . 

2"  +  cn  +  c2i 


(1.2.48) 
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Combining  equations  (1.2.44),  (1.2.47),  and  (1.2.48)  we  obtain 


K85  =  _ 1 _  /?ul  -  u2  -  u 4  ♦  (1+  cn  -  3c p  1 ) w 5  -  ( 1  +  ♦  C21  )u6  \ 

4  -  cn  +  C21  \  -  (1  +  cn  *■  c2i  )w7  +  (1  ♦  c?A  -  3cn  )W8+8( l+cn*c2i  )ug j 

(1.2.49) 

Equation  (1.2.49)  can  be  rewritten  to  more  clearly  show  geometric  symmetry 
and  thus  give  us  the  analogous  quantities  <55,  <57,  and  easily. 


Fj  =  1  +  clj  +  c2j 


j  =  1 . 4 


(1.2.50) 


F1  -  1  +  cn  +  C21 

and  by  (0.2.35) 

f2  -  1  +  c12  +  c22  =  1  f  cn  -  c2l 

f3  -  1  "  C11  -  C21 

f4  =  1  -  cil  +  c2i 


(1.2.51) 


(1.2.52) 


The  quantities  Fj  are  very  naturally  associated  with  the  interior  edge 
of  the  jth  subpanel  (for  which  is  to  be  determined)  because  every  point 
P'»(x',y')  on  this  edge,  if  written  as  P'  «  (1+c'jj.  l+c '  2  j ) ,  has  the 
property  J 


F'j  -  0 

where  F’j  is  defined  by  (1.2.51-52)  with  c'y  replacing  c i j . 
Now,  using  (I. 2. 52)  in  (1.2.49)  we  see 


(1.2.53) 


*85  = 


A _  /  2u  1  -  v2  -  uq  +  ( 2F 2  -  Fj)y5  \ 

1  +  Fi)  y-  Fju6  -  P 1 U  7  +  (  2F4  -  F 1 )  yg  +  8Fj  yg  y 


(1.2.54) 


Using  this  formulation,  we  can  construct  the  other  3  's  by  symmetry. 


*56 

1 

/  2u2  -  u 1 — y 3  +  (2F3  -  F2)u6  \ 

4 ( f  +  F2) 

F2u7  -  F2u8  +  ( 2F j  -  F2)u5  +  8F2ugj 

(1.2.55) 

*67 

1_ 

/  2u3  -  u2  -  u4  +  (2F4  -  F3 ) y 7  \ 

4(1  ♦  F3) 

F3M8  -  f3u5  +  (2F2  -  f3»6)  *  8f3“9 ) 

(1.2.56) 

*78 

,  X . 

/  2u4  -  u3  -  ui  +  ( 2F 1  -  F4)u£  \ 

4(1  ♦  F4) 

V-  F4U5  -  F4U5  +  (2F3  -  F4 )y 7  +  8F4ug / 

(1.2.57) 
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I. 2. 2. 4  The  Doublet  Extension  Matrix 


Using  equations  (1.2.36)  and  (1.2.54-57),  we  can  compute  a  doublet 
extension  matrix  XT0,  so  that,  for  the  panel  in  Figure  1.13 


'  w  i  ' 

ro 

Uj 

uk 

-  [XT°] 

• 

• 

« 

4 

• 

• 

<ki 

• 

Ki  j  ^ 

b  J 

The  first  three  rows  consist  of  a  1  in  the  ith,  jth,  or  kth  column, 
respectively,  and  the  remaining  entries  zero.  As  an  example,  the  extension 
matrix  XT0  for  the  first  subpanel  is 


'Ml  ' 

'"f 

l'  5 

• 

UB 

-  [XTj0] 

• 

*58 

>  « 

• 

*18 

« 

/15. 

k  ?  J 

where  [XT^°]  > 


1 

0 

0 

0 

0 

0  0 

0 

0 

0 

1 

0  0 

0 

0 

0 

1  0 

1 

-1 

-1 

2F  2~1 

-Fl 

-Pi 

2F4-F!  2F! 

2(l+>’l) 

4n+rJ7 

4(  1+F ! ) 

4 ( 1+F i )  4(1 +F ! ) 

4(  1+FjJ  4(  1+F ! )  1+F! 

1/4 

0 

0 

-1/4 

0 

0 

0 

1  0 

_ 1  /  4 

-1/4 

0 

0 

1 

0 

0 

0  0 

(1.2.60) 

1.2. 2.5  The 

Matrix  i 

of  Coordinates  [G°] 

Next,  we 

defne  a 

matrix  G°,  such 

that  the  doublet 

distribution  on  a 

subpanel  in 

ocal  coordinates 

(that 

is,  the 

system  X' 

of  the  Appendix  E), 

u(t»  n) 

•  M0  + 

+  un 

n  +  1/2uk  & 

+  u£n  Z"  * 

l/2wnn 

(1.2.61) 

is  given  by 


* 


Inverting  ( 1.2.62 )  and  substituting  in  (1.2.58)  we  obtain 

1  ["‘1 

-  [G0]-1  [XT0]  l  w*9  j 

I 

t 

Comparing  with  (1.0.4),  we  see  that 
[SPSPL0]  »  [G0]-1  [XT0] 


(1.2.62) 

(1.2.63) 

(1.2.64) 


To  compute  G°,  let  us  consider  that  triangular  region  in  Figure  1.18. 
Again,  all  subscripts  will  be  considered  modulo  3.  Now,  the  quadratic  doublet 
distribution  gives 

u(Qi)  -  v0  +  IJr  Si  +  n1  +  +  l>2  “nn 

4  (1.2.65) 

<:;i+l  -  u(Q^)  +  1/2  Vu(Qi)-(0i*i  -  oi)  (1.2.66) 


Differentiating  (1.2.65),  we  see  that 


Ki,i  +  1  *=  w0  +  1  /2  ( Ci  +  Ci+i)u  +  1  /2  ( n  ■)  +  ni+i)wn 

*  1/2  C-j  ^i+i  +  l/2(£j+i  ni  +  Ciii+l)u£n 

+  1/2  ni  ni+i  vnn  (1.2.69) 

Applying  (1.2.65)  and  (1.2.69)  to  (1.2.62)  for  the  triangle  in  Figure  1.18 
(with  i=l,  j«2,  k=3  in  equation  (1.2.62)),  we  obtain  [G°]  ■ 


1  Cl  ni  1/2^2  ^  ni  l/2nl2  ' 

1  C?  n2  I/2C22  ^2  12  1/2o22 

1  C3  n3  I/2C32  C3  03  1/2o32 

1  ^2^3  12^>3  C2  ?3_  l/2^2n3+\  12  03 

2'  i~  ~~~i  \C3n2  /  2  ~ 

1  L.**3  ij,+i3  ^1  ^3  i/2/^l  i3+\  ni  13 

i~~~  T~  "'"3  '  \C3  01  /  2 

1  5L--^2-  2Lln-2_.  Cl_C2_  i/2/^l  i2+\  11  12 

2  2_  2  \C2  HZ  2  (i.2.70) 


I. 2. 2. 6  Inversion  of  [G&] 

As  with  GS,  G^  may  be  inverted  analytically  or  numerically.  In 
practice,  Pan  Air  performs  numerical  inversion.  We  again  supply  the  analytic 
method  for  the  interest  of  the  user.  Again  we  use  triangular  coordinates  to 
invert  G&  analytically.  We  claim  that  for  P  >  Qj ,  Q2,  Q3,  or  the 
edge  midpoint  M2,  M3  in  Figure  1.18, 

v(P)  -  ui  Li(P)2  ♦  u2  L2(P)2  «•  u3  L 3 ( P ) 2 

+  2  <23  L2(P)Lj(P)  +  2  <i3  Li(P)L3(P)  ♦  2  <12  Li  (P)L2(P) 

U.2.71) 

This  is  proven  below. 

Equation  (1.2.71)  certa’nly  holds  for  the  points  Qi ,  Q2  03,  since 

L 1 ( 0 j )  »  <ij  (1.2.72) 

Further 

Li(Mk)L3(Mk)  .  1/4  if  W  k  and  j  4  k 


0  otherwise 


(1.2.73) 


since  the  L-  are  linear  functions.  Thus,  the  right  side  of  (1.2.71), 
applied  to  M^,  is 

“k+1  Lk+1 (Mk ) 2  +  wk+2  Lk+2<Mk)2 
+  2  iek*l,k+2  Lk  +  l(Mk)Lk+2(Mk> 

■-=  1/4  uk  +  1  ♦  1/4  uk+2  ♦  1/2  <K+1,k+2  (1.2.74) 

Now,  referring  to  Figure  1.17,  and  applying  (1.2.28)  and  (1.2.35),  we  see 

that 

<AB  -  -1/2  u(A)  -  1/2  u(B)  ♦  2U(M)  (1.2.75) 

Applying  this  to  Figure  1.18,  we  see 

lck+l,k+2  *  -  ^u(Qk+l)  -  \  w(Qk+2)  +  2 u ( Mk )  (1.2.76) 

or  u (Mk )  -  ^  Kk  +  l,k+2  +  j  w(Qk>l)  +  ,j  v(Qk+2)  (1.2.77) 

Comparing  (1.2.74)  and  (i.c./7),  we  see  that  (1.2.71)  holds.  Now,  since 
(1.2.71)  holds  at  six  independent  points  on  the  triangluar  region,  it  holds 
everywhere  in  the  region. 

Next,  we  substitute  (1.2.14)  and  (1.0.2)  in  (1.2.71)  for  an  arbitrary 
point  P  =(£,  n ) ,  obtaining 

“o  +  5  +  un  n  +  ...  +1/2  unn  n2» 

Ml  ( aj  +  bi  C  +  ci  n)?  +  m2  ( a?  +  b?  5  +  C2  n)2 

+  M3  (33  +  b3  £  +  C3n)2 

+  2<23  (a?  +  b 2$  +  C2  n)  (43  +  b3  £  ♦  C3  n) 

+  2  <13  (ai  +  bi  5  +  ci  n)  (aj  +  63  C  *  C3  n) 

+  2  <12  (ai  +  bj  £  +  ci  n)  (a2  +  b?  £  *  c?n)  (1.2.78) 

where  the  a  1 «  b ■{ ,  and  ci  are  defined  by  (1.2.15-19). 

Since  (1.2.78)  holds  for  an  arbitrary  point  (£,  n),  each  coefficient  of  a 
term  nn.  0  <  m  +  n  £  2,  on  the  left  must  equal  the  coefficient  of  the 


1.2-15 


corresponding  term  on  the  right.  Matching 
i nstance, 


uo 


Lal?  a2 2  a32  ?a2d3  ?ala3  ?ald2J 


coef  f  ic  ients 


w2 

^3 

<23 

*13 

.k12. 


of 


0  n°,  for 


(1.2.79; 


We  obtain  five  more  such  equations,  obtaining,  altogether, 


r  ' 

KO 

ai* 

a22 

a32 

2a2a3 

2a3al 

* 

2rtl42 

UC 

2albl 

2a2b2 

2a3b3 

?/a2b3  *\  ?/a3bl 
\a3b2  /  '  \alb3 

f\  ,/aj°2  *\ 

/  \a2°l  J 

wn 

12 

* 

2aici 

2a?c2 

2a3c3 

$1! ) 

,/a3cl 

yalc3 

‘)  «$!  *) 

2b!2 

2b22 

2b32 

4b2b3 

4b3b3 

4bib2 

2b  l  c  i 

2b2c2 

2b3c3 

ii  *) 

\b3c  1 

*)  ) 

unn 

2d2 

2c2? 

2c3? 

4c2c3 

4c  1 c  3 

4qc2 

W1  ' 
J2 
u3 
<23 
<13 
<12 


(1.2.80) 


Comparing  to  equation  (1.2.62),  we  see  that  (1.2.80)  defines  • 

Thus,  applying  (1.2.64),  we  have  computed  [SPSPIP].  In  practice,  however, 
PAN  AIR  inverts  the  matrix  (1.2.70)  amd  multiplies  by  XP,  to  obtain 
SPSPlD,  This  completes  the  discussion  of  subpanel  splines. 
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1.3  Full  Panel  and  Half  Panel  Splines 

Measuring  the  influence  of  a  panel  on  which  eight  separate  singularity 
distributions  are  defined  requires  a  considerable  amount  of  computation,  and, 
thus,  is  reserved  for  control  points  which  are  very  near  to  the  panel.  For 
points  whirh  are  somewhat  further  from  the  panel,  one  of  two  "intermediate 
field"  procedures  is  jsed  for  the  computation  of  a  panel  influence  coefficient 
matrix.  In  these  procedures,  the  pane1  containing  five  planar  regions  and  the 
singularity  strength  def'ned  distinctly  on  eight  triangular  regions  are 
replaced  by  approximations  in  order  to  reduce  computation  costs. 


1.3. :  Full  Panel  Spline  Matrices 

In  tne  "one  region  intermediate  field"  procedure,  the  panel  is  replaced  by 
its  projection  to  the  average  p'ane  (thus,  panels  now  have  gaps  between  them, 
but,  presumably,  the  control  point  is  far  enough  away  in  hyperbolic  distance 
R,  defined  by  (5.6.6),  tint  the  gape  do  not  matter).  The  source  and  doublet 
distributions  on  she  gar,,.,  are  approximated  by  a  single  linear  function  and  a 
single  quadratic  funct  <.n,  respectively,  whose  strengths  are  rot  continuous 
across  panel  edges.  We  now  describe  the  computation  of  these  factions. 

Precisely,  our  goal  is  to  calculate  matrices  PSPL^  and  PSPL°  (PSPL 
stands  for  "panel  Spline")  such  that  in  a  local  coordiate  systemj  £,  n) 
defined  on  the  average  plane  (that  is,  defined  by  (E.G.l),  with  ri  the  normal 
to  the  average  plane)  and  with  its  origin  at  the  panel  center, 

a(^,n)=o0  +  u^C+nnn  (1.3.1) 

u(£,n)  *  up  *  •  •  •  *  l/?u nn  (1.3.3) 


and 
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The  panel  spline  matrices  are  computed  by  a  constrained  least  square 
procedure.  They  define  the  linear  source  or  quadratic  doublet  distribution  on 
the  panel  which  exactly  takes  on  the  value  at  the  panel  center,  and  takes  on 
the  values  at  the  four  remaining  panel  source  parameter  locations  (or  eight 
remaining  panel  doublet  parameter  locations)  in  a  least  squares  sense. 
Precisely,  PSPL ^  is  the  matrix  such  that  <j0,  a  ,  and  an  defined  by 
r 1 .3.3)  satisfy 
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(1.3.5) 
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Similarly,  unn,  as  defined  by  PSPL&  in  (1.3.4)  satisfy 

L 1  £g  ng  gng  l/2rg^j 
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The  constrained  least  squares  procedure  is  discussed  in  section  1.5.  The 
purpose  of  the  exact  constraint,  wh.ch  insures  that  the  singularity  strength 
exactly  takes  on  the  value  at  the  panel  center,  is  to  guarantee  stability. 

This  exact  constraint  is  only  used  for  analysis  networks,  for  which  a 
singularity  parameter  is  located  at  the  panel  center.  We  thus  assure  that  the 
singularity  distribution  takes  on  the  value  at  the  singularity  parameter 
location 
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1 . 3.  ? 


Half  Panel  Spline  Matrices  !  Background  Ma  ter  i  a  i  i 


We  now  describe  a  "two  region  intermediate  field"  PIC  calculation  method, 
used  for  control  points  at.  which  the  influence  need  not  be  measured  by  the 
near  field  method,  hut  for  which  the  one  region  intermediate  field  method  is 
insufficient.  This  procedure  is  not  included  in  version  1.0  of  Pan  Air,  but 
is  presented  for  reader  interest.  Here,  the  panel  is  divided  into  two  regions 
along  one  of  the  two  diagonals,  with  the  partitioning  which  is  chosen 
dependent  on  the  control  point's  location.  If  the  panel  is  partitioned  along 
diagonal  Pj  P3,  two  half  panels,  labeled  half  panels  2  and  4,  are 
generated.  If  the  panel  is  partitioned  along  diagonal  P?  P4,  half  panels 
i  and  3  are  generated,  as  illustrated  in  figure  1.19.  The  half  panel  index  is 
that  of  the  panel  vertex,  lying  in  the  half  panel,  which  lies  opposite  the 
diagonal . 


In  order  to  approximate  the  eight  region  singularity  di stributions  fairly 
accurately  with  only  two  regions,  we  increase  the  degree  of  the  polynomials. 
Thus  we  define  a  quadratic  source  strength  and  a  cubic  doublet  strength  on 
each  of  the  four  half  panels.  It  must  be  emphasized  that  this  does  not  give 
us  quadratic  or  cubic  accuracy  for  the  source  or  doublet  strength 
respecti vely .  For  example,  a  source  distribution  varying  quadratical ly  on  a 
global  scale  will  not  be  exactly  produced  by  the  piecewise  quadratic  source 
strength  to  be  constructed  here. 


In  Figure  1.20,  we  illustrate  an  ith  arbitrary  half  panel  with  center 
point  (average  of  the  three  vertices)  Cj.  For  the  remainde  ■  of  this  section 
we  will  deal  with  the  triangular  region  in  Figure  1.21. 


1.3.2. I  Requirements  for  the  Source  Half  Panel  Spline  Matrix 

Consider  first  the  source  coefficients  <j0,...,onn  of  a  quadratical  ly 
varying  source  strength  in  local  coordinates. 

o(£>  n )  *  «o  +  °r  Z*  °nn  +  1/2  +  a  n  n  +  1/2  o„n  n2 

(1.3.9) 

Note  that  since  the  ith  half  panel  shares  parts  of  two  edges  with  the  ith 
subpanel  and  they  are  therefore  coplanar  subpanel  (see  Figure  D.8),  we  may  use 
the  local  coordinate  system  of  that  subpanel. 


Now,  HPSPl'  is  defined  by  the  equation 


[HPSPL5] 
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Now  we  require  the  quadratic  source  distribution  on  the  half  panel  to 
satisfy  the  following  conditions.  It  should  be  linear  on  the  three  edges,  in 
order  to  match  exactly  the  source  distribution  on  the  neighboring  panel  or 
half  panel.  In  addition,  it  should  take  on  the  value  of  the  source  strength 
at  C,  the  projection  of  half  panel  center  C  to  the  panel,  for  stability. 
Finally,  we  require  the  source  distribution  to  take  on  the  values  at  the  three 
triangles  vertices.  This  comes  to  seven  conditions,  while  a  quadratic 


function  can  only  satisfy  six. 

Now  consider  the  function 

f(P)  =  *1  L 1 ( P )  +  a2  L2(P)  +  a3  ^(P)  (1.3.12) 

where 

oi  =  o(Qi)  (1.3.13) 

This  is  a  linear  function  taking  on  the  correct  values  at  the  corners  and 
edge  midpoints  of  the  triangle.  On  the  other  hand, 

g(P)  *  (3  o(C)  -  a\  -  o2  -  03). 

(L2(P)  L3 (P )  +  L 1  ( P )  L 3 ( P )  *  l-l(P)  l2(P))  (1.3.14) 

has  the  property 

f (C)  H  q(C)  »  1/3(03  +  o2  +  03)  +  (3  o(C)  -  a\  -  o2  -  03)  (3/9) 

=  0 ( c )  (I. 3. 15a) 

since 

L 1 ( C )  =1/3  1  =  1,2,3  (I. 3,15b) 


Thus,  f(P)  satisfies  six  of  our  conditions,  while  (f+g)(P)  satisfies  the 
seventh  (stability)  but  not  all  six  continuity  conditions.  The  extent  to 
which  f  falls  to  satisfy  the  seventh  condition  Is 

o( C )  -  f(C)  =  e  =  1/3  (3o(C)  -  -  02  -  03)  (1.3.16) 


while  (f+g)  fails  to  satisfy  three  continuity  conditions  by  zero: 

f(Qi)  +  g(Oi)  -  01  >  f(Qj)  -  01  -  0  (1.3.17) 


and  three  continuity  conditions  by  3/4  *: 

f(Mi)  +  q(Mi)  -  1/2  (oi  +  i  +  c'1+2)  *  3/4  e 

=  1/4  (3  o(C)  -  01  -  o2  -n3 )  (1.3.18) 
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So,  a  likely  candidate  f  r  approximating  afP)  is 

0* (P)  =  f(P)  +  ag(P)  +  b  (1.3.191 

where  a  and  b  chosen  to  minimize  the  error  in  some  weighted  sense. 

Then,  combining  (1.3.1?),  (1.3.14),  (1.3.16),  and  (1.3.17), 

<? '  (Qi )  =  f(Qi)  +  ag(Qi)  +  b  =  +  b  (1.3.20) 

=  1/2  (oi+1  +  oi+2)  +  3/4  ax  +  b  (1.3.21) 

o ' ( C )  =  1/3  ( a i  +  o?  +  03)  +  ae  +  b  =  0 ( C )  -  (1  -  a)e  +  b 

(1.3.22) 


We  want  to  choose  a  and  b  so  that  stability  and  continuity  at  the  corners 
are  emphasized  more  strongly  than  continuity  at  the  edge  midpoints.  Choosing 


a  =  .8 

b  =  -e/10  (1.3.23) 


we  find 


0 1 (Qi ) 

=  o(Qi  )  -  e/10 

a'(Mi) 

-  o(Mi )  ♦  s/2 

o*  (C) 

»  o(C)  -  3/10  e 

(1.3.24) 

This  is  a  reasonable  compromise,  being  a  source  distribution  which  is  not 
quite  (linear  (or  continuous)  on  the  half  panel  edges,  and  not  quite  taking  on 
the  desired  value  at  C,  but  nearly  meeting  all  these  requirements,  and  thus  we 
want  the  quadratic  source  strength  on  the  triangular  region  in  Figure  1.21  to 
be  defined  by  (1.3.19)  and  (1.3.23). 


1.3. 2. 2  Computation  of  [0$] 

We  now  want  to  calculate  the  matrix  such  that 
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Now,  hy  (1.3.1?),  ( 1.3.14),  (1.3.19),  (1.3.23)  and  (1.3.24), 
o(P)  =  o'(P)  =  a  I  L  |  ( P  )  +  ap  L?(P)  +  a  3  L  3  ( P  ) 

+  JL  (3 o(C)-  o!  -  a?  -03)  'L?(P)  L3(P)  +  L 1  ( P )  L3(P)  +  LL  (P)  L2(P)) 

10 

-  _L  (3o(C)  -  a\  -  ap  -  03)  =  (1.3.26) 

10 
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Z  oi  ( a |  +bf£+Cj  n) 
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+  JL.( 3  o(C)  -  03  -  (Ip  -  03)  r  ( a 3  +  3  +bj+3  C+c^+1  n)(  ai+2  +b 3  +2  £  +Ci+2  n) 

10  '  1=1 

-  _k_  (3  o ( c )  -  «i  -  oo  -  03) 

10  (1.3. 27) 

Equations  (1.3.9)  and  (1.3.27)  together  define  [Ds]  by  the  requirement 
that  the  coefficients  of  1,  ,...,  n2  be  equal,  since  a  quadratic 
distribution  is  uniquely  defined  by  specifying  its  six  coefficients.  For 
convenience,  we  write 

[DS]  =  [DjS]  +  [02S]  +  [03S]  d.3.28) 

where  [O^J  are  the  matrices  specfying  the  coefficients  of  source 
distribution  resulting  from  the  first,  second,  and  third  expressions  in 
(1.3.27). 


Now,  analagous 
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The  last  three  rows  of  [0^]  are  zero  since  Lj  is  a  linear  function  and 
thus  the  quadratic  coefficients  are  zero, 
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Next,  we  see  that 

r 


[02s]  =  JL 

10  J 


£(ai+i)  (ai+2) 

Z ( a i  +  1 )  (bj+2)  +  ( a , +2 )  ( b i >1 ) 
Z(a,+t)  (^i+2 )  +  (di+2)  (^i+l) 

2  E(bi+j)  ( b j  +2 ) 

Z ( b-j 4-1 )  { c-j  +2 )  +  ( b i  +2 )  (ci+l ) 
,2  Z  ( c  j  + 1 )  ( c  j + 2 ) 


Finally, 
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(1.3.30) 
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The  last  five  rows  of  [D^]  are  zero  since  the  third  expression  in 

J  C 

(1.3.27)  is  a  constant  function.  So,  equations  (1.3.28-31)  define  [D  ]. 

1.3. 2. 3  The  Extension  Matrix  [XHS] 

The  „iatrix  Ds  is,  of  course,  the  analog  of  the  matrix  [Gs ]-1  which 
occurs  in  the  computation  of  subpanel  splines.  Also,  analogously,  we  have 


[HP$Pls]  =  [DSJ  [XHS] 

where  [XHS]  is  an  extension  matrix  defined  by 


(1.3.32) 
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(1.3.33) 

The  first  three  rows  of  [XHS]  consist  of  a  solitary  unit  entry,  while 
the  fourth  row  is  computed  with  the  aid  of  the  subpanel  splines.  The  quantity 
<j(Ci)  is  defined  as  the  source  strength  at  the  point  C  i '  obtained  by 
projecting  to  the  panel.  Now,  If  -  (£it  m)  in  the  local 
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T*M|' 


coordinates  of  the  subpanel  on  which 


«(Ci)  =  L1  Z\  nij  [SPSPLis] 


and  thus,  the  fourth  row  is  XH$  is 
L1  nuCSPSPL^] 


Thus,  we  have  computed  [XHS],  and  so  by  (1.3.28-32),  we  have  defined 
HPSPL^. 


1. 3. 2. 4  Reauirements  fo.-  the  Doublet  Half  Panel  Spline  Matrix 

Finally,  we  compute  [HPSPL^],  which  is  defined  by  an  equation  analogous 
to  (1.3.10).  Consider  the  half  panel  in  Figure  1.20.  We  require  that  the 
doublet  strength  be  quadratic  on  the  three  triangle  edges,  and  take  on  the 
values  of  y  at  the  three  corners,  the  three  edge  midpoints,  and  the  triangle 
center.  By  making  the  function  quadratic  on  the  edges,  we  insure  continuity 
of  the  doublet  strength.  In  contrast  to  the  quadratic  source  distribution, 
here  we  have  enough  degrees  of  freedom  to  fulfill  these  conditions.  In  fact, 
the  cubic  function  satisfying  these  conditions  is 

3 

U’(P)  -  Z  (rn  Ll(P)2  +  2  Kin, 1+2  M+l(p)  M+2(P)) 

1-1 


is  lies, 


V 


(1.3.34) 


+  a  L l ( P )  L 2 ( P )  L3(p)  (1.3.35) 

where  a  is  chosen  such  that  /(Cl  «  u(C).  The  other  cubic  terms  do  not 

appear  because  they  do  not  produce  quadratic  functions  on  the  triangle  edges, 
since 

L 1  (C )  =  _L 

3 

3 

u '  (C )  *  _L  (ui  +  U2  +  i»3)  +  T. 
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and  thus 
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where  [G^]-l  15  defined  by  (I.?. 80).  The  column  of  zeros  in  (1.3.42) 
arises  from  the  fact  that  the  first  expression  in  (1.3.35)  does  not  depend  on 
u(C),  while  the  four  rows  of  zeros  arise  from  the  expression  not  containing 
any  cubic  terms. 

Next,  can  be  computed  from  lj(P)  L ? ( P )  Lj(P)  - 
(a.;  +  bi  t.  *  Cj  n)  * 

ala?a3  +  (*la2b3  '  alb2a3  +  bla2a3K+ 

( *  1  3  *  alr-2a3  *  cia?a3)n  ♦  (ajb2b3+  bib2a3)£2+ 

( a  1  b?c 3  *  att2b3  *  bla2c3  +  blc2a3  *  cla2b3  +  cLb2a3Ki  + 

( alc2c3  ♦  c  1  d2c 3  +  clc2a3 ) 'i2  +  ( blb2b3>  0  * 

(bib?r-3  ♦  bic?bj  ♦  c ib2t>3 )^?n  ♦ 

( blc2c3  *  c'lb2c3  *  clc?b3 )  ^n2  +  blc2bji3 

(1.3.43) 
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£««ons  (1.3.41,.  U.3.«).  dud  (I.3.45J  define  fO^J. 
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I.  6  The  Extension  Matrix  f X H ^ 

In  order  to  complete  the  computation  of  the  doublet  half  panel  spline 
matrn.es,  we  must  r.omputp  the  extension  matrix  XH^  such  that 
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(1.3.46) 


for  an  arbitrary  half  panel  as  illustrated  in  Figure  1.20.  The  first  three 
rows  consists  of  a  single  unit  entry.  The  computation  of  the  fourth  through 
sixth  rows  follows  from  equation  (1.2.30-31).  Restating  equation  (1.2.75), 

*AB  -  2u(M)  -  1 /?u (A)  -  l/2u(B)  (1.3.47) 


Applying  to  F iqure  I .20, 

*i ,  i (mod4 ) -*•!  *  2u i  +4  -  1  / 2 u  j  -  l/?u i(mod4)  +  l  (1.3.48) 


with  similar  equations  holding  for  the  remaining  two  <‘s. 

Thus  to  compute  one  of  the  <'s,  we  require  u ( ) .  Similarly,  to  compute 
the  last  row  of  [XHd],  we  need  u(Cj).  These  quantities  are  computed,  as  a 
linear  combination  to  the  nine  panel  doublet  parameters,  by  projecting  M, 
and  Cj  to  points  M'  j  and  C'j  lying  on  the  true  (8  region)  oanel,  and 
using  u (M1  | )  and  U(C '  j ) .  Ana  1 agously  to  ( 1 . 3. 34 ) ,  the  row  vector 
describing  u  at  a  point  P'  with  local  coordinates  (£',n‘)  is 

u(P')  -  J  €'  »'  l/2Cn'  1/2  n,?j  [SPSPL3]  (1.3.49) 


So,  using  (1.3.48)  and  (1.3.49),  we  may  calculate  the  remaining  rows  of 
[XhO].  Then,  combining  (1.3.40)  and  (1.3.46),  we  have 

[HPSPL0]  >  [D°]  tXH°]  (1.3.50) 


1.3-12 


where  HP$PLD  is  defined  by  the  equation 


'  u0  " 

r  “0  - 

• 

•  »  [HPSPL  Dl 

1  i 

• 

t  unnn  . 

k  “9  . 
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* 
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1 . 1  Far  F i« t j  Moments 

"Far  field  moments"  ane  matrices  and  tensors  which  descnioe  various 
integrals  of  the  singularity  strength  over  a  panel  as  a  l.near  combinat'on  of 
the  panel  singularity  parameters,  in  this  section  we  define  these  tensors  and 
show  how  they  are  computed  from  subpanel  splines,  and  other  quantities  which 
depend  only  on  the  panel  under  cons ideration.  These  tensors  occur  in  the 
computation  of  far  field  influence  coefficients  {see  section  J.10).  They  are 
discussed  here  because  of  their  clos*  relation  with  spline  matrices.  Section 

1.4.1  defines  the  far  field  moments  and  section  I. 4.?  shows  how  they  are 
constructed. 


0 


1 


if 


1. 4.1  The  Defining  Equations 

For  an  arbitrary  point  Q0  on  the  panei,  let 

0  *  Q0  -  p9 

o  ■  rc]  0 


U.4.1) 


where  C  is  the  compressible  scaling  matrix  defined  in  Appendix  E  (for 
convience.  we  neglect  the  subscript  0  in  this  section). 

[C]  =  sa?[l]  *  {1  -  sa?)  [c0  cj]  (1.4.2) 


1. 4. 1.1  Source  Far  Field  Moments 

Recall  the  constant  ic  (2  m  for  supersonic  flow,  4it  for  subsonic  flow),  and 
let  dAg  be  an  area  element  in  reference  coordinates,  dA^  („d£dn)  an  area 
element  in  local  coordinates.  Again,  the  transforms  ion  from  reference  tn 
local  coordinates  is  defined  by  the  non-orthogonal  transformation  (E.0.1),  and 
thus  dAg  need  not  equal  dA^.  Denote  a  pane!  by  I. 


Then  before  s/imetriyat  ion  (a  process  we  tefine  later)  is  performed,  the 

r 

source  far  field  moments  are  a  row  vector  FFMj  of  length  5,  a  3x5  matrix 
FFMp ,  and  a  3x3x5  tensor  FFM^’0,  def  ned  by 


1 

tc 

1 

tc 


Sf  0  dAQ  *  FFM  $  ~ 

z  9  L  1  J 

3  0  dAg  -  [FFM?S]  t 


J? 


Qi  Oj  a  dAq 


(FFM 


(1.4.3) 

(1.4.4) 

(1.4.5) 


1.4-1 


where  o 


(1.4.6) 


We  now  briefly  explain  the  subscript  notation  we  use  In  section  1.4.  Let  A  be 
a  vector,  [B]  a  matrix,  and  {C}  a  three-dimension  tensor.  Then  is  the 
1th  entry  of  A,  [8]^  Is  the  (i,j)  entry  of  B,  and  {C}^k  is  the  ( i ♦  j , k ) 
entry  of  C.  Further,  LB.,jjand  {B. , j }  are,  respectively,  the  row  and 
column  vectors  whose  1th  entry  Is  [B]^.  Finally,  [C^  ]  Is  the  matrix 

whose  ( j ,k )  entry  Is  {C >  Other  vectors  and  matrices,  such  as  Jf 

(B,  },  {C  .  and  [C  i  ]  are  defined  analogously.  Thus  a  dot  as  a 

subscript  Is  used  to  define  a  matrix  or  vector  which  Is  a  subset  of  the 
original  tensor  or  matrix.  A  single  dot  corresponds  to  only  one  varying 
index,  and  thus  represents  a  row  or  column  vector,  while  a  pair  of  dots 
represents  a  matrix. 


1.4. 1.2  Symmetrizatlon 

We  will  also  perform  partial  symmetrizatlon  on  tensors  as  follows.  First, 
let  {Atjn}  be  a  tensor  such  that  1  and  j  run  from  1  to  3. 

Then  the  symmetrizatlon  of  A^n  over  the  first  two  indices  Is  the  (6xN) 
matrix  [A]  (N  the  maximum  of  n) 

Akn  ■  Akkn  ^  *  1.2.3 

Ak+3,n  -  Ai(k),j(k),n  ♦  Aj(k)t1(k)tn  n  .  1,...,  N  (1.4.9) 


where 

1 ( k )  ■  k(mod  3)  +  1 

j(k)  .  (k+l)(mod  3)  ♦  1  (1.4.10) 

Later,  we  will  also  come  across  the  synmetrization  over  three  Indices 
1,J,m  of  a  4-tensor  8ijmn,  where  1,j,m  run  from  1  to  3.  The  result  is  a 


1.4-2 


IOxN  matrix  [B]  (N  the  maximum  of  n): 


Bkn  = 

Bkkkn 

8k+3,n 

=  Bx,  i(k),  1  ( !t ) , 

,  n  +  Bi (k ) 

,k,1(k),n 

+  Bi (k ) , ’ (k ) ,k,n 

ek*6,n 

“  Bk,j(k),j(k), 

,n  +  8j(k) 

.k, j(k) ,n 

+  8j(k),j(k),k,n 

k 

»  1,2,3,  n  = 

1 . N 

B10,n 

-  B123n  +  8132n 

+  8213n  + 

s23ln  + 

B312n  +  8321n 

n  ■  1 , . . .  ,N 

Now,  the  matrix  FFM.,8  iS  the  symmetrization  of  FFMj’0  over 
the  first  two  indices.  J 


I. 4. 1.3  Doublet  Far  Field  Moments 

Next,  the  doublet  far  field  moments  are  defined  as  follows.  FFM; 
is  the  row  vector  of  length  9  defined  by 

^  p  dAg  -  (FFMqj  u 


where 


»1 


wg 


FFM^O  is  a  (3x9)  matrix  defined  by 

?  undAg  -  [FFM?]  B 
*  E 

where  n  is  the  unit  normal  in  reference  coordinates. 

FFM2  Is  the  (6x9)  matrix  which  Is  the  symmetrization  over  1  and 
of  the  (3x3x9)  tensor  (FFM°'°) iJn 


L{FFMj*°)1J,.jir 


(1.4.11) 


(1.4.12) 


(1.4.13) 


(1.4.14) 


(1.4.15) 


1.4-3 


0 

is  the  (10x9)  matrix  which  is  the  symmetr ization  over  i ,  ,j ,  k  of 
the  (3x3x3x9)  tensor  FFM^’0  : 

•J 


g  n  j  Qj 


dA„ 


l{FFM3D'°) 


i j*<, -_i  “ 


(1.4.16) 


[.4.1.4  Doublet  Velocity  Far  Field  Moments 

Now,  because  of  the  removal  of  the  line  vortex  terms  from  the  doublet 
velocity  (see  section  B.3),  we  need  further  far  field  moments  defining 
integrals  related  to  the  quantity  n  x  7u  (cf.,  (8.3.9)).  The  first  of  these 
is  the  (3x9)  matrix  FFM^: 


-5?  //  (Vu  x  n)  T  dAq  =  [FFM§]  t 

K  E 

Next  is  FrM^13,  the  3x3x3  tensor  defined  by 

SS  (7U  X  n)  j  Qj  dAg  .JFFM?)  1Jj<j  t 


(1.4.1?) 


(1.4.18) 


D 

Finally,  FFMgi s  the  (3x6x9)  tensor  which  is  the  symmetr Ization 
In  j  and  k  (but  not  1)  of  the  (3x3x3x9)  tensor  (FFM“»°  )ijkn: 

f|-  N  <*i  X  n)f  Qj  Qk  dAg  -  LFFM6D’°  i,j,k,.j  m  U-4-19) 

1 1 


1.4. 2  Construction  of  the  Far  Field  Moments 


1.4. 2.1  Preliminaries 

Now,  over  each  subpanel,  g  varies  quadratical 1 y,  while  o,(  g  x  n),  and  Q 
vary  linearly  in  local  coordinates.  If  we  inspect  the  far  field  moment 
defining  equations,  we  see  that  the  Integrals  may  be  as  much  as  fourth  order 
in  local  coordinates  and  n  .  Thus  for  each  subpanel,  we  will  have  to  compute 

Cmn  -  5M_1  n^1  d£dn  ,  M  +  N  <  6  (1.4. 20) 

where  is  the  1th  subpanel. 


The  quantities  are  computed  by  a  recursive  process  which  we 
discuss  in  section  I .4.3. 


1.4-4 


/ 


I. 4. 2. 2  [FF«f ] 

-We  will  now  compute  the  far  field  moment  tensors.  Starting  with 
FFMj,  let  us  consider  equation  (1.4.3).  Defining  the  area  Jacobian, 


Ji  -  ^a 

(1.4.21) 

the  fact  that  the  reference  to  locai  transformation  is  linear  with  constant 
coefficients  implies  tiat  J^  is  a  constant  over  a  subpanel,  and  that  we  may 
compute  J<  by 

.  Area  of  subpanel  in  reference  coordinates 
/rea  of  subpanel  in  local  coordinates 

(1.4.22) 

Here,  wha*-  we  mean  by  the  area  of  a  triangle  in  a  particular  coordinate  system 
is  that  we  express  the  vertices  in  that  coordinate  system  and  then  apply 
(D.2.16). 

Now, 

//  o  dA 

8 

-  £  //  o(li.  n)  Ji  d  dn 

a 

1.1  Ai 

(1.4.23) 

-  Itf(°o 

Ai 

+  £  +  on  n)  Jj  d  £  dn 

(1.4.24) 

0 

f°01 

-  1  Ji 
i-1 

L^n1  C21 1  Ci;>  •  jlo^l 

lonJ  1th  subpanel 

(1.4.25) 

Since 

1  s 

-  [SPSPLi  ]  0 

lon. 

'  i 

(1.4.26) 

we  have 

8  S 

SS  0  dAg  .  t  J,  ,cn<  C211  Ci2^j  [SPSPLi 3  •> 
l  i-1 

(1.4.27) 

Comparing  to  (1.4.3),  we  have 

FFH|  - 

8  c 

Z  [SPFFMj  .] 
i-1  1,3 

(1.4. 28a) 

f 

I 


where 


s  s 

[SPFFM1]  =  £l-  L  C 1 : 1  C211  Cl2;j  [SPSPLi]  (1. 4. 28b) 

SPFFM  stands  for  subpanel  far  field  moment.  In  order  to  generalize 
(1.4.28)  to  the  remaining  far  field  moments,  while  avoiding  equations  even 
mon:  complicated  than  those  which  follow,  we  introduce  aoditional  notation. 

We  define  0^  to  be  the  2x2x5  tensor  defined  by 


(1.4.29) 


He.-e  the  subscripts  j , k  on  a  matrix  mean  the  (j,k)th  entry  of  the  matrix. 
We  see  by  comparison  to  (1.4.26)  that 

(C,s)  Un  -  [SPSPuf ]in 

(D,S)21n  -  [SPSPL^n 

(d i s )  12n  -  [SPSPL?]3n 

(0^)220  -  0  (1. 4. 30a) 


In  a  similar  vein,  we  later  use  the  (ix3x9)  tensor  (D^),  defined  by 


(1. 4. 30b) 


Entries  of  0?  correspond  to  entries  of  SPSPL?  under  the 

1  1  0 
correspondence  below,  where  a  zero  denotes  the  corresponding  entry  of  Dj. 

is  zero. 


1.4-6 
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Subscript  of  0.0 

1.1,  n 
?,l,n 

1.2, n 
1, 1  »n 

2.2, n 

1.3, n 

3.2,  n 

2.3, n 

3.3, n 


Subscript  of  SPSPl.O 

1, n 

2, n 

3, n 

4, n 

5, n 

6, n 
0 

0 

0 


In  this  notation,  we  can  write  the  nth  entry  of  FF as 


(FFMf)r 


1 

i r 


8 

S  (Jl) 

i-1 


9 

£ 

J-l 


A  (c*)  (“')*" 


I. 4. 2. 3  [FFMpS] 

Ha  ^  c?nr*1der  The  quantity  Q  .  [C]  (Qn  .  pn) 

be  written  in  local  coordinates  as  L  J  V°  a 


0  *  CC }  (J0  -  Pg)  -  C  q 


[CA-1] 


n-ng 

c-c9 


wSiJ.U,"’*  re"r'""  ,0  ,oc'"  «*  P9  MS  th.  ICC 

£9 
4  ng 
«9 

where  Cg  is  «ro  if  P9  lies  on  the  plane  of  the  subpanel. 


(1.4.30c) 


(1.4.31) 


(1.4.32) 
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Now, 
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JK 
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°"]jk  t“-'l  (j) 


d?dr 
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8  2 

E  E  XX  Ji 

i-1  J=1  ^ 

k*l 


'l  n“ 

°o  °n 

OK  [“''I  ' 

r 

€9 

$  ^ 

JK 

or  0 

ng 

“* 

M 

d£dn 
(1.4.33) 


Now,’  ngr 

M 


are  the  local  coordinates  of  Pg  -  C^  where  Ci  is  the 


origin  of  the  coordinate  system  of  the  1th  sub-ponel.  Recall  from  section 
1. 2.1.1  that  C]  «  Pi  if  1  <  4,  and  otherwise  Ci  n  Pg.  So, 


[CA-1] 


$9 

ng 

^9 


-CC]  (Ci  -  Pg) 


(1.4.34) 


where  Ci  amd  Pg  are  in  reference  coordinates. 


Applying  (1.4.3),  (1.4.28),  and  (1.4.34),  we  see  tha*-  the  Integrand  of  the 
second  term  of  (1.4.33)  is 


r.C]  v(T(  -  Pg)  1_SPFFM1).SJ^ 


(1.4. ^5) 


Now,  the  first  expression  in  (1.4.33)  is  the  column  vector  whose  jth 
entry  is 


1.4-8 
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K  €•> 

q*l  i=l  n*l 
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11  « 

JK  JKq  0q 

(1.4.36) 


n  »  1,2,3 

q  =  1 . 4,5 


where  we  denote  a g  as  05  for  simplicity. 

Let  us  define  the  matrix  [K^ii]  whose  (n,q)  entry  is 

(°iS)  JKq  d£dn 


5,  i  2 
Knq  =  E 

Jsal 

K-l 
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k  * 
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JK 


So,  the  expression  in  (1.4.36)  becomes 

s.', 


~  E  1  1  Jt  [CA-^jn  (Knq’>  »q 


i=l  j-1  q-1 
while  (1.4.37)  can  also  be  written 


^nq 


I  (OiS)jKq 

J-1 

K-l 


c1J+l,K 

c1J,K+l 

0 


(1.4.37) 


(1.4.38) 


(1.4.39) 


Replacing  the  first  and  second  terms  on  the  right  hand  side  of  equation 
(1.4.33)  with  the  expressing  given  i:y  (1.4.38)  and  (1.4,35),  respecti vely,  we 
get 
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o(£,  n)  Q  dAg 


Z  L  1  Ji  CCA-l]jn  k^1  0  +  -L  E  [C](C'i-p5)^?FFMi,ij^ 

*  1-1  n-1  q-1  <  1-1  J 

(1.4.40) 
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1.4-9 


ft 


Comparing  with  (1.4.4),  we  have 

5  *  S 

fFFM?]  „  £  [SPFFM?  ,] 

U1 

where 


CSPf^j] 


CCA'1]  [KSJ]  *  JL  [C]  <q  -  Pc 


Pg)  LSPFFMl(1j 


1. 4. 3. 4  [FFM^S] 

Construction  of  FFM^S  is  even  more  complex. 
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(1.4.41) 


(1.4.42) 


(1.4.43) 


(1.4.44) 


I .4-10 


introduce  the ^ (3x3x5)  tensor*  rS??  !I,4,28)  and  H.4.42).  Now,  let  us 


(RS-1). 


ids),  (s)  [«  "j 


(°iS)jKq  d^n 


C1J+2,K  C1J+1,K+1  0 


(Rs‘i)nsa  -  E  C'J+1’K'1  Clj’*+2  0 


0  I  ns  (D^ 


Substituting  (1.4.45)  in  (1.4.44)  and  noting  that 


r  1  f^9 

[A"1]  ng 
,  0  , 

we  obtain 


(p9  -  C,) 


3  5 


«  if  'n,fljqk<1#9  '  f?  *  *,  CCA-l]Jn  CCA-l:ts(RS.,)n. 

1  n«i 


?  <[C]  ,P9  ■  Ci,)J  ([SPff"i'W  *  -  |  KC]  (P,  -  el))k  (tSPFFH|.,3  7)J 


+  2  ([C]  (^9  “  Ci))J  (p9  -  Ci))k  LSPFFMi(ij  t 


(1. 4.41 


Comparing  with  (1.4.5), 
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SpFFM3>f j 
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where  { SPFFM3 ^  ^ ^ kq 
j.  3 

4“  1  [CA-l]j„  [CA-l]ks  (RS,i)nsq 

*  n-A 

s»l 

-  ([C]  (Pg  -  Ci))j  [SPFFM^(1]kq  -  ([C]  (Pg  -  C\))k  [SPFFM^  i  ]jq 

+  ([Cl  (Pg  -  Ci))j  ([C]  (Pg  -  C0)k  uSPFFHftij  q  (1.4.50) 

I. 4. 2. 5  FFM^ 

Next  we  consider  doublet  far  field  moments.  First, 


and  so,  by  (1.4.12)  and  (I. 4. 30b) 

D  ®  n 

ffm£  .  1  SPFFMg, \ 

1-1  (1.4.53) 

where 
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(1.4.54) 
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1 .4.?.6  FFM] 0 

Inserting  the  vector  n  in  M.4.51)  and  (1.4.5?)  does  not  change  the 
validity  of  the  equations,  and  thus  by  (1.4. 14) 
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where 
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CSPFFMU  i  ]jq  -  hj  4  CjK  (CjDjjxq 
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K.l 


(1.4.55) 


(1.4,56) 


i.4. 2. 7  FFM^.O  and  FFM^.O 

flow,  the  formulas  for  FFMo^.O  and  FFM,&*0  are  computed  in 
the  same  manner  as  the  corresponding  source^far  field  moments,  except  that  the 
introduction  of  the  normal  vector  adds  an  extra  dimension  to  each  tensor,  the 
summation  over  J  and  K  goes  to  3,  and  there  are  nine  panel  doublet  parameters 
where  there  wfre  five  panel  source  parameters. 

So,  analagously  to  (1.4.41),  we  have 
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(1.4.59) 


And,  analagously  to  (1.4.49), 
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and 


’ )nsq 


3 

■  £ 
J*1 
K-l 


C’j+2,K  C1J+1,K+1 

cVl,K+l  C’j,K+2 

0  0 


(1.4.61) 


(1.4.62) 


1. 4. 2. 8  [FFM^] 

Next  we  consider  the  doublet  far  field  moments  which  involve  (nx  Vm ) . 
First,  7I)  » 


|’»u/»x'| 

lau/ay  | 

-(by(E.l.U)) 

[A]T  fal/Sn] 

a 

[iv/ii  J 

l  a  m  /  J 

[At] 


"t4  “«  54  '-"I 

un  +  u£n  C  Non  \ 


0 


(1.4.63) 


Now, 


in  * 

X 

X  *  X 

£  *  " 

1  3 

O'  Uq 

0-un 

C  l 

J.l 

l‘X 

1 " 

K*1 

2  *-  VQf 

L  2  % 

2-0 

3 

9  D 

-  r 

Z  (0i ) 

JKq  “q 

J.K  q 

1-1 

Siffli larly. 

in  - 

3  9 

z  z 

(°i°)jKq 

3n  j 

1*1  q*l 

K 

*1 

So, 

If 

f  3u/a^1 

1  au/3n  } 

d£dn  - 

l  0  J 

o-i 

2 

1*0 

2-0 


1 

£2 


n  n 
€* 

£?n 


JK 


where  [GRMi]  is  the  3*9  matrix 
3 

[GRMi]jq  -  Z  (0|D)jKq 

J,K 


£^2 

£2„2 


JK 


(J-U  C^-I.K 
(K-l)  C<j,K-l 
0 


j 


Note  that  Q  and  $  are  not  defined;  however,  these  are 


(I. 4. 64) 


(1.4.65) 


(1.4.66) 


(1.4.67) 


multipled  by  zero  wherever  they  occur,  and  the  intended  value  of  the  product 
is  zero. 


Now,  [A]  is  a  matrix  of  constant  coefficients,  and  n  is  constant  over  a 


1.4-15 


subpanel,  and  thus  they  can  lie  removed  from  the  integral : 


SS  (nxVu)  d£dn  =  //  nx  ( [AT]  |au/an  1  Jd{dn 

*  *  &\  \  l  0  J  / 

■  i»l  n  x  {[AT]  iGRMjjm  = 

< 

9  3 

I*2.  r  £  (n  x  [AT].tk)  [GRMj]k,q  uq 

*  q=l  k=l 

Thus, 

3 

CffmJ]  ,  e  [SpffmJ.O 
M 


(1.4.68) 


(1.4.89) 


where 

[SPFFM4j]mC.  -  -  ii-16.2.  £  (nxk. |)  [GAM,]kq 

*  «.l  l  j  (1.4.70) 

^  The  minus  sign  occures  because  FFM.&  is  determined  as  an  integral  of 
(7uxn),  while  for  readability  we  have  used  (nxTu). 


I. 4. 2. 9  [FFM^J 

Next  we  consider  FFMr,0.  We  have 

J 


ill.  «  f  h  x  AT 

*  Ai  \ 


0k  d£dn  » 
j 


3 


<  6i  n.  1 


(nx  (AT.  jfi))  j 


1.4-16 


(1.4.76) 


1.4.2.10  FFM,0,o 
0 

Finally  we  calculate  FFM,D.°.  Now, 


Hi-  iS  (n  x  [AT] 


3w/3£ 

3u/3n 

0 


I),.  5k 


Qm  d£dr 


3  /3u/3n\ 

Hi  £  (n  x  (A!  n))j  [  aw/3n  ) ■ 

*  "-I  \  0  /n 


CCA-1] 


JCCA-1] 


i"  -  »9  a 

<C"  C9/lm 

(1.4.77) 


-  SiL  £  (fi*(A„,,))j 
n-1 


Jau/anJ  ^CCA-l] 


sir 


[CA-l] 


n  |  d£d„ 
0 


+  qfi  (CC]  (P9  "  ?l),k  (SPFFM5J>J<nq  Mq  ♦  i  £  ^([CKPg-Ci  ))b(SPFFM5j  )jkl 


i  £  ([C]  (Pg  -  Cl))k  ([C](Pg  -  Ci))«  [SPFFmJ  ]]jo 
Ji  q«l  ’ 


Jl  q 
Now, 


uq 


(1.4.78) 


ss  /8u/a0 


0  /n 


n 

,0/k 


n 

0  /m 


d£d„ 


JI 


3  9 


£  £  (DiO)jK 

J,K  q-1 


(K-l^J-lnK-2 


uq  d$dn 


£  ( GRHDO  j  )nkmq  Mq 

q-1 


(1.4.79) 
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* 


we  have  deferred  the  computation  of 

CMN  '  ff  €  M-1  "N_1  d$dn  (1.4.86) 

I. 4. 3.1  Reduction  to  Line  Integrals 

In  Figure  1.22  we  illustrate  a  subpanel,  located  arbitrarily  in  the 
(£,  n)  plane.  Now,  defining  nj  to  be  the  function,  such  that  if  (£,n)  lies 
on  side  j  then 


nj  (0 


(1.4.87) 


we  can  write  as  an  integral  over  regions  1  and  4,  plus  another  integral 
over  regions  2  and  3: 

i  3  ,  "2(0 

CMN  “J.  )  .  .  4M_1  "N-1 


k  *'n3(4) 


M  "1(4) 

4  f  4M_1  "N-2  d«dn 

J  "3(^) 


(1.4.88) 


Integrating  with  respect  to  n, 


CMN 


"2(4) 


■J.  4m-1  +  p 

\N/  "3{£) 


42 

'C3 


M-l/l\nN  dC 

VN/  I  "3(4) 


(1.4.89) 


-  I  L  (t"'1)  "2(4)n  dc*  I  j  4M-I  nl(e)N  d4  -  I  (  4M"l  "3(4)Nd4 

N  N  'E.1  w'ti 


N  '43 


N  •'Ci 


(1.4.90) 


Similarly,  we  could  write 
4  -  4i  (n) 


(I.4.91a) 


on 


side  i,  and  integrate  first  with  respect  to  5,  obtaining 


,ni  Jil ( n ) 


03  -Cl(n) 


CMN 


€m-1  nN-l  dCd„  ♦  l  1  (M 

*3(1)  r.l  -^2(0) 


fn3  rn3 

■  i  I  Cl { n dn  -  I  1  5?!n)M  nN-l  dn 

M  Jn3  M  Jnl 


-1  nN-l  dCdr 


n3 

nl 


rnl 

-  i  I  C3 ( n )M  dn 


(1.4.92) 


Now,  let  flj  be  the  outward  pointing  unit  normal  to  side  i.  Then,  if 

A 

€i 


ti 


Ini 


(1.4.93) 


is  a  unit  edge  tangent,  we  see  that 


Now,  on  edge  i , 


(1.4.94) 


d£  ,  Cidl 

dn  ■  n  -j  d  1 

By  (1.4.94),  we  'ave  along  side  i, 
d(  -  -n1>n  dl 
dn  «  n^,  {dl 


(1.4.95) 


(1.4. 96) 

(1.4.97) 
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Substituting  (1.4.96)  in  (1.4.90),  we  gee 

CMN  -  -  /  (?M*1  nN  f\2  e  dl 

N  side  2  * 

*  i  /  t"-1  -N  *i.,  f  ♦  i  /  e"-1  .»  a3.„  it 

1  N  3  (1.4.96) 

Substituting  (1.4.97)  in  (1.4.92),  we  get,  similarly, 

CMN  -  -  /  bN_1  ni  r  dl  +  I  /  nN_1  n?  r  dl 

Ml  M2 

+  TT  /  eMnN_1  rdl 
<3 

Taking  _JL_  times  (1.4.98)  plus  _JL-  times  (1.4.99)  we  have 
M+N  M+N 


(1,4.99) 


(1.4. 100a) 


CMN  -  -L.  Z 

M+N  1.1 

/  nN-1 

side  i 

(  Cni,C+  n  ''i ,n>d i 

(1.4.100b) 

Now,  call  dj  . 

+  «»nj,n  .  |CJ 

(1.4.101) 

Then  rlj  can  be  considered  the  distance  (with  sign)  from  the  origin  to 
the  line  containing  side  1.  Defining  3 

GMh  .  J  rM-1 

side  j 

nN_1  dl 

(1.4.102) 

wr  have 

3 

Cmn  -  -A—  Z 

M+N  j-1 

dj  n 

(1.4.103) 

1.4. 3. 2  Computation  of  the  Line  Integrals 

We  obtain  two  recursion  relations  for  the  GJmn-  First,  substitution 


i 


of  (1.4.102)  and  (1.4.103)  in  (1.4.100),  yields 

j  A  j  j 

dj  GMN  '  nj,£GM+i,N  *  nj,n  GM,N+1 


(1.4.104) 


Second,  using  integration  by  parts  (with  all  subscripts  modulo  3): 


*j+2 


/  M  nj(£)N  dC  -  (4j+2)  (nj+2)  “  (Cj+l)  (nj+l) 

€j+l 

Cj+2 

-  .J  (t") *  .jij)"-1  ia.  n 

Cj+1  d* 

But  by  (1.4.97) 

^  ffj.n 

and  so 
(j+2 

m(  (cM"0  nj(C)N  dC  -  (Cj+2)M  (nj+2)N  -  (Cj+1)M  (nj+l)f 

fyl 

-«  I  (tM) 

side  J 


M 


(1.4.105) 


(1.4.106) 


nN-1  R j,c  dl 


(1.4.107) 


Applying  (1.4.96)  and  (1.4.102),  we  have 


J  M  N  M  N 

-Mj.n  GM,N+1  -  (Cj+2)  (nj*2)  -  CCj+l)  (nj+l)  "  NFiJ,  C^l.N  (1 .4.108) 


j 


Defining 

M-l  N-l  M-l  N-l 
.  (  n  -  £  n 

°MN  J+2  J+2  J+l  j+1 


J 


(1.4.109) 


we  get 


6)1+1, N  -  G^,N+1  -  °A+1  ,N-*-l  j  (1.4.110) 

We  now  apply  (1.4.104)  and  (1.4.110)  to  obtain  N.  We  consider 


two  cases. 


1.4-23 


^saMSM***#* Mfwwwrs* 


fij,n 


<  "j,S 


Setting  M=0  in  (1.4.110)  yields 

j  .  J 

Gl,N  =  -4-  °1,N+1 

Nnj,£  (1.4.111) 

Substituting  M  for  M+1  in  (1.4.104)  gives 

G$N  ■  GM-1,N  '  P-&-  GM-1,N+1 

nj»S  nJ-5  (1.4.112) 

Equations  (1.4.111)  and  (1.4.112)  allow  us  to  obtain  any  G-j^l  we  wish, 
since  fijt(r  >  0 

CiiS.2  »j,t«  "j,n 
Setting  N«0  in  (1.4.110)  gives 

j  j 

gm,i  >  ..-L.  dm+i,i 

(1.4.113) 

Substituting  N  for  N+l  in  (1.4.104)  gives 

j  d<  i 

gM,N  -  T-i—  GM,N-1 

nj*n  (1.4.114) 

This  concludes  our  discussion  of  basic  far  field  moments,  which  are 
defined  by  (1.4.103),  (1.4.109),  and  the  above  recursions. 
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1.5  Constrained  Least  Squares 

1.5.1  Definition  of  the  Problem 


In  this  section  we  discuss  the  solution  to  the  following  rather  general 
problem,  called  the  constrained  least  squares  problem.  Let  A  be  a jxn  matrix, 
0  <  j  <  n,  of  rank  j.  Let  A'  be  a  kxn  matrix,  j  +  k  *  n.  Let  b,  o',  and  be 
vectors  of  length  j,  k,  and  k,  respectively.  Then  we  wish  to  find  the  nx(j+k) 
matrix  LSQ  such  that  the  vector  x  satisfying 

[A]Jxn  *nxl  .  g  (1.5.1) 


while  minimizing 

k  n 

J  -  I  wi2  (  E 
i^l  $«1 


A i s '  xs  -  b'  i)^ 


(1.5.2) 


is  given  by 

x  -  [LSq]nx(j+k) 


(1.5.3) 


1.5.2  Elimination  of  the  Weights 

Now,  first  we  simplify  (1.5.2)  by  noting  that  if  we  define  a  (kxk)  matrix 

CW]s 

[W]ij  -  <5 i j  Wi  (1.5.4) 

then 

k  n 

J  -  l  {l  wi  A<s'  xs  -  Wi  1 )2 

1.1  S«1 

k  k  n 

-  t  C  E  (  E  Wij  A'js  xs  -  Wjj  bj*)]2 

i»l  j*l  s*l 

k  n 

*  l  (  E  Ais  xs  -  bi)2 

1.1  s.l  (1.5.5) 

where 

[A]  -  [W]  [A  * ] 

b  -  [W]  b'  (1.5.6) 
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/ 


1.5.3  The  Case  of  No  Exact  Constraints 

First,  we  will  consider  the  minimization  of  J  in  (1.5.5)  in  the  special 
case  when  j-0;  that  is,  when  there  are  no  exact  constraints  on  x  of  the  form 
(1.5.1).  Now,  the  quantity  J  is  a  quadratic  function  in  the  variables  (xs), 
and  since  it  is  a  non-negative  function,  we  see  that  it  is  minimized  for  that 
vector  x  for  which  all  first  derivatives  of  the  expression  with  respect  to  the 
x$  's  are  zero.  That  is,  minimization  of  (1.5.5)  is  equivalent  to  the 
requirement 

k  n 

-J—  £  (  £  A1s  xs  -  bi)2  -  0 

3*1  1=1  s*1  (1.5.7) 

1  «  1, . . . ,n 


Now, 

k  n 

-±~  £  (  £  Ais  xs  -  b<  )2  . 

3xi  1-1  s-1 


k  n  n 

Z  2(  Z  Ais  xs  -  bi)  J. —  E  Ais  *s  M 

1-1  s-1  3X1  s-1  (1.5.8) 


k  n 

2  E  (  E  A-js  xs  —  b-j)  A-ji  » 

1-1  s-1  (1.5.9) 


k 

2  E  Ai|(A*-f))i  =  2(STAx-fiT^)1  .  o 

1-1  (1.5.10) 

Since  (1.5.10)  holds  for  each  value  of  1,1  -  l,...,n,  we  have 
[AT  *]Jt  -  [AT]  t 
or 

?  -  [[AT  ff]-l  AT]  t 


j 

.  i 

rt  j 


(1.5.11) 

(1.5.12) 
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i 


Comoaring  to  (1.5.3)  and  (1.5.6),  and  recalling  j»0,  we  get 
[LSQ]  =  [*■'  WT  WA']'1  [A,t  Wt]  [W] 


(1.5.13) 


Within  the  PAN  AIR  code,  equation  (1.5.11)  is  solved  without  actually 
forming  [S^  A]  and  inverting  it.  The  method  actually  used  there,  which 
involves  f actorization  of  [A1"  A]  into  a  product  of  lower  triangular  and 
upper  triangular  matrices,  is  more  efficient  and  more  precise  than  the  method 
indicated  by  (1.5.13). 


1.5.4  Reduction  of  the  General  Case 

Next,  let  us  assume  j  >  0,  so  that  there  are  non-trivial  exact  constraints 
of  the  form  (1.5.1).  Since  A  has  rank  j,  its  columns  can  be  rearranged 
(that  is,  "pivoting"  performed)  so  that  the  first  j  columns  of  the  revised 
matrix  A*  are  linearly  independent,  and  thus 

[A*]  -  [An  j*j  ;  A12  ]  (1.5.14) 


Here,  the  relationship  between  A*  and  A  is  that 

[A*]Jxn  .  [A]J*n  [P]nxn  (1.5. 15a) 


I 


where  [P]  is  a  product  of  matrices  which  are  the  identity  except  for  one 
non-zero  off-diagonal  term  (for  any  real  number  a,  adding  a  times  column  i  to 
column  j  is  performed  by  multiplying  on  the  right  by  the  matrix  with  1  * s  on 
the  diagonal,  the  value  a  In  the  ( 1 , j )  position,  and  0 ’ s  elsewhere;  its 
inverse  has  -a  in  the  (i.j)  position). 


That  is,  a  typical  matrix  P  is 


P-1  - 


b  1  0 

0  0  1 
0  -a  0  1_ 


So,  (1.5.1)  becomes 


[A]jf  -  [A*]  [P]-1*  «  [An! Ai23Jxn  (P-1  t)  nxl 


t 


(1.5. 15b) 


(I.5.15c) 


(1.5.16) 


I 

« 
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we  have 


tAll  a12] 


while  we  also  want  to  minimize 

f  *1 

CAn  A22  j  1 
l  x2 


[A2ixj  A22x(n_j)]  -  [A]k*n  [P-l]r 


(1.5.18) 


(1.5.19) 


(1.5.20) 


Now,  since  the  j  columns  of  A;i  are  independent,  An  is  invertible, 
and  thus,  by  (1.5.18), 


[An]  xi  .  -[Ai2]  x2  +  b 


*l(jXl)  =  [AU-1]  JxJ  -  [A12]  jx(n-j)  5f2(n-j)xl  +  jxl )  (1.5.22) 

Substituting  (1.5.22)  into  (I.T.19),  we  want  to  minimize 
| [A2ll  X1  +  tA22]  x2  -  b'  |  2  = 

-[A21]kxj  [A12]J*(n-j)  j?2(n-j)xl 

+[A21  ]kxJ  [Aj}]jxj  G<jxl)  _b'0<xl)  +  [A22]x2 

(1.5.23) 

But  this  is  just  a  least  squares  problem  with  no  exact  constraints,  that 
is,  it  requires  the  minimization  of 


(1.5.21) 


|[A°]  x2  $0  2 


(1.5.24) 


where 


.  .[»21)k*'>  •  [»22j 

(1.5.25) 

and 


b  kxl  =  -[A21](kxj)  [AjJ]JXJ  £(jxl)  v  e-(kxl) 


(1.5.26) 


This  minimization  procedure  is  described  by  equations  (1.5.5-12),  and 
results  in  a  matrix  LSQ°  such  that 

x?  (n-j)xl  =  [LSQ°](n-j)xk  b0<kxl)  (1.5.27) 

Combining  (1.5.22),  (1.5.26),  and  (1.5.27),  we  have  obtained  3?i  and 
j?2,  and  as  linear  combinations  of  entries  of  B  and  S’.  Thus,  we  have  shown 
in  principle  how  the  constrained  least  square  problem  is  solved. 
Considerations  of  efficiency  cause  complexities  which  will  not  be  discussed 
here. 
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Figure  1.2  -  Neighboring  source  parameters  for  analysis  network 
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Figure  1.3  -  Thin  wing  with  curved  planform 


Figure  1.5  -  Basis  Vectors  for  local  Coordinate 

System  for  Spline  Vector  Construction 
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Figure  1.6  -  Projections  to  Tangent  Plane  of  Points 
on  Curved  Surface 
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Figure  1 . 7a  -  Unequal  spacing  In  a  non-smooth  abutment 
(second  edge  Is  a  refinement  of  the  first) 


•  doublet  parameters 
x  control  points 


Figure  1 . 7b  -  Identification  of  points  on  a  network  edge 


neighbors  for  grid  points  on  smooth  abutments 
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Figure  I. 9a  -  Neighboring  singularity  parameters  for 
points  P0  on  a  smooth  abutment 
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Figure  1.12  -  Panel  defining  points  and  subpanel 
local  coordinate  systems 
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Figure  1.13  -  Subpanel  local  coordinates 


Figure  1.14  -  Triangular  coordinates 
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Figure  1.17  -  An  interval  with  midpoint 


Figure  1.18  Quadratic  doublet  distribution  on  a  subpanel 


■  I  half  panel 

Figure  1.19  -  Division  on  panel  Into  half  panels 


Figure  1.20  -  Diagram  of  half  panel  1 


J.O  Panel  Influence  Coefficient  Calcu’ation 


J.l  Introduction  and  Notation 


In  this  appendix  we  discuss  the  construction  of  a  panel  Influence 
coefficient  matrix  (PIC).  Two  such  matrices  (one  corresponding  to  the  source 
distribution  on  the  panel,  the  other  tc  the  doublet  distribution)  are  defined 
for  every  pair  of  panel  and  control  point.  Thus,  for  this  entire  appendix,  we 
will  assume  we  are  dealing  with  a  single  panel  and  a  single  control  point.  We 
will  see  that  as  the  location  of  the  control  point  with  respect  to  the  panel 
changes,  the  method  used  to  compute  the  PIC  matrices  may  vary. 

The  multiplicity  of  methods  is  necessary  for  efficiency:  the  "near  field" 
method,  which  is  always  accurate,  is  too  expensive  always  to  be  used,  while 
the  less  expensive  intermediate  and  far  field  methods  are  not  always 
accurate.  In  this  appendix,  we  will  discuss  the  various  methods  and  when  to 
use  each,  and  will  examine  the  behavior  of  the  entries  of  the  PIC  matrices  in 
certain  limiting  circumstances. 

J.1.1  Definitions 


Given  a  panel  E  and  a  control  point  P,  we  define  matrices  PIC$  and 
PICO  as  follows.  Let  01,...,  04,  a g  be  the  five  panel  source 
parameters,  ui,...,  wg  the  nine  panel  doublet  parameters.  Let  and 
be  the  perturbation  potential  and  velocity  which  the  source  distribution 
on  the  panel  defined  by  cm,...,  09  induce  at  the  control  point,  that  is, 
(see  (B.0.1)  and  (B.3.9)) 


■  -  4-  tnop  “!ql  ^  ds 


Then  we  define  PICS  by  the  equation 


-  [PICs]4xS 


.4  r 

rJ 


(j.1.1) 

(J.l. 2) 

(J.l. 3) 


Next,  let  4^  be  the  perturbation  potential,  and  v^  the  regular  part  of  the 
perturbation  velocity,  which  the  doublet  distribution  on  the  panel  defined  by 
up...,  wg  Induce  it  the  control  point.  That  Is  (again,  see  (B.0.1)  and 


(8.3.9)), 
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(J.1.4) 


*D  -  ~r  M  MCI)  «  *5(i)]dS 
E  n  Dp 

vb  -  4“  M  (n  x  7q  w)  x  V(l)  (IS  (J.1.5) 

EHOp 

Then  we  define  [PIC1^]  by  the  equation 


In  the  actual  operation  of  the  program,  fewer  than  4  rows  of  the  PIC 
matrices  may  be  computed  for  reasons  of  efficiency.  This  subject  Is  discussed 
In  the  Maintenance  Document  (see  section  5-E  and  the  preface  of  SUBROUTINE 
BLOCK  of  the  MAG  module);  In  this  appendix,  we  will  always  consider  the  full 
(4-row)  matrix. 

r 

Finally,  let  vq  \  be  the  lino  vortex  component  of  the  velocity  thaf  the 
doublet  distribution  defined  by  uj.,...,  ug.  restricted  to  the  1th  edge  of 
the  panel,  Induces  at  the  control  point.  That  is, 

vq*i-  -i-  S  uVq(I)  x  dl  (J.1.7) 

1th  edge  of  R 
Op 

Then  we  define  matrlcen  [LINV^]  by 


v6,1  -  [LINVO  3x9  ■  ; 

ug 


(J.1.8) 


The  computation  of  the  matrix  [LINV^]  Is  not  available  In  version  1.0  of  Pan 
Air. 

J.1.2  Summary 

J. 1.2.1  Near  Field  Versus  Far  Field 


The  first  step  In  computation  of  the  PIC  matrices  Is  to  determine  which 
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method  should  be  used  to  compute  them.  In  the  near  field  method,  the 
Integration  required  to  evaluate  the  PIC  matrices  is  performed  analytically 
over  each  of  the  eight  subpanels.  The  resultant  PIC  matrices  satisfy  (J.1.3) 
and  (J.1.6)  "exactly"  that  is,  with  no  error  other  than  that  due  to  roundoff 
in  arithmetic  calculations. 


The  near  field  method  involves  considerable  computation,  however,  and  thus 
its  use  is  reserved  for  the  cases  where  the  other  methods  are  inaccurate. 
Generally  speaking,  the  farther  (using  a  compressible  distance  metric)  the 
control  point  lies  from  the  panel,  the  more  accurate  the  intermediate  field 
and  far  field  methods  become.  The  algorithms  summarized  below,  and  described 
in  detail  in  section  J.2,  are  purely  empirical,  and  thus  subject  to 
modification  In  time. 

The  first  step  is  to  determine  if  the  panel  center  is  in  the  domain  of 
dependence  of  the  control  point.  A  far  field  PIC  is  never  computed  unless 
this  holds,  in  which  case  we  require  in  addition  that  the  distance  from  the 
panel  center  to  the  control  point  is  at  least  five  times  the  panel  radius, 
where  all  distances  are  measured  by  means  of  a  compressible  inner  product. 

If  the  far  field  test  fails,  an  intermediate  field  test,  described  in 
section  J.2,  is  performed.  If  the  test  is  successful,  an  intermediate  field 
PIC  is  computed.  In  computing  such  a  PIC,  the  8-segment  panel  and  the 
singularity  distribution  on  it  are  approximated,  while  the  influences  defined 
by  these  approximations  are  determined  analytically. 

J.l.2.2  The  Domain  of  Dependence 


In  supersonic  flow,  the  domain  of  dependence  of  a  control  point  P  is 
limited  to  the  forward  Mach  cone  from  P,  as  Illustrated  in  figure  J.l.  The 
panel  £  illustrated  there  is  outside  Dp,  and  thus  has  zero  influence  on  P. 


For  subinclined  panels,  we  will  see  in  section  J.3  that  £  lies  outside 
Dp  whenever  all  four  edges  do.  For  superlncllned  panels,  this  does  not 
hold,  as  Illustrated  In  figure  J.2.  The  test  performed  on  a  superlncllned 
panel  to  determine  if  it  Intersects  Dp  is  also  described  in  section  J.3. 

J.l. 2. 3  Near  Field  and  Intermediate  Field  PIC  Calculation 


The  principal  step  in  computing  a  near  field  PIC  matrix  Is  the  , 
computation,  for  each  subpanel,  of  "sub-panel  integral"  matrices  SPINT?  and 
SPINTD  such  that  1 

’  k  1 


»*s /*€’ 

itshry' 


[SPINT*] 


|^s/»C  J 


(J.l. 9) 
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Then,  we  may  combine  (J.1.3),  (J.1.9),  (J.1.11) 


and  (J.1.13)  to  obtain 


[PICs]4x5 


0  s  s 

£  [Ai]4x4  [SPINT1]4x3  [SPSPLi ]3x5 

1.1 


(J. 1.15) 


where  the  subscript  1  refers  to  the  ith  subpanel,  and 


[AiJ 


1  0  0 
o  I 

o  I  a<t 

0  i 


(J. 1.16a) 


Similarly,  for  the  2-reglon  Intermediate  field  method,  we  have  a  corresponding 
equation 


[pics]  4x5  «  i  [Af]  4x4  [HPINT?]  4x6  [HPSPL*]  6x5  (J. 1.16b) 

i.l 

where  1  ranges  over  two  "half  panels,"  the  half  panel  integral  matrix  HPI NTS 
defines  the  influence  of  the  half  panel  on  the  control  point,  and  the  half 
panel  spline  matrix  HPSPLs,  defined  in  section  1.3,  gives  a  quadratic  source 
distribution  1i  terms  of  the  five  panel  source  parameters. 

Finally,  the  one  region  intermediate  field  procedure  approximates  the 
panel  by  its  projection  to  an  average  plane.  In  this  procedure, 


[PICS]  4x5  .  [A]  4x4  [pjnTS]  4x3  [PSPL*]  3x5  (J.1.17) 

where  PINT5  ("panel  Integral")  defines  the  influence  of  the  projected 
panel  on  the  control  point,  and  [PSPLs]  defines  a  source  distribution  on  the 
projected  panel  in  terms  of  the  panel  singularity  parameters. 

Equations  corresponding  to  (0.1.15-17)  hold  for  the  doublet  distribution 
as  well.  Thus  the  computation  of  PIC  matrices  by  near  field  or  intermediate 
field  methods  has  been  discussed,  except  for  the  computation  of  the  subpanel, 
half  panel,  and  panel  Integral  matrices. 

This  Is  a  rather  complex  subject  and  Is  discussed  In  full  detail  In 
section  J.6.  In  that  section  the  Influence  [Sc]  of  a  quadratic  source 
distribution  over  a  polygonal  region  and  the  Influence  [D0]  of  a  cubic 
doublet  distribution  over  a  polygonal  region  are  computed  In  terms  of  certain 
fundamental  integrals  we  call  "edge  functions"  and  "panel  functions".  These 
edge  and  panel  functions  are  computed  in  section  J.7,  though  the  formulas 
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derived  there  do  not  consider  numerical  Instabilities  which  may  occur  during 
the  compuatlon.  These  numerical  Instabilities  are  avoided  by  means  of 
rationalization  formulas  discussed  In  section  J.8. 

J.l.2.4  Far  Field  PIC's 


Recall  from  (B.0.1)  that  the  denominator  In  the  fundamental  Integral  Is 
1/R,  where  In  compressibility  coordinates 


R2  -  (£~x)2  *  S82(n-y)2  +  si2(;-z)2 

ajh 

where  the  control  point  P  «  (x,y,z),  and  the  point  of  integration 
Q  “  (£»  n*  C ) • 

Recalling  from  section  E.2  the  Inner  product 
[*,?]  -  xT  [C0]  y 
where  In  compressibility  coordinates, 


(J.1.18) 


we  see  that 


R2-CP-Q,  P-Q3 


(J.1.19) 


( J.1.20) 


(J.1.21) 


Letting  Qq  be  the  panel  center, 
aQ  ■  Qo  -  Q 


we  have 


R0  -  P  -  Qo 


R2  -  [R0  +  aQ,  R0  +  aQ] 


(J.1.2?*) 


(J. 1.22b) 


Now,  the  expression  R"N,  N  -  1  or  3,  occurs  in  the  fundamental  integrals, 
and  the  basis  for  the  far  field  method  is  the  equation 


R-N  .  [Rq  ♦  Jb,  Rg  +  aQ]  -N/2 
-  (CR0.  Rol  +  2[R^,  aQ]  ♦  [aQ,  aC])-N/2 


( J.1.23) 


«•«>—*  8H8-WS 


(J.1.24) 
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The  factor  [R0,  Rg ]-N/2  ,s  independent  of  Q  and  may  thus  be  taken  out  of 
the  integral,  while  the  remaining  factor  may  be  expressed  by  a  power  series  in 
aQ  for  which  we  ignore  any  terms  of  cubic  or  higher  order. 

We  will  show  in  section  J.9  that  the  integrations  (J.1.1)  and  ( J. 1.2)  can 
then  be  performed  as  a  sum  of  multiplication  of  matrices,  one  whose  entries 
are  computed  from  R0,  and  one  whose  entries  are  integrals  of  powers  of  aQ, 
which,  since  they  are  independent  of  P,  m n  be  performed  in  advance  (and  thus 
need  not  be  repeated  for  each  control  point). 

J.1.3  Integration  Techniques 


The  computation  of  the  entries  of  the  subpanel  integral  matrices  [SPINT] 

( cf . ,  J. 1.9-10)  involves  considerable  detail  (see  sections  J.4  through  J.6). 

At  this  time,  however,  we  will  give  a  brief  outline  of  the  process  described 
in  those  sections. 

In  sections  J.4  and  J.5  we  establish,  respectively,  special  cylindrical 
and  hyperbolic  coordinate  system,  the  former  for  use  in  subsonic  flow  or  with 
superinclined  panels,  the  latter  for  use  with  subinclined  panels  in  supersonic 
flow.  The  coordinate  systems  have  two  advantages.  First,  the  kernel  1/R  of 
the  integrals  (J. 1.1-2)  has  a  very  simple  form  (cf,,  J.6. 59).  Second,  the 
limits  of  integration  may  also  be  expressed  conveniently  (cf.,  (J.4. 62)  and 
(J.5. 107)).  In  section  J.6,  we  first  express  the  entrjes  of  a  subpanel 
integral  matrix  In  terms  of  fundamental  Integrals  (a,  a,  etc.,  cf.,  (J.6. 152) 
and  (J.6. 164)).  We  then  use  the  results  of  sections  J.4  and  J.D  to  evaluate 
these  integrals. 

It  is  worth  noting,  however,  that  there  exist  other  ways  of  computing  the 
entries  of  the  subpanel  Integral  matrices.  While  all  these  methods  are 
equivalent  in  that,  if  correct,  they  yield  the  same  real  numbers  for  the 
influence  of  a  particular  subpanel  on  a  particular  control  point,  they  may 
have  quite  different  structures.  We  now  briefly  summarize  three  alternate 
methods. 

One  such  method  (for  zero  Mach  number)  is  described  in  Appendix  D.2  of 
reference  J.l.  There,  the  entries  of  the  subpanel  Integral  matrices  are  given 
in  terms  of  fundamental  Integrals,  some  of  which  are  singular  even  when  the 
control  point  is  away  from  the  panel.  It  can  be  shown  that  the  singular 
Integrals  always  cancel,  however,  and  thus  the  entries  of  the  subpanel 
Integral  matrix  are  finite. 

A  second  approach  Is  given  in  Appendix  0.5  of  reference  J.l.  Here,  an 
additional  Integration  by  parts  Is  performed,  with  the  result  that  the  entries 
of  the  subpanel  Integral  matrices  are  computed  exclusively  as  combinations  of 
non-singular  integrals.  Of  all  published  methods  for  PIC  computation,  this 
one  most  closely  resembles  that  of  section  J.6.  The  fundamental  Integrals 
are  also  similar,  with  H ( 1 , 1 , 3 )  in  reference  J.l  being  a  multiple  of  the 
integral  a  (rf.,  (J.6. 165)).  In  fact,  the  computation  of  H ( 1 , 1 , 3 ) ,  which  uses 
cylindrical  coordinates  as  well,  clorely  parallels  the  computation  of  a. 

A  third  approach  to  PIC  computation  is  contained  in  Reference  4.9  (Ehlers, 
et.al.).  There,  rectilinear  coordinates  are  used  in  evaluation  of  the 
integrals.  The  resulting  formulas  appear  totally  different  from  those  of 
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section  J.6  because  the  entries  of  the  subpanel  integral  matrices  are 
expressed  in  terms  of  different  (and  also  non-singular)  fundamental 
integrals.  The  verification  that  the  entries  of  the  subpanel  integral 
matrices  as  computed  in  reference  4.9  are  ir.  fact  identical  to  the  entries  as 
computed  in  section  J.6  is  a  major  one. 


J.1.4  Notation 


The  discussion  of  PIC  computation  is  lengthy,  and  many  terms  are  defined 
and  then  not  used  again  until  much  later.  The  most  frequently  used  terms  are 
listed  in  figure  J.3  for  convenient  reference.  All  vectors  and  matrices  are 
in  reference  coordinates  unless  otherwise  specified,  except  that  those  marked 
with  a  pnme  are  in  local  coordinates  unless  otherwise  specified. 
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J.?  Distance  Algorithm 


In  this  section  we  discuss  the  algorithms  we  use  to  determine  whether  to 
compute  a  far  field,  a  one  region  Intermediate  field,  a  two  region 
intermediate  field,  or  a  near  field  PIC.  First,  we  consider  the  requirements 
for  performing  a  far  field  PIC. 

J.2.1  The  Far  Field  Criterion 


Consider  equation  (J.1.24).  In  order  to  Ignore  cubic  terms  in  aQ,  we  must 

have 

[R0.  [Ro.  Rol  (J.2.1) 

To  determine  a  condition  on  R0  for  which  (J.2.1)  holds,  we  digress  into  the 
realm  of  linear  algebra. 

Let  (  ,  );'  be  a  positive  definite  inner  product  (not  necessarily  the 

standard  Euclidean  inner  product);  that  is, 

(>t,  xjp  >  0  ( J.2.2) 

if  x  Is  non-zero.  Let 

|x|p  -  (X,X)P  (J.2.3) 

Then  we  have  the  triangle  inequality  (see,  for  instance,  page  11  of 
reference  J.2): 

ixlp  *  IyIp  >  |x  ♦  Y|p  (J.2. 4) 

Squaring  (J.2. 4), 

(X.xlp  ♦  2(X,Yjp  *  (Y,Y)p  <  (X,X)p  ♦  2|x|p|Y|p  *  (Y,Y)p  (J.2. 5) 
or 

(X,Y)p  <  |X|P  \%  (J.2. 6) 

a  relation  called  the  Cauchy-Schwartz  inequality. 

We  generalize  (J.2. 6)  for  the  specific  positive  definite  inner  product 
[it, Y]  P  -  "XT  [C0]  Y  (J.2. 7) 

where  C0  is  the  positive  definite  matrix 

C0  -  b2I  +  (1  -  B2)  c0  c{  (j.2. a) 

Then  one  can  show  (though  we  will  not  do  so)  that 

[X.  YJ  <  |X|p  |Y|p  -  { (XT  C0  t)  (V  c0  Y)  (J.2. 9) 


J.2-1 


(J.2.10) 


Substituting  R0  for  X  and  aQ  or  R0  for  Y,  we  get 

[R0,  aO]  £  | R0t P  I4Q|p 

and 

tfo.  Rol  <  |Ro|p 
Then  consider  the  requirement 

|R0|p  j aQ  |  p  <<  [R0,  R0] 

If  (J.2.12)  holds,  we  obtain 

[R0i  aQ]  £  |R0|p  |aQ|p  <<  [Ro>  Rol 
Thus,  imposing  (J.2.12),  or  the  equivalent  condition 


(J.2.11) 

(J.2.12) 

( J.2.13) 


UQ|p  «  (0.2.14) 

we  insure  that  the  condition  (J.2.1)  holds  and  we  may  perform  a  far  field  PIC 
computation. 

Now,  the  condition  (J.2.14)  must  hold  for  all  points  Q  on  the  panel,  that 
is,  defining  the  "compressible  panel  radius" 


CR(£)  «  max  |q  -  Q0 | p 
Q  in  E 


(0.2.15) 


we  must  have 


k  CR(r)  . 


[R0.  Rol 

“wr 


(J.2.16) 


where  k  is  a  "large"  number. 

Now,  as  the  panel  radius  gets  smaller  and  smaller  compared  to  the 
"distance"  from  the  control  point  to  the  panel  renter,  we  may  neglect  first 
the  quadratic  terms  and  finally  neglect  even  the  linear  terms  in  aQ  in  the 
expansion  (J.1.24).  The  corresponding  far  field  computations  are  called 
dipole  and  monopole  computations  respectively,  with  *he  retention  of  quadratic 
terms  in  aQ  (but  not  higher  ones)  called  the  quadrupole  computation. 

In  practice,  we  perform  a  monopole  computation  If  the  factor  k  In  (J.2.16) 
exceeds  24,  a  dipole  computation  for  8  <  k  £  24,  a  quadrupole  computation  for 
5  <  k  £  8,  and  a  one  region  Intermediate  field  computation  if  2  <  k  £  5. 

These  are  empirical  results  not  Justifiable  by  a  rigorous  error  analysis. 
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J.2.2  The  Intermediate  Field  Criterion 


As  noted  above,  we  perform  a  one-region  intermediate  field  PIC  computation 
when  the  constant  k  in  (J.2.16)  exceeds  2.  We  now  discuss  the  circumstances 
under  which  we  perform  a  two  region  Intermediate  field  calculation,  and  if  so, 
which  pair  of  half  panels  we  use.  This  is  background  material,  since  version 
1.0  of  Pan  Air  does  not  in  fact  perform  two  region  intermediate  field 
calculations. 


Consider  the  panel  approximations  illustrated  in  figure  J.4.  The  outer 
edges  of  the  approximate  panel  coincide  with  the  outer  edges  of  the  true 
panel;  therefore  our  approximation  preserves  surface  continuity.  Furthermore, 
the  doublet  strength  on  the  half  panels,  computed  in  section  1.3,  is  identical 
to  that  of  the  exact  panel  on  the  panel  edges;  therefore  doublet  continuity  is 
preserved.  Thus  we  may  perform  a  two  region  intermediate  field  PIC 
computation  even  though  the  control  puint  is  fairly  close  to  the  panel. 

We  require  two  criteria  to  hold  before  permitting  a  two  region  intermediate 
field  computation.  The  first  is  that  the  constant  k  in  (J.2.16)  exceeds  1.2. 
Essentially,  this  means  the  "distance"  from  the  control  point  to  the  panel 
center  must  exceed  1.2  panel  radii;  in  particular,  the  control  point  does  not 
lie  on  the  panel. 


To  define  the  second  criterion,  let  .us  recall  some  definitions  from 
appendix  I.  We  construct  a  special  panel-wide  local  coordinate  system  similar 
to  that  constructed  in  section  1.1,  but  we  use  different  rotation  to  avoid 
confusion  with  the  coordinates  (£,  n,  £ )  which  occur  in  this  appendix, 


Lew  «*.  «*.  -* 

Wi  .  P8  -  Pg 

W2  .  P'5  -  Pg  (J.2.17) 

Now,  analogously  to  (1.1.3),  let 


*3  ‘ 


Wj  x  W2 


(J.2.13) 


Next,  for  any  control  point  P,  analagousl.v  to  (1.1.7),  let 


•3.2-3 


_  ((p  -  Pg)  x  W2)-  W3 
|  Wj  x  M2|  3/2 


x2(P) 


(Wl  x  (P  -  Pg) )  •  W3 

J77“" 


x3(P) 


( p  -  P9)  •  W3 

xtfzl 


Also,  recall  from  section  P.2  the  "skewness  parameters" 


(J.2.19) 


C11 


( ( Pj  -  P9)  x  W2)  •  " 
(Wi  x  W2)  n 


C21 


(Mi  x  (P~i  -  Pg))  ■  n 
(til  x  tf2)  •  h  ~ 


These  parameters  are  zero  If  the  panel  Is  a  parallelogram. 
Now,  we  perform  a  two  region  Intermediate  field  PIC  If 


(J.2.20) 


3 

E  M(P)2  >  (1  +  |Cn |  }2  +  (1  +  |Ci2|  )2 

1-1  ( J.2.21 ) 

For  a  square  panel,  this  permits  a  two  region  Intermediate  field  PIC  to  be 
performed  unless  the  control  point  lies  In  the  sphere,  about  the  panel  center, 
whose  radius  Is  the  panel  radius  (see  figure  J.5).  For  skewed  panels,  the 
presence  of  C11  and  Ci2  In  (J.2.21)  Insures  that  the  control  point  Is 
further  from  trie  panel. 

Finally,  the  choice  of  diagonal  along  which  the  panel  Is  sliced  Into  two 
half  panels  Is  chosen  as  follows:  the  value  1,  1  <  1  <  4,  for  which 

A  ^  ^ 

[P  -  Pi,  P  -  Pi]  Is  minimized,  Is  computed. 

Then,  the  panel  Is  split  In  two  along  the  diagonal  which  does  not  lie  on  P^, 
that  Is,  the  diagonal  with  endpoints  P(i+i)  (mod  4)  p(1+3)  (mod  4)-  An 

example  of  splitting  a  panel  Is  shown  In  figure  J.6.  Note  there  that  since 
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Pj  lies  closest  to  P  in  hyperbolic  distance,  the  panel  l  is  split  along  the 
diagonal  connecting  P2  and  P4. 

In  closing  this  section,  we  note  that  whenever  we  fail  to  compute  a  far 
field  or  intermediate  field  PIC,  we  compute  a  near  field  PIC.  In  the  course 
of  this  computation,  we  may  determine  that  the  panel  has  no  Influence  on  the 
control  point  if  the  flow  is  supersonic,  a  subject  we  will  discuss  in  the  next 
section. 
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J.3  Supersonic  Influence  Test 


In  order  to  compute  the  Influence  of  a  subpanel  on  a  control  point  P  In 
supersonic  flow,  one  must  know 

(a)  whether  the  subpanel  Intersects  Dp, 

(b)  If  so,  which  of  its  edges  Intersect  Op,  and 

(c)  which  ot  its  corners  lie  in  Dp. 

Rather  than  compute  this  data  one  subpanel  at  a  time,  the  program  takes 
several  short  cuts,  which,  if  results  are  successful,  give  much  or  all  of  this 
data  for  a  minimi™  of  computation.  First,  a  simple  test  is  performed  to  check 
If  the  panel  lies  outside  Dp  (this  test  does  not  find  all  panels  lying 
outside  Dp,  but  does  eliminate  many  of  them).  Second,  a  test  which 
Identifies  panels  lying  wholly  within  Dp  Is  performed.  Finally,  for  panels 
which  are  identified  neither  as  lying  outside  Dp  or  wholly  within  Dp,  the 
Influence  test  must  be  performed  one  subpanel  at  a  time. 

J.3.1  Definition  of  Dp 


Given  a  control  point  P,  we  define  Op  as  the  points  Q,  lying  In  the 
upstream  pointing  Mach  cone  from  P.  The  condition  that  Q  He  upstream  from  P 
Is  given  by 

(P-Q)-c‘o>0  (J.3.1) 

The  condition  that  Q  lie  In  either  the  upstream  or  downstream  Mach  cone  from  P 
is  given  by 

[P“-  Q,  f -  Q]  >  0  (J.3. 2) 

A  point  Q  satisfying  both  (J.3.1)  and  (J.3. 2)  lies  In  Dp. 

J.3. 2  A  Zero  Influence  Test 


In  this  section,  we  determine  the  minimum  distance  d(Q,  aDp)  from  a 
point  Q  to  the  boundary  aOp  of  the  domain  of  independence  of  P.  We  use  this 
as  follows.  Let  R(  £)  be  the  true  radius  (as  opposed  to  compressible  radius) 
of  the  panel : 

R  (£)  -  max  |Pg  -  P^  (J.3. 3) 

1<  "I  <_4 

Then  If  Pg  does  not  lie  In  Dp,  and 

d(P9,  aDp)  >  R  (E)  (J.3. 4) 

no  point  on  E  can  lie  In  Dp,  and  thus  E  Is  wholly  outside  Dp  and  so  its 
Influence  on  P  Is  aero. 
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/ 

* 


The  computation  of  d ( Q ,  9  Dp)  is  performed  in  the  following  manner. 

This  distance  is  most  easily  computed  in  a  coordinate  system  centered  at  the 
control  point  P,  aligned  wUh  the  compressibility  vector  c0  and  oriented 
such  that  Q-P  lies  In  the  x-y  plane  with  positive  y  coordinate,  where  the  y 
axis  is  orthogonal  to  c0,  as  illustrated  in  figure  0.7. 

Now,  in  this  coordinate  system,  the  Mach  cone  is  defined  by  the  lines 


y  ■  *  X, 
3  8 


since  points  on  that  line  satisfy 
x2  +  sa2  y2  •  0 


(0.3.5) 


(0.3.6) 


The  line  perpendicular  to  that  defined  by  (0.3.5),  passing  through  the  origin, 
is 

y  -  ax  (0.3.7) 

and  thus  the  line  through  Q  perpendicular  to  the  Mach  line  closer  to  Q  is 

y  -  y0  -  »(x  -  Xq)  (0.3.8) 

Thus  the  point  on  a  Op  lying  closest  to  Q  is  the  point  (x,y)  lying  on 
the  lines 


y  -  y0  -  a(x  -  x0) 


y  *  i2L 

y  ~T 


Substituting  (0.3.10)  in  (0.3.9), 


_  x  + 


y0  »  8(x  -  x0) 


or 


x  * 


»  xo  -  y0 

a  +  l/a 


and  so 


(0.3.9) 


(0.3.11) 


(0.3.12) 


,.'V 


-x 

I 


-8  X0  *  y0 

a2  ♦  1 


(0.3.13) 


J, 
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* 


if 


{ 


Then, 


d(Q, 

9  Dp)  -  )/  (x  - 

~*c)2  + 

(y~-;0)2 

(0.3. 14) 

So,  d(Q, 

3  Dp ) 2  ■ 

<  6*0 

-  -  xn)2  - 

i  -ax0 

MV 

111 

-  yo)2 

a  ♦ 

i/6 

a2  < 

►  l 

(0.3.15) 

■  _ _ 

_L  [a2  x0  ■ 

-  a  y, o  ■ 

•  (a2  ■ 

►  1)  x0]2  + 

- L - (-6  X0  -  82  y0)2 

(a2 

♦  l) 

(a2  ♦  l)2 

(0.3. 16) 

*  _ 

_i_ _ (_~ 

a  y0)2 

+ 

j, _ ( 

-a  x0  -  a2  y0)2 

(a2 

*  l)2 

(a2 

♦  1)2 

(0.3.17) 

.  i  * 

jL.  ;02  -  i 

(1  +  a2)  (x0 

+  a  y0)2 

(a2  ■ 

►  D2 

(a2  ♦ 

l)2 

♦  »■ 

f  a2)  (a2  y0)2 

(i 

s2  +  l)2 

(0.3.18) 

-  1*0 

+  a  y0)2 

1 

-  a2 

(0.3.19) 

So,  d(Q, 

3  Dp )  * 

*o  ♦  a  y0 

)  +  a2  (J.3.20) 

This  formula  holds  as  long  as  The  nearest  point  on  a  Dp  to  Q  Is  found  by 
dropping  a  perpendlculai  to  the  Mach  line,  that  Is  whenever  (see  figure  0.7) 

y0  >  8  *o  (0*3.21) 

Otherwise,  the  nearest  point  on  Dp  to  Q  Is  P,  that  Is, 

d(Q.  t  Op)  -  |P  -  Q|  (0.3. 22) 
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(J.3.23) 


Finally,  we  compute  x0  and  y0  as  follows.  First,  since  the  x-axis  Is 
iligned  with  c0, 

;<o  *  (Q  -  P)  •  c0 

Next,  since  tnere  is  no  coordinate  scaling,  we  want 


V  *  ;.2  -  i  o  -  p  i 2 

or  _ 

y0  «  V7o  -  P|  2  _  ;02 

Then,  summarizing,  d(Q,  a  Op)  Is  computed  as 
d(Q,  a  Dp)2  .  (x0  ♦  8  y0)2/(l  +  s2) 
d(Q,  a  Dp)2  -  |Q  -  P|  2 

J.3.3  Panels  Wholly  within  the  Mach  Cone 


(0.3.24) 

(0.3.25) 


yo  >  8  x0 
y0  <  a  x0 

(0.3.26) 


Oust  as  a  panel  whose  center  lies  further  from  a  Dp  than  the  panel 
radius  has  no  influence  on  the  control  point  if  its  center  lies  outside  Dp, 
it  analagously  lies  wholly  within  Dp  if  its  center  does.  That  is,  If  P0 
lies  in  Dp,  and 

d(Pg,  aDp)  >  R  (£)  (0.3.27) 

then  E  lies  within  Dp. 

0.3.4  The  Influence  Test  for  a  Subpanel 


Finally,  let  us  assume  that  the  panel  passes  none  of  the  simple  tests 
described  above.  For  each  subpanel  (or  half  panel  or  projected  panel,  in  the 
case  of  intermediate  field  computations)  we  must  determine  which  corners  lie 
In  Dp,  which  edges  Intersect  Dp,  and  whether  the  region  as  a  whole 
Intersects  Dp. 

The  corners  of  a  subpanel  are  tested  one  at  a  time  to  see  if  they  satisfy 
(0.3.1)  and  (0.3.2).  If  all  corners  do,  then  the  entire  subpanel  lies  in 
Dp.  This  follows  from  the  fact  that  Dp  is  a  "convex*1  region.  A  convex 
region  is  one  such  that  the  line  segment  joining  any  two  points  in  the  region 
also  lies  In  the  region.  Thus  if  all  vertices  of  a  subpanel  lie  in  Dp,  then 
any  point  on  an  edge  lies  in  Dp.  Thus,  since  any  point  in  the  interior  of 
the  subpanel  lies  on  some  line  segment  joining  points  on  edges,  every  point  on 
the  subpanel  lies  In  Dp.  Next,  if  one  vertex  of  an  edge  lies  in  Dp  and 
another  does  not.  It  is  clear  that  both  the  edge  and  the  subpanel  lie 
partially  within  Dp. 
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J.3.4.1  The  Point  of  Closest  Approach 


Let  us  assume  neither  vertex  of  an  edge  lies  in  Op.  Then  we  determine 
whether  the  edge  intersects  Op  as  follows. 

First,  suppose  the  edge  is  a  "subsonic  edge."  That  is,  let  t0  be  a  unit 
vector  parallel  to  the  edge.  Then  defining 

T  -  [t0,  t0]  ( J. 3.28) 

we  call  the  edge  subsonic  if  t  >  0,  supersonic  if  r<  0,  and  sonic  If  T  -  0 
(see  figure  J.8).  A  subsonic  edge  is  inclined  to  the  compressibility 
direction  at  less  than  the  Mach  angle;  thus  every  point  on  the  edge  Is  in  the 
domain  of  dependence  of  the  most  downstream  point.  So,  if  the  most  upstream 
point  lies  outside  Op,  the  entire  edge  does.  In  particular,  if  both 
vertices  of  a  subsonic  edge  lie  outside  Dp,  the  entire  edge  does. 

For  a  supersonic  edge,  this  property  does  not  hold,  as  illustrated  in 
figure  J.8.  Thus,  for  a  supersonic  edge  whose  vertices  lie  outside  Dp,  we 
must  check  if  the  "point  of  closest  approach"  on  the  edge  lies  in  Dp.  If 
not,  then  the  entire  edge  lies  outside  Dp. 

What  we  mean  by  the  point  of  closest  approach  is  that  point  R*  on  the 
line  containing  the  edge  which  lies  closest  to  the  line  through  P  parallel  to 
the  compressibility  direction  c0,  as  Illustrated  in  figure  J.9.  We  find 
R*  as  follows.  Let 

aR  -  R+  -  R-  (J.3.29) 

where  R+  and  R-  are  the  vertices  of  the  edge. 

Now,  let  us  write 

R  -  aR-  +  (1  -  a)  R+  -  R+  -  aAR  (J.3.30) 

for  an  arbitrary  point  on  the  line. 

Then,  the  projection  of  R  to  the  line  parallel  to  c0  containing  P  is 

P  +  c0  cj  (R  -  P)  ( J.3.31 ) 

and  so  the  square  of  the  distance  from  R  to  that  line  Is 

d2  -  |R  -  P  -  c0  cj  (R  -  P)R  (J.3.32) 

.  (R  -  p).(iT  -  P)  -  (c0-(R  -  P))2  (J.3.33) 

-  (by  (J.3.30)) 

(R+  -  aAR  -  "P)  (RV  -  aAR  -  P)  ( J.3.34) 

-  (c0-(R+  -  aAfl  -  P))2 


( 

( 


Now,  d2  Is  minimized  by  setting 

(d2)  -  0  -  2(R*  -  .2*  -"p)-(-aR) 

da 

-2  (c0.(R*  -  «aR  -t))  ( -c0  •  aR)  (0.3.35) 

-  [2(aR  •  aR)  -  2  (c0  •  AR)2  a 

-2  (R*  -  pV  aR  +  2(c0  (‘ R+  -  P)).  (c0  •  a*R)  ( J.3.36) 

So,  d2  Is  minimized  for 

a  -  a*  -  (R  -  P).AR  -  (C0  .  (R  -  P  ) )  (  Cq  .  A~R) 

(a"R  *  aft)  -  (c0  •  a^)2  (J.3.37) 

Thus,  the  point  P*  on  the  line  containing  the  edge  which  Is  the  point  of 
closest  approach  Is 

R*  ■  a*  R  +  (1  -  a*)  R  (J.3.38) 

Thus  If  R+  and  R-  both  lie  outside  Dp,  we  compute  a*.  If 
0  <  a*  <  1,  the  point  of  closest  approach  lies  In  the  interior  of  the 
edge,  and  we  thus  test  If  R*  lies  In  Dp.  If  It  does  not,  the  entire  edge 
lies  outside  Dp. 

For  reasons  of  efficiency,  the  program  actually  computes 


a*  -  (Cq  X  AR)  .  I C0  X  (~R  +  -  ~P)) 

|c0  X  a-RI2  ( J.i.39) 

The  equivalence  of  (J.3.37)  and  (J.3.39)  Is  easily  seen  In  compressibility 
coordinates,  where 


( J. 3.40) 


Then, 

c0  •  aR  -  (a'r)x  (0.3.41) 

and  so  the  denominator  of  (0.3.37)  Is 


( J. 3.42) 


0.3-8 


On  the  other  hand 


c0  x  aR  -  ^  -aR2 

aRy 

and  so  the  expression  (J.3.42)  defines  the  denominator  of  (J.3.39). 
Next, 

(c0  x  aR)*(c0  x  (R+  -  P))  . 


( J. 3.43) 


r  i 

0 

-aR2 

• 

» 

1 

+ 

4QL 

O  1  — 

1 

.  iRy, 

(R+  -  P)y  J 

ARy  (R  +  -  P)y  +  ARz  (R+  -  P), 

AR '  -  P)  -  (cV  4R)  (C0-(t+  -  P)) 


( J.3.44) 


(J.3.45) 
( J.3.46) 


and  thus  the  numerators  of  (J.3.37)  and  (J.3.39)  are  equal. 
J.3.4.2  The  Winding  Number  Test 


Finally,  let  us  assume  that  none  of  the  edges  of  the  subpanel  Intersect 
Op.  Then  If  the  panel  Is  subinclined,  wo  can  see  from  figure  J . 10  that  the 
entire  panel  1  lei,  outside  Op,  while  foi  supersonic  panels  this  does  r.ut  hold. 

Thus  In  this  case  we  compute  the  point  P#,  on  the  plane  containing  the 
subpanel,  which  Is  the  Intersection  of  the  line  through  P  parallel  to  c0 
with  the  plane  of  subpanel.  It  is  clear  that  if  P*  lies  in  the  Interior  of 
the  subpane'’,  the  subpanel  Intersects  Dp,  while  If  it  lies  in  the  exterior 
of  the  suhpanel,  the  subpanel  lias  wholly  outside  Dp. 

Now,  we  can  write 

t*  -  P  +  6  c0  (J.3.47) 

and  since  P*  lies  on  the  subpanel, 

(P*  -  h)  •  n0  -  0  ( J. 3.48) 

where  n0  |S  the  subpanel  norma)  end  P|  is  a  vertex.  Substituting  (J.3.48) 
in  (J.3.47), 

(P*  -  Pi)  •  n0  ♦  b(c0  •  nQ)  *  0  (J.3.49) 
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or 


=0  ’  "o  { J. 3.50) 

Now,  If  P*  lies  In  the  subpanel,  the  angles  formed  by  P-j ,  fV  ,  and 
P 1  (mod  3)  +  1  are  of  ttie  same  sign.  That  Is,  P.v  Is  Inside  the  subpanel 

If  and  only  If 

((?1  -fc)  x  ( Pi  (mod  3)+l  -  (J.3.51) 

has  the  same  sign  for  1  «  1,2,3. 

J.3.4.3  Half  Panels  and  Projected  Panels 

Everything  we  have  said  about  subpanels  holds  equally  well  for  half 
panels,  since  they  are  also  triangular  regions.  It  also  holds  equally  well 
for  projected  panels,  used  In  the  one  region  Intermediate  field  computation, 
provided  the  projected  panel  is  convex.  When  the  panel  Is  not  convex,  there 
Is  a  small  risk  that  the  Influence  will  be  calculated  erroneously.  For  this 
reason,  the  program  checks  for  non-convex  panels  and  warns  the  user  of  their 
existence. 
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J.4  Cylindrical  Coordinates 


When  the  Integrals  (J.1.1),  (J.1.2),  (J.1.4)  ana  (J.1.5)  are  transformed 
to  local  coordinates,  they  become  Integrals  of  the  general  form 


S!  "  'I 

rno,  |,(f ,  n')| 

where  (see  section  £.3) 


f(R')  d£  dn 1 


(J.4.1) 


R'2  -  r(£  -  x1)2  +  s(n'  -  y')2  +  rs  ({'  -  z')2  (J.4. 2) 


When  rs  ■  1  (this  covers  both  the  case  of  subsonic  flow  and  of  superlnc  I  Ined 
panels),  these  Integrals  are  very  naturally  evaluated  using  cylindrical 
coordinates.  In  section  J.4,  we  derive  basic  results  which  are  nucess^.ry  to 
perform  these  Integrations.  The  case  of  rs  ■  -1  (subincllned  panel;  u 
supersonic  flow)  Is  best  handled  by  hyperbolic  coordinates  discussed  in 
section  J.5. 


J.4.1  Fundamental  Results 


Recall  from  section  E.3  that  In  the  local  coordinate  system,  the  flow  Is 
In  the  x'  direction  for  subsonic  flow  and  in  the  *z'  direction  for 
superlncllned  panels.  Thus  Dp  Is  all  space  for  subsonic  flow,  and  (writing 
P  >  (x',y',z')  in  local  coordinates) 

Or  -  (C,  n\  C')  (C  -  z')2  -  (  '  -  x')2  -  („•  -  y')2  >  0 

and  (C-  z')  sign  (c0-  n0)  <_  0  (J.4. 3) 

(where  n0  Is  the  subpanel  normal)  for  superlncllned  panels.  We  can  rewrite 
(J.4. 3)  as 

Dp  -  ((£'■  n\  C')|/(C  -  X')2  +  (n1  -  Y*)2  <  -  sign  (c0^0)(;'  -z') 

(J.4. 4) 

Because  both  the  function  R'  and  the  domain  of  dependence  Dp  exhibit 
circular  symmetry  with  respect  to  the  point  ( x * ,  y ' ) ,  we  will  find  It 
convenient  to  use  cylindrical  coordinates  centered  at  (x1,  y ' )  to  perform  the 
required  Integrations,  In  addition,  because  the  boundary  of  the  panel 
Image  E'  Is  composed  of  straight  lines  (the  edges),  local  coordinate  systems 
having  axes  perpendicular  and  parallel  to  the  edges  also  arise  naturally. 

We  should  note  here  that  our  results  will  hold  for  any  planar  region 
which  Is  convex,  This,  of  course,  Includes  subpanels  and  half  panels,  though 
not  necessarily  projected  panels  (see  section  J.3.4.3). 


0.4-1 


J.4.2  The  Mach  Disk 


Since  is  a  constant  on  the  surface  of  integration  1  (see  section 
E.3),  the  region  of  integration  £'  fl  Dp  may  equally  well  be  taken  to  be 
£'(1  Ch  where  Ch  the  "Mach  disk"  is  defined  by 

Ch  -  |(C‘.  n')|  (C  -  x')2  +  („•  -  y')2  <  hj  (J.4.5) 

where 


+  »  if  s  «•  1 


h  - 


sign  (n0  •  c0)h  if  s  -  -1 


(J.4.6) 


where 


The  region  of  integration  E'  fl  Ch  for  a  typical  panel  image  E'  is  shown  In 
Figure  J.12.  Note  that  since  both  E'  and  are  convex,  so  is 
E  'n  Ch. 

A  careful  examination  of  figure  J.12  reveals  that  the  boundary  of  E'flCh 
denoted  a(£'  fl  Ch)  Is  composed  of  both  curved  and  straight  line  segments. 
Furthermore  a ( E*  (1  Ch)  has  sharp  corners  in  two  possible  instances, 

(i)  Whenever  a  corner  of  E'  lies  Inside  Cp. 

( i 1 )  Whenever  an  edge  E'  intersects  the  boundary  of  Ch. 

We  will  develop  a  scheme  for  numbering  the  edges,  E^,  corner  points  o£, 
and  phases  of  corner  points  4*  of  the  region  E'n  C^.  At  the  outset  of 
this  discussion,  we  distinguish  three  separate  cases 


(a) 

£' 

nch 

Is  empty 

(b) 

l • 

"ch 

»  C(,  (that  is,  Ch  c  £' ) 

(c) 

E' 

nch 

is  a  proper  subset  of  Cp 

Case  (a)  is  of  absolutely  no  consequence  since  E'  fl  Ch  is  null  and  all 
Integrals  over  it  are  zero. 

J.4.3  The  Case  of  the  Mach  Disk  Lying  within  the  Panel 


Case  (b)  is  handled  in  the  following  fashion  (see  fig.  J.13).  In  the 
first  place,  no  edges  are  defined  when  £'  fl  Ch  *  Ch*  Next,  some  point 
(£  n')  lying  on  the  boundary  of  Ch  is  chosen  at  random  and  p  = 

(si  , t i )  is  defined  by 
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<1+  ii~  I  h 

J  -  f  dd  *  f  6i  r 

#r  *i+  J  o  hZ-p 


odp 


(where  Ch  c£')  and  p  *  |1p|),  since 

pdpd#  *  d£*  dn’  (J.4.14) 

J.4.4  Arbitrary  Intersection  of  the  Mach  Disk  with  the  Panel 

We  now  take  up  the  difficult  and  interesting  case  (c),  when 
E'  fl  Ch  l  Ch-  For  this  discussion,  the  reader  is  referred  back  to  Fig. 

J.12.  Starting  with  any  edge  of  E'  that  has  some  points  lying  inside  Ch,  we 
denote  this  edge  and  begin  proceeding  around  the  boundary  of  E'HCh  in  a 
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counterclockwise  (positive)  fashion.  As  we  traverse  a ( CHC;, ) ,  we  will  move 
along  straight  and  possibly  curved  pieces  of  boundary.  The  straight  pieces  of 
boundary  are  named  E i ,  E?,...,  En  as  they  are  encountered.  Here,  n  is 
the  number  of  edges  of  £'  that  have  some  points  lying  inside  (see  Fig. 
J.14). 


J.4.4.1  Corner  Points 


Having  described  the  edge  naming  convention,  the  corner  points  pk  are 
defined  by 


tk"  =  (£'-  «') 


-(*'  ,  y') 


lower  edge 
of  Ek 


The  components  of 


°k 


are  denoted 


as  follows 


pk 


(J.4.15) 


( J.4.16) 


Also,  the  special  corner  poinfp~+j  is  defined 


"®~n+l  a  "®”l 
J.4.4.2  The  Phase  Function 


(J.4.17) 


Finally,  the  phases  of  the  corner  points,  are  defined  recursively 
by 


i\~  -  ph  ( s i ~ ,  tr) 

+ 

Pk 

h*  -  *k-  +  f  M 

0k"  (J.4.18) 

Great  care  must  be  taken  here  because  of  the  problem  of  "phase  wrap." 

That  is,  the  phase  function  is  discontinuous  on  a  closed  path  in  the  x'-y' 
plane  which  does  not  contain  the  origin.  Thus  in  the  former  case  (that  of  the 
second  or  third  illustration  in  figure  J.14)  dj!j  is  almost  2w  greater 
than  dj,  while  in  the  latter  case  the  increment  of  2w  does  not  occur. 
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Next  we  compute 


t 


J.4-5 


we  have  (by  J.4.11) 


ten  jfc 

•  ■  J  d*  “  Ph(o~k  *  p  k+l»  (p”k  x  P+k)z) 
p  k 

Now,  geometric  reasoning  shows  that  in  this  case, 
(Pk  x  pk)z  >  0 


(J.4.24b) 

(J.4.25) 


and  thus  0  <  i  <  n. 

On  the  other  hand,  the  angle  t'  betweeen  p£  and  pk+1  may  exceed 
*  (see  figure  J.15),  and  must  be  correctly  evaluated  In  view  of  phase  wrap, 
and  thus 


r 


x  p- 


k+1 


a 

where  ph  is  defined  by 

A 

ph  (x,y)  -  ph  (x,y)  +  2nn 

0  <  ph  (x,y)  <  2* 

n  ■  0  or  1 


( J.4.26) 


(J.4.27) 


wUh  bases  defined  In  this  fashion,  the  phase  of  a  point  p  on  the 
boun .  f  v  fi  c  defined  by 

(J.4.28) 

( J.4.29) 


^(p)  ■  +  /  d4  -  rfj  +  ph(p^  .  t,  (p’j  x  t)z) 

is  a  continuous  function  for  all  points  on  the  boundary  satisfying 
4(pk)  ■  <^k  k  n  l,...,n 
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/ 


8ecause  of  phase  wrap,  it  may  happen  that  4>"n+l  ^  4"i  but  rather 
^~n+j  -  $'j  +  2it.  If  this  happens,  it  indicates  that  the  center  of 

our  coordinate  system  ( x ’ , y * )  lies  inside  E'.  Defining  the  center  Indicator 
by 

1  if  (x1,  y')  c  E' 

C,  - 

0  otherwise  (J.4.30) 

we  observe  that 


*“n*l  -  *~1  *  2 *  C9  (J.4.31) 

J.4.4.3  Edges  and  the  Mach  Disk 


The  discussion  given  above  provides  a  very  precise  definition  of  the 
phases  once  the  corner  points  are  known;  however,  the  determination  of 
the  edges  Ek  and  the  corner  points  pk  will  require  some  more  detail 
which  we  now  provide. 

An  edge  Ek  of  the  region  E‘  f)  Ck,  must  be  either  part  of,  or  all  of  an 
edge  E  of  £' .  Thus  given  ari  edge  t  of  E',  we  seek  to  answer  the  question  of 
when  an  edge  E  of  E‘  Is  also  an  edge  Ev  of  E*  (1  C^,.  Toward  answering  this 
question,  we  assume  that  the  upper  or  lower  endpoints  of  the  edge  E  are  given 
by  (see  figure  0.15) 

Edge  E's  lower  endpoint  -  (x‘,y')  +  o'¬ 
Edge  E's  upper  endpoint  ■  (x',y‘)  +  (J.4.32) 

Thus  p-(p+)  describes  the  vector  from  (x',y')  to  the  lower  (upper)  end  point 
of  E.  (The  upper  and  lower  endpoints  of  E  may  be  assumed  known  because  they 
are  essential  to  the  definition  of  £').  The  components  of  p*  are  denoted 
($±,t±),  i.e., 

(s*.  t*)  -  (0.4.33) 

It  should  be  noted  that  the  designations  "lower”  and  "upper"  are  designations 
associated  with  the  orientation  of  E1 ;  as  one  traverses  aE  1  In  a  postive 
(counterclockwise)  fashion,  one  moves  along  edges  from  their  lower  to  their 
upper  end. 

J.4.4,4  Edge  Tangents  and  Normals 


(J.4.34) 
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l 


where  n  denotes  the  normalization  operation 


n(x)  >  _5_ 

1*1  (J.4.35) 

In  component  notation,  t  may  be  written 

t  -  (t£,  tn)  (0.4.36) 

We  use  this  representation  to  define  the  edge  outer  normal  "n  by 

n  -  (tn,  -  t£  )  .  (n^,  nn)  (J.4.37) 

Clearly,  *  and  "t  so  defined  satisfy  the  conditions 
Normalization  Conditions  |"t|  -  (t|+  tnz)l/2  .  i 

*  -  (n^2  ♦  n .  1  (J.4.38) 

Orthogonality  n'.t  -  tjr  +  n„  t„  -  0  (J.4.39) 

Cross  Product  (n  x  t){  .  n$  tn  -  nn  t£  •  1  (J.4.40) 

As  a  consequence  of  (J. 4. 38-40),  the  vector  pair  (n,t)  (in  that  order) 
comprises  a  right  handed  basis  for  (c,v)  space  as  shown  in  Fig.  J.16. 

The  (s,t)  system  Illustrated  there  has  been  previously  Introduced  and  is 
given  by 


t  .  (s,t)  -  ($•  -  x',  n'  -  y*) 

The  coordinate  function',  u,v  are  defined  by 
u  *  n  •  p 

-a. 

V  »  t  •  p 


Since  A  Is  orthogonal, 
A-l  , 

and  so 


(J.4.41) 


( J.4.42) 


(J.4.43) 


(J.4.44) 
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or 


p  =  un  +  vt 

For  points  lying  on  the  edge  E,  we  note  that 
"pi,  «  p-  +  s  t 


(J.4.45) 


(J.4.46) 


where  s  denotes  arc  length  along  E.  Taking  the  dot  product  of  (J.4.46)  with  n 
and  taking  account  of  (J.4.39),  we  find 


-*■  -L  -V 

n  •  p  |E  -  n  •  p- 


( J.4.47 ) 


that  is,  the  expression  Tf  .  "p  Is  a  constant  along  the  edge  E;  this  observation 
motivates  the  definition  of  a,  the  edge  distance 


a  -  n  •  p I E  *  n  •  p-  ■  n  ‘  o+ 


( J.4.48) 


We  may  now  express  the  vectors  p*  in  the  new  coordinate  system  as  follows. 
Using  (J.4.45)  we  have 


p±  ■  (n  .  p±)  n  +  (t  <  p*)  t 
Now,  defining  v*  by 

V*  m  p*«  t 

we  find  by  (J.4.48)  that  (as  Illustrated  In  figure  J.16) 
p±  «  an  ♦  v*  t 


( J.4.49) 

( J.4.50) 

(J.4.51) 


Equation  (J.4.51)  describes  the  endpoints  of  the  edge  E;  for  points  interior 
to  the  edge  E  we  have 


pIe 


an  +  vt 


(0.4.52) 


where 


v  «  p  •  t 

The  representation  (J.<*.52)  now  provides  us  with  the  information  necessary  to 
answer  *-he  question  posed  earlier  (when  Is  an  edge  E  of  E  1  also  an  edge 
of  E  *n  Ch).  To  see  hovi  this  Is  done,  we  refer  to  figure  J.17.  First  we 

note  that  what  we  are  really  trying  to  determine  is  1_f  any  points  interior  to 

E  are  also  Interior  tc  Ch-  In  particular,  if  either?-  or  p*  lies  inside 
the  answer  Is  YES.  On  th£  other  hand,  for  all  points'?  In  Ch,  Ip’I  < 
fi.  Since  the  smalTeTt  that  fp|||r  can  become  Is  |a|  (see  equation  (J.4.52)), 
we  see  that  If  iai  >  H  then  the  answer  is  NO.  Now  If  |p+|>  fi,  |‘p'-|  >  h 
and  la  I  <  h,  we  must  still  determine  whether  or  not  E  passes  through  Ch 
without  either  of  Its  endpoints  actually  lying  Inside.  This  will  happen 

provided  v-  <  0  <  v+  .  Otherwise,  E  will  not  pass  through  Ch*  Thus  we 

h_ve  determined  In  all  circumstances  whether  E  Intersects  fy,.  These  can  be 
summarized  by  the  following  algorithm. 
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Algorithm;  (Ooes  an  edge  E  have  any  points  in  C^) 

I  a  I  >  "h  ==>  NO 
I  a  I  <  h  ; 

|  p+|  <  h  or  |p-|  <  h  YES 

|  p+ 1  >  h  and  f- 1  >  h 

0  in  [v-,  v+)  =$  YES 
0  not  in  [v-,  v+j^NO 

Once  we  have  made  the  determination  that  an  edge  E  has  points  inside  C^, 
we  must  assign  it  a  number  k  (for  Ek)  and  define  the  end  points  p£  for 

Ek- 

If  we  define  the  critical  value  of  vc  by 

vc  -  ^h2~ -  a2  (J.4.54) 

then  pjj  are  determined  by  the  procedure 

-  p -  if  |p-|  <  h 

-  an  -  vc  t  if|p-(  >  h 
Pk+  «  p+  if|p+|  <  h 

-  an  +  vtt  1f|o*|  >  h  ( J.4.55) 

0.4.4. S  The  Function  P(<) 

We  have  now  given  complete  procedures  for  the  specification  of  Ek, 

±  £  * 

Pk,  Before  we  can  evaluate  the  integrals  (0.4.1),  we  must 

define  a  function  P($)  (see  Figure  0.18)  that  describes  the  upper  limit  of 

integration  from  ( x ' , y ' )  to  the  boundary  of  E'  n  C^.  P(^)  is  defined  as 

follows: 


i hi  if  ej  <  i  <  ^+1 

P(*)  - 

pk(*>  if  K  <  t  <  *+k  (0.4.56) 

where  on  each  edge  Ek,  Pk(<),  is  the  distance  from  (x '  ,y ' )  to  Ek 

Pk(*)  -  \j  «2k  ♦  vk(*)2_  (J.4.57) 
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In  equation  (J.4.57),  ( ^ )  denotes  the  local  edge  coordinate  v,  evaluated 

on  the  edge  £k  and  expressed  as  a  function  of  i.  Although  we  will  never  use 
it  explicitly,  we  record  it  here  for  the  sake  of  completeness 

vk(4)  .  ak  tan  (4  -  6k  ♦  ph(ak,  vg))  (0.4.58) 

With  all  these  definitions  available,  it  is  now  a  fairly  simple  matter  to 
write  down  the  integrals  (0.4.1)  using  polar  coordinates.  For  the  sake  of 
concreteness,  we  evaluate  the  integral  J 


j  .  ss  <v  . . . 

n  Ch  \j  h2  -  (C  -  x1)2  -  (~>  -  y')2  (0.4.59) 

Converting  to  polar  coordinates  centered  at  ( x * , y ' ) »  we  have 

d£'  dn'  -  pdpd#  (0.4.60) 

(£'  -  x')2  ♦  (n 1  -  y')2  -  p2  (J.4,61) 

so  that  (see  Figure  J.19  for  limits  of  integration) 

J  .  SS  pdpdj 
rnch  j h2.  p2 

n  /*k+  Pk(6) 

-  £  ( /  di  jf  _£ie _ 

k»l  \^k”  0  h2-p2 

(0.4.62) 


I  hi 

♦  S  di  )  pop 

*k+  0  h2-  p2 


Evaluating  the  inner  Integrals  in  (0.4.62),  we  note 


P 

f  -gj£ _ 

0  /h2-  p2 


Pk 


o 


«■  I  h| 


( J.4.63) 


so  that 


n  dk+ - *k+l" 

J  -  I  (/  dd  ( |h|  -  yh2  -  Pk(d)2  )  ♦  /  |h|dd) 
k.l  dk-  d<* 

n  dk  +  dk+1"  h  '^k+ 

-  h  i  (  J  dd  ♦  J  dd)  -  £  /  dd  h2  Pk{d)2 

k-l  dk  dk  +  k-l  dk" 

n  dk+ _ 

-  |h|  (dn+i-  -  dr)  -  I  S  dd'/h2  -  Pk(d)2 

k«l  dk“ 


(0.4.64) 


Now  equation  (J.4.23)  for  dd  may  be  combined  with  the  representation  (J.4.45) 
for  p  to  yield 

p2  dd  -  [f  x  - 

(un  +  vt )  x  (n  f/u  *  tdv) 


■  udv  -  vdu 

Now  If  we  agree  to  restrict  "p  tc  the  edge  f:k,  we  find  u  ■  const. 
■  ak,  du  -  0,  and  i or  d«, 


(J.4.65) 


dd  -  JJSl.  - 


ak2  +  v2 


(0.4.66) 


Substituting  this  Into  (0.f  .64)  and  noting  that  when  d  -  dj<,  v  -  v£, 
(at  the  prints  «$)  we  obtain 


0  -  |h|  2k  C#  -  J  J  lk--L-  ^  h2  -  ak2  -  v2 

k-l  vk-  ak2  +  v2 

?  2  2 

where  we  have  used  p^d)  -  ak  *  v  on  edge  Ek-  The  Integral 
on  the  right  may  be  evaluated  by  elementary  means  to  yield 


(0.4.67) 


n  vu  + 

«  2*  C#  | h |  -  l  [h  ph  (ak  Rk  (v),  hv)  +  ak  p!i(v,  Rk(v))J 

k-l  Vk  (0.4.68) 
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J.5  Hyperbolic  Coordinates 


Having  examined  the  geometry  of  the  circle  in  such  gruesome  detail  we  now 
do  the  same  for  the  hyperbola.  The  motivation  for  this  exercise  stems  from  a 
desire  to  develop  effective  tools  to  deal  with  integrals  of  the  following  form 
arising  from  application  of  the  transformations  described  in  section  (£.3)  for 
subinclined  panels: 


// 

[’<£• 

n)  ' 

f(R)  d£'  dn' 

E'flDp 

n)  _ 

(J.5.1) 

where 

R  . 

($'  -  x 

')2 

-  (n *  -  y')2  -  (C1  -  z')? 

Dp  *  {  P ' 

•  (£' , 

n1  * 

;•)  1  (£'  -  X')  <  -  (n1  -  y’)2  ♦  (£' 

-  z')2> 

(J.5. 2) 

and  E  '  is  some  convex  region  lying  in  the  (£',n')  plane  with  oriented  normal 
ti1  -  (0,0,1).  The  points  in  £'  are  described  by  (£',n',4')  in  the  coordinate 
system  X',  with  constant. 

J.5.1  Fundamental  Results 


As  before.  Dp  denotes  the  domain  of  dependence  described  in  the  panel 
local  coordinate  system  X'. 

Because  the  geometry  of  the  hyperbola  is  much  less  intuitive  than  that  of 
the  circle,  our  discussion  will  have  to  rely  rather  heavily  upon  algebraic 
arguments.  We  will,  however,  try  to  parallel  the  discussion  of  section  (J.4) 
as  c losely  as  possible. 

We  begin  our  discussion  of  (J.5.1)  with  a  trivial  change  of  variables. 
Variables  s  and  t  are  defined  by  (see  Fig.  J.20) 

s  -  £'  -  x1 

t  -  n'  -  y'  (J.5. 4) 

and  the  constant  h  is  defined  by 


h  =  z'  -  (J.5. 5) 


Using  these 

new  variables,  the  Integra!  (J.5.1)  can  be  written 

ss 

f  o(x'  +  s,  y'  ♦  t)  1 

1  }  f (R)dsdt 

E'riHh 

1  u (x *  *  s,y 1  ♦  t)  J 

(J.5. 6) 

J  -  5-1 


where  the  panel  E'  is  of  course  translated,  and  denotes  the  hyperbolic 
region 

Hh  -  {(s.t)  |  s  5  -  l/t2  ♦  h2}  (J.5.7) 

Using  the  new  variables,  the  distance  function  R  is 

R  .  fiT-  t2  -  h2  (0.5-8) 

Having  made  this  transformation  of  variables,  we  now  remark  that  both  the 
function  R  and  the  region  exhibit  hyperbolic  symmetry  with  respect  to  the 
origin  (of  the  s-t  coordinate  system).  By  this  we  mean  that  if  s,t  are 
defined  by 


where 


(J.5.9b) 


and  a2  -  b2  «  1 

a  >  0  (J.5.9c) 

and  f?h,  R  by 

Hh  -  {(?,?)/?$  -  /t2+~h2  | 

R  .  ^s2  -  t2  -  h2  (J.5.10) 

then  "  * 


and  AHh  -  Hh  (0.5.11) 

that  is  to  say,  both  the  function  R  and  the  region  H^,  are  invariant  in  form 
with  respect  to  transformations  of  the  type  (J.5.9).  We  will  use  thi,s  fact 
very  'eavily  in  the  treatment  of  the  Integrals  (J.5.1). 

A  careful  examination  of  the  region  of  integration  E'fl  (see  fig. 

J.20)  reveals  that  its  boundary  is  composed  of  both  straight  and  curved 
segments.  If  the  boundary  of  E'fl  H^,  is  traversed  in  a  positive 
(counterclockwise)  fashion,  the  straight  segments  of  boundary  are  named  Ei» 
E?...,  En  (see  fig.  0.21),  In  the  order  they  are  encountered.  Here,  n  is 
tne  numbers  of  edges  of  E'  having  some  points  lying  Inside  H^the  position 
of  the  lower  end  of  edge  Ej<  is  denoted  p|<  while  the  upper  end  is  denoted 
a+i<.  The  s-t  coordinates  of  7f+|<  are  denoted  (s*|<,  t*|<).  that  is 


J.5-3 


or 


( J.5.21  i 


e?*  -- 

"j-t 


or  t  *  II?  log  / USA 

Vs-t/  ( J.  5. 25- ; 

_Jk. 

in  particular,  the  hyperbolic  phase  of  the  points  p^  is  denoted  <  : 


«lc*  .  =  1/?  log  /iillA*  \ 

U**-^*/  i  J.S.2.1; 

,'t  is  well  to  notice  that  not  nearly  as  much  care  is  required  in  the 
definition  of  hyperf.  ..ic  phase  as  was  required  in  the  definition  of  circular 
phase  in  sec.  u. 4,  The  reason  for  this  simplicity  is  that  phase  wrap  simply 
does  not  occur  when  one  is  dealing  with  hyperbolic  phase. 

Having  defined  the  edges  E ^ ,  corner  points  p£.  and  corner  phases 
of  the  'eg ion  £71  Hh  we  now  de  1  ve  more  deeply  into  the  problem  of 
determining  which  edges  E  of  £’  are  also  edges  of  £7i  nh .  Thus,  given  an 
oriented  edge  c  wttn  lower  end  point  p-  and  upper  end  point  o*.  we  seek  to 
determine  if  E  has  any  point.,  lying  inside  Hh;  if  it  does,  E,  or  part  of  E 
will  be  an  edge  c.\,  of  £7|  Hh.  [n  addition,  we  will  also  want  to 
determine  the  point  (or  points)  at  which  E  erters  or  exits  the  region  . 

In  order  to  answer  these  questions  precise'/,  we  need  to  define  a  number 
of  new  concepts.  Tnese  include: 

(,)  A  pseudo  inner  product  *  ,  > 

( i i i  The  edge  tangent  t 

( ill)  The  edge  normal  rf,  and  conormai  d 

iv'  The  <dqe  ci stance  a,  and  edge  variable  v,  and 

lv)  Di ffe» ential  arc  len~th,  ds,  along  an  edge. 

The  pseudo  inner  product  on  two  vectors,  denoted  <  ,  >  is  defined  by 

flie  express  ion 

<  a,  b  >  -  -a^  b^  ♦  an  bn  (J.5.24; 

For  points  p  lying  inside  Hh,  we  have 

r  t,  J  >  «  -s?  ♦  t?  s  -h?  (J.S.25) 

an  inequality  tnat  follows  directly  from  the  specification  (J.5.7)  of  Hh, 

This  inequality,  combined  with  the  condition  that  s  be  negative,  provides  a 
very  useful  chi  actert/ation  of  those  points  lying  inside  : 

p  r.  Hf,  if  and  only  if  s  <  0  and  <t ,  t>  s  -h?  (J.5.26) 
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t 

« 


* 

f 


’  he  ovf  n  Inev,  of  t.hi",  i  nner  product  •.  tern*.  from  f.  f-i  r*  f  ,j  r.  f.  that  it  r,  invariant 
with  re-.per.t.  to  h  yperbo  I  ir.  tr  an',  f  orma  t  i  on",  of  the  form  /. Iho%,  if  1 
ah' I  7  ■in-  vw.tor,  of  leri'JTh  t  Wf;  ,  and  V  an  d  /  t  r  e  'if  f  I  ned  by 


>  -  A/ 

i  * '} 

then 


‘.'i  > 


>i  t  0 

f  t/ 


/  r 


the  «d(|p  f, ani|en f.  £  t.0  an  f,  with  lower  end  point  (i  and  upper  end 

point,  o*.  r,  defined  by  the  e/pre«,'<  ion 


'  if  ^  .  it* 


•  /.'i./'ii 


We  ti.|y<‘  '  ho'ifh  the  norma ! i /at  Inn  for  t  ijiver  by  l.l.'i./'l)  bei.  au',e  the, 

par  t  in  u  I  ■)  r  normal ■ /at  ion  i  •.  invariant.  wit.n  .eoper.t  to  hyperbolic 

tr  iinof  oriB4  •  iorio  of  the  form  l.i.'i-'H-  With  t  dp  f  in>i|  by  ( ■) . '» .  7’i ) ,  we  can  >j  i  v«* 

the  i  or  •  I'opond  i  ri.j  edqe  tangent  f  in  the  roord  l  nd  t.e  ".y.tem  X';  we  have, 


(J.'i.  JO; 


Per  4  I  .  fi'yn  t.l.  I.7H/  the  definition  of  bob', Ohm  and  viper  bon  in  ed'jeo .  the 
inner  prodijr.t  i  .  I.  defined  tiy 


' 7)  7t,f„)7 

in  reference  '  oord  I  na  te". ,  I',  r)  I  yen  in  X'  r.Oord  I  nate',  by 


If./ 

where  ,  f  r  ijm  f  ion  i 

i'.'i  ■ 


1/ 


f-J.'i.  I! ; 


f.J.'i.  W) 


rt, 


(J.'i. 


Note  that  in  thi*.  met  ion,  w*  have  r  .  I  and  s-  -1  ( tub  I nc 1 1 ned  panel  In 
*»uper-,on  K  flow),  ftur.,  I  It  a  tubtonic  edge  If  any  only  If 


if*,  r- 


0 


{ .J .  S .  34  ) 


1 


I 

9 
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if  and  only  if 


t^2  -  t*  >  0 

if  and  only  if 

<  t,  t  >  <  0 


(J.5.35) 

(J.5.36) 


Similarly,  E  is  a  supersonic  edge  when 

<  t,  t  >  >  0  ( J.5.37) 

Note  that  (J.5.29)  is  undefined  for  sonic  edges.  We  will  not  treat  them 
explicitly  in  this  section;  later  we  will  deal  with  them  by  a  limiting  process. 

■jince  the  oefinition  (J.5.29)  of  t  ensures  that 

|<  t,  t  >|  1 


we  obtain  the  normal i zation  conditions  on  t 


(subsonic  edges)  <  t,  t  >  =  -tr?  ♦  t„2  «  -1  (J.5.38) 

(supersonic  edges)  <  t,  t  >  -  ♦1  (J.5.39) 


Nert,  the  edge  normal  n  and  conormal  v  are  defined  by 


(J.5.40) 


( J.5.41) 


It  is  well  to  note  that  n  as  defined  by  (J.5.40)  is  an  outward  edge  normal  to 
edge  E.  that  n  is  normal  (i.e.  perpendicular)  to  edge  E  follows  from  the 
computat ion 


n  •  t  =  tn  t^  <■  (-t£t„)  -  0  (J.5.42) 

and  that  it  points  outward  follow.,  from  the  computation  (see  figure  5.22) 

(if  x  t)^  *  n^  t„  -  nn  t^  *  t|  +  t^2  >  o  (J.5.43) 

Note  that  if  x  t  points  out  of  the  page  (its  £  component  is  positive). 
Finally  we  note  that  for  any  vector  tf,  the  following  relationship  holds  by 
virtue  of  the  definition  (J.5.41)  of  tf. 
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/ 


t  • t  -  <  tf,  >  (o.S.44) 

The  edge  distance  a  and  the  edge  variable  v  are  defined  by 

a=sn.f3  =  <«,o>  ( J .  5 . 4  5 ) 

v  «  <  t,  t  >  (.J.b.46) 

where  p  is  any  point  on  the  edge  E  (see  figure  J.16  or  J.18).  The  number  a, 
of  course,  is  independent  of  which  point  along  the  edge  E  is  used  to  compute 
it. 

Note  that  the  vectors  v  and  t  are  linearly  independent  (i.e., 
nonparal lei ) .  This  fact  follows  from  the  computation 


(v  X  t). 


ln  "  un  * 


-tn2  ♦  t,2 


*  1 


( J.5.47) 


by  (J. 5. 38-39).  Thus,  the  position  vector  p  can  be  expressed  as  a  linear 
combination  of  v  and  t 


o  n  rj  vJ  +  r2 ;  t 

Using  the  normal i zation  conditions 


<  t,  t  >  =  -(tf2  -  V) 


<  V,  V  >  =  -  V£2  * 


%  »  -tn  +  X 


and  the  orthogonal i ty  condition 

<  v?,  t  >  =  7f  •  t  =  0 


(J.5.48) 

(J. 6.49a) 
(J. 5.49b) 

(J. 5.49c) 


we  can  solve  for  rj  and  r2  in  terms  of  a  and  v.  Taking  the  pseudo  inner 

( J. 5.50a) 


>r  ri 

product  of  (J.5.48)  with  v>  gives 

a  .  <  if,  d  >  *  ri<  v,  v  >  =  ri(t£2  -  t2) 

while  doing  the  same  thing  with  t  yields 

v  ■  <  p,  X  >  *  r2<  ^  >  *  -r2(t^2_  t2^) 


( J. 5. 50b) 


Substituting  these  expressions  back  into  (J.5.48)  and  taking  account  of  the 
fact  that  t^2  -  t2„  «  *1  we  obtain 

if  *  (t£2  -•  tn2)  (a  «  -  v  t)  (J. 5.51a) 

or,  using  (J. 5. 38- 39) 

if  -  a  -  v  t  (subsonic  edge)  (J.5.51&) 

if  -  -a  if  ♦  v  t  (supersonic  edge)  ( J. 5 . 51c ) 


t 

« 


J.5-7 


L 


Equations  (J. 5.50-51;  now  enable  us  to  relate  the  differential  of  the  edge 
variable,  dv,  to  the  differential  arc  length,  ds.  Differential  arc  length  ds 
is  defined  by 


ds  = 

Itl  (J.5.52) 

Using  (U. 5. 50-51)  we  then  find 

ds  =  -itldv  (subsonic  edge) 

=  |t|dv  (supersonic  edge)  (J.5.53) 

Thus,  v  decreases  along  subsonic  edges  and  increases  along  supersonic  edges. 

With  the  machinery  developed  above,  we  are  now  in  a  position  to  determine 
which  edges  E  intersert  the  region  H^.  In  doing  this,  we  will  treat  the 
cases  of  subsonic  and  supersonic  edges  separately.  First,  we  treat  the 
subsonic  edge. 

J.5.2  Subsonic  Edges 


For  E  a  subsonic  edge  with  tangent,  t  defined  by  (J.5.29),  we  define  an 
edge  coordinate  transformation  of  the  type  (J.5.9) 


y  * 

where 


A  - 


(J.5.54) 


( J.5.55) 


The  matrix  A  defined  by  (J.5.55)  maps  the  region  into  itself  and 
preserves  the  pseudo-inner  product  <  ,  >  .  The  coordinate  functions  ?,  t 

may  be  easily  expressed  using  the  pseudo  inner  product  as  follows 


s  »■  "  tn  Pn)  ■  -S£  <  t,  p  > 

t  *  s^  (-tn  p^  ♦  t^  pn)  .  (??,  ■$)  ,  -s^  <  v,  t  > 

( J.5.56) 


Thus,  for  points  t  lying  on  the  edge  E,  the  s  and  t  coordinates  are  given 


s  -  -vs^ 

t  -  -a  s^  -  cons.  (J.5.57) 

so  that  the  image  of  E  under  A,  denoted  E,  Is  a  line  parallel  to  the  s  axis, 
as  shown  in  figure  J.23. 
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Note  that  for  the  edge  E  in  figure  J.23, 


(*,  it)  <  0 


1.5.58) 


and  thus 


t  *  a  >  0  (J.5.59) 

A  careful  examination  of  Figure  J.23  reveals  that  it  is  a  fairly  easy  matter 
to  determine  if  an  edge  imagel  has  any  points  lying  inside 
H(j  »  {(5,  t)  |  ?  <  (t’  +  h^r^  Since  E  is  parallel  to  the  s  axis  and 
since  such  lines  can  intersect  the  boundary  of  at  most  once,  E  will  have 
points  lying  inside  if  and  only  if  one  of  the  image  end  points,  t-  or  p+, 
lies  inside  .  Furthermore,  the  point  frc  at  which  the  edge  E  either 
enters  or  exits  is  given. 


•  13  ■  I  '  '  | 

The  point  pc  will  be  a  point  of  exit  if  Sr  * 


[0.5.60) 


+1  and  a  point  of  entry  if 


Now  since  the  transformation  A  is  invertible,  the  above  remarks  about  the 
image  edge  E  can  yield  similar  statements  about  the  original  edge  E.  In  doing 
this,  we  must  relate  the  position  vector  p  to  Its  image  coordinates.  This  is 
done  by  combining  (0.5.57)  into  (0.5.51a)  to  obtain 


av-vt  »  Sr  ( -t  +  S  1 ) 


(0.5.61 ) 


With  this  connection  established  we  can  now  state  an  algorithm  for  determining 
if  a  subsonic  edge  £  intersects  the  region 


ALGORITHM: 


Assume 


Does  a  subsonic  edge  E  with  lower  and  upper  endpoints  and  ^ 
intersect  Hh<  If  it  does,  compute  p^  and 
Pk  appropriately. 

*  tjij  -  -1  (subsonic) 
p-  (Hft  and  p+(H^  -4’  NO 


p-  CHh  or  p +  efh  — *>  Yf 

Case  s _ «  H  (Edge  E  leaves  H  ) 

■*  -*■ 

ok  *  Rc 


(J. 5.62) 


(0. 0.63) 


Case  s 


a  -1  (Edge  E  enters  ) 
»k  =  »+ 

pk  *  n 


(J.5.64) 


where,  using  (J.5.60)  and  (J.5.61), 

5c  *  (“tc  v  +  sc  t) 

=  a  v  -  s  t  ^h^  *  a?  (J.5.65) 

We  complete  our  discussion  of  subsonic  edges  by  developing  the  relation 
between  the  differential  of  the  edge  variable,  dv,  and  the  differential  of 
hyperbol  ic  phase,  dd. 


We  define  the  angle  of  hyperbolic  rotation  X  by 


X  -  tanh-1  (in_)  -  phh  (  |t^|  ,  Srt„) 

t«  ’  “ 


(J.5.66) 


where  "hyperbolic  phase"  phh  is  defined  by  (see  J. 6. 22-23)) 
phh  (x.y) 


tanh-1  (i) 
x 


1  log 

2 


,x-y> 


Then,  the  matrix  A  defined  by  (J.5.55)  is  given  by 
coshX  -sinhX 
-sinhX  coshX 


1 


Substituting  this  expression  and  the  expression  (J.5.13)  for  o 
(J.5.54)  yields  for  p:  o  * 


'  cosh  X 

-sinh  X" 

’-p  cosh  $ 

-p  cosh 

!*-X)l 

-sinh  X 

cosh  X. 

-p  sinh  4, 

-p  sinh 

(d-X)J 

(J.5.67) 


(J.5.68) 

into 


( J.5.69) 


Now,  for  points  lying  on  the  edge  E,  equation  (J.5.57)  gives  the  values  for 

'  1.5.69) 


the  s-t  coordinates,  combining  this  result  with  (J. 


yields 


f-s^vl  f-p  cosh  (#-X)1 

\-s^a j  sinh  (d-X)J 


(J.5.70) 
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Solving  equation  (J.5.70)  for  i  and  p  now  gives 


p  =  ]j\/2  -  a2 
d  =  tanh-!  (a/v)  ►  X 

We  can  differentiate  the  second  of  these  quantities  to  obtain  d#. 
develop  two  differentiation  formulas  which  will  be  of  use. 

The  first  of  these  is 


1—  ph  (x(t),  y( t ) )  » 

dt 


!_  tan-1  (xLU)  » 

dt  x ( t )  (J.5.72) 

(after  some  algebra) 


x  dy  -  y  dx 
dt  dt 

x2  +  y2  (J.5.73) 

The  second  of  these  Is 


1_  phh  (x(t),  y(t)i  - 
dt 


L.  i  log  (5 11) 
dt  2  x-y 

.  I  <L  (m\ 

2  \  x  *-y  /  dt  \  x-y/ 

-  x  *1  -  y  4* 
dt  dt 

x2  -  y2 

Applying  (0.5. 7p)  to  (0.5.71),  and  noting  that  a  is  a  constant, 


■  -a  dv 
dv 

v2  -  a2  (0.5.77) 


d£ 

dv 


(J.5.74) 

(J.5.75) 

(J.5.76) 


(0.5.71) 
First,  we 
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and  thus 


dtf  »  _ * _  dv 

a?  -  v2  (J.5.78) 

A  quantity  that  will  be  useful  in  our  computation  of  the  integrals  (J.5.1)  is 
the  value  of  v  along  an  edge  E|<.  Taking  the  ratio  of  the  two  equations 
contained  in  (J.5.70)  yields 


v  *  viz  ( & )  *  a  ^ 

TanjrrrrxT  (j.5.79) 

(by  definition) 

a  coth  (<  - x  ) 

This  completes  our  study  of  subsonic  edges.  We  now  turn  to  the  treatment 
of  superson  ic  edges. 

J.5.3  Supersonic  Edges 


For  E  a  supersonic  edge  with  tangent  t  defined  by  (J.5.29),  we  define  an 
edge  coordinate  transformation  of  the  type  (J.5.9) 


f  s  1  r$] 

0  * 

11  -  A  J  l  -Ap 

lu  It] 

(J.5.80) 

where 

»  .  S„  ['■  -tl 

(J.5.81) 

sn  «  sign  (t„) 

That  the  matrix  A  so  defined  if  a  hyperbolic  transformation  cf  the  form 
(J.5.3)  follows  from  the  normal i zat ion  condition  for  t,  (J.5.39), 

4  -  4  « i- 


J.5-1C 


For  a  given  point  p,  it  is  a  trivial  matter  to  compute  the  correspond! ng  s-t 
coordinate  functions.  Doing  this,  and  using  the  pseudo-inner  product,  we  find 


s  =* 

*0 

)  -  5 

n 

P  =  s 

n<* 

t  = 

Sn(-t£  P 

t.  * 

0, 

J  ’ 

vt. 

p> 

(J.5. 82) 

Taking  account  of 

the  de 

f  i  n  i  t  ions 

of  a 

and  v 

(J.5, 

.45-46) 

we  then  find  that, 

for  points  t  on  £, 

s  = 

5n  a 

=  cons 

• 

t  * 

sn  v 

(J.5.83) 

Thus  E, 

the  image 

of  E, 

is 

a  line 

parallel  to 

the 

t-axis 

as  shown  in  fig.  J.24 

Note 

that  for 

the  edge 

i !  lustrated 

there, 

sn 

«  -1 

<3  » 

p  • 

> 

0 

(J.5. 84) 

and  thus 

S  * 

sn  * 

< 

0 

(0.8. 85 ) 

A  careful  examination  of  fig.  J.24  reveals  that^the  image  edge  E  can  have 
points  lying  inside  H;i  even  when  neither  endpoint,  p  nor  p^  lies  inside 
Hh.  In  particular,  this  can  happen  when  the  5  coordinate  of  the  line  E 
satisfies  s  j  *  |h|  and  the  t  coordinate  function  has  opposite  signs  when  it 
is  evaluated  at  the  two  endpoints  of  E.  In  light  of  equation  (J.5.83)  this 
criterion  can  be  written 

E  fl  iij,  is  not  empty  if 

s  *  rrn  a  <  -  |h|  and  t_  t+  «  v_  v+  «  0 
wnere  v±  are  defined 


v*  «  <t,  p*>  ( J.5.87) 

Having  determined  whether  or  not  E  intersects  H^.  we  now  seek  to 
determine  the  point  of  entry  or  exjt  of  the  edge  E.  Any  such  entry  or  exit 
point  must  lie  on  the  boundary  of  that  is  its  ?-T  coordinates  must 
satisfy 


s2  -  V-  .  h2  (J.5.88) 

Invoking  the  conditions  (J.5.83)  for  points  on  E,  this  implies 
a2  -  v2  *  h2 


or 

l v |  ■  vc  «  ^a2  -  h2 


( J. 5.89) 
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where  th >  above  equation  defines  vc,  the  critical  value  of  the  edge 
variable.  Since  the  variable  v  increases  along  supersonic  edges,  (by  virtue 
of  (J.5.5.")  we  have  in  general 

v.  <  v+  (J.5.90) 

Now  if  an  edge  E  that  intersects  is  such  that  e-  t  H*.  then  we  must 
have 


v.  <  -vc  (0.5. 91) 

and  the  v-coordinate  of  point  of  entry  equal  to  -v  . 

Simil  jrly,  if  E  fl  ^  0  but  o*  <  ,  we  have 

v+  >  vc  ( J. 5.92) 

and  the  v-coordinate  of  point  of  exit  equal  to  vc. 

As  in  the  case  of  subsonic  edges,  we  may  transform  these  observations 
about  supe-sonic  edges  back  into  the  s-t  coordinate  system  by  using  the 
identity  (-1.5.51) 

S  •  -a  \f  +  v  1  «  -snsT+snTt  ( J. 5.93) 

We  summarize  our  observations  with  the  foiiow’ng  algorithm. 


ALGORITHM-  Does  a  supersonic  edge  E  with  lower  and  upper  endpoints 
o-  and  5^  intersect  H^.  If  it  does,  compute-^  and 
^  appropriately. 

Assume  -tr2  +  t2  »  *1. 

n 

Determination  if  E  fl  H  ^  0 

e-  c  Hn  or  1+  *  Hh  —  -  —  — »  YES 

o-  e  and  t 

s  a  <  - 1  h I  and  v  v*  <  0  11  1  ■»  YES 

otherwise:  NO 
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I 


* 

«. 


Determination  of  Endpoints:  If  the  result  of  the  above  performance  is  YES,  do 
the  following 


if  (5*-  e  H. 


1 


if  ~D*  c  H. 


then 

else 

then 

else 


ek 


o- 


-av  -  vct 


-atf  *  v  t 


We  complete  our  discussion  of  supersonic  edges  by  deriving  the 
relationship  between  d 4  and  dv.  Proceeding  as  before,  we  now  define  X  by 


X-  tanh-1  (<£)  «  phh  ( 1 1„| ,  sntr) 

t„  ' 


■n  (J.5.94) 

With  this  definition  of  X  ,  the  matrix  A  of  (0.5.81)  can  be  written 

cosh  -sinh' 

inh  coshj  (J.5.95) 

Proceeding  as  before,  we  obtain  the  following  relation  analagous  to  (J.5.70). 
s' 

tj  [s_  vl  l-p  sinh(#-x)j  (J.5.96) 

Solving  for  p  and  4  then  yields 
o  «  Va?  *  v? 

4  «  tanh~l  (v/a)  *X  (0.5.97) 

Differentiating  the  second  of  these  equations  yields  (by  (0.5.74-76)) 


r  cosh  -sinhl 

L-s  inh  coshj 

ve  obtain  the  folio 
|sn  al  f-o  cos(f-X)  1 

v)  l-p  sinh(#-X)J 


f 


d« 


adv 


,2  .  v2 


(o  5.98) 


a  relation  identical  to  (0.5.78).  Finally,  we  note  that  along  the  edge  E^, 
v  is  given  as  a  function  of  hyperbolic  phase  by 


v  -  V|t  (#)  ■  a|<  tanh  (#  -  X ) 
This  completes  our  study  of  supersonic  edgas. 


(0.5.99) 
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J.5.4  Computation  of  the  Integrals 


We  conclude  our  discussion  of  the  geometry  of  tne  hyperbola  by  using  our 
plethora  of  newly  defined  quantities  to  evaluate  the  integral  J 

J  «  Sf  ds  dt 

Z'nHh  R  (J.5.100) 

A  suitably  intricate  region  of  integration,  £’  D  H^,  is  diagrammed  in 
figures  J.25a  and  J.25b.  In  these  figures,  the  cross-hatched  regions  make 
positive  contributions  to  the  integral  while  shaded  regions  make  negative 
contributions.  In  Figures  J.25  this  corresponds  to  the  fact  that  (14  >  0  along 
edges  1 ,2,3  and  4  whi  le  d<  <  0  on  edge  5. 

Transforming  the  integral  (J.5.100)  to  hyperbolic  polar  coordinates  (cf. 
(J.5.13)),  we  see  that  the  Jacobian  »(s,t)/j(o,  4)  of  the  transformation  is 
given  by 

a(s,  t)  .  f-cosh  4  -a  sinh  4 1 

a(o,  4)  L-s1nh  4  -o  cosh  *J  (J.5.101) 

The  determinant  of  this  Jacobian  is  easily  computed 


det  )  «  a 

a  (o.  4)  (J.5.102) 

since 

ccsh2  4  -  sinh2  4  «  1  (J.5.103) 

so  that  the  element  of  area  is  given  by 

ds  dt  »  c  do  <14  (J.5.104) 

The  function  R,  given  by  iJ.5.8),  may  be  represented  in  polar  coordinates  by 
R  -  Ve2  -  h2  (J.5.105) 

Substitut;ng  (J. 5. 104-105)  into  (J.5.100)  yields  for  J 

J  .  fj  o  dp  d 4 

E‘nHh  o2  -  h2  ( J.5.106) 


J.5-.16 


Now  using  the  definitions 
evaluated  as  follows 


given  abo-e 


it 


is  easy  to  see  that  J  nan  De 


J  -  E 

K.l 


/  dtf  / 

o 


-bene,  using  fJ.S./l)  and  M.5.97),  Pk  {*)  is  given  by 

subsonic  edges 
supersonic  edges 


/v*’2  - 


'*»  -  »k(*>2 


and.  from  (J.5.79)  and  (J.5.99),  Vk('rf)  jS  giyen  by 

Vk(<)  .  3f<  (i  ~X)  subsonic  edges 

aw  tann  (<  -  x  )  supersonic  edges 

Performing  the  inner  integral  in  (J.$.i07)  yields  for  J 


(J.5.107) 


(J.5. 108) 


_n  *k* 

J  *  E  /  d«  J?k(*)2  -  h? 

k.l  #k* 

Transforming  each  of  the  integrals  in  {0.5. 110) 
respect  to  the  edge  variable  v,  we  have 


(J. 5.110) 

into  an  edge  integral  with 


dtf 


and 


J 


E 

k  »I 


/ 

Vk' 


ak  dv 


Rk(v) 


(-.5.111) 


{ J. 5. 1 12) 


i 


J.5-17 


/ 


where  Rk(v)  is  defined 


Rk  (v)  -  k2  -  h2 


^v2-a2-h2 


^/a2_v2_h2 


(subsonic  edges) 


(supersonic  edges) 


(J.5.113) 

and  v£  are  defined  by  the  obvious  relations 

_k ,  a 

v£  -  <  pf,  tk  >  (J.5.114) 

Now  the  integral  /  aRdv/(a^  -  v^)  can  be  evaluated  by  elementary  means. 

Doing  this,  one  obtains  (see  the  integra’s  J(X)  in  section  J.7.1) 

f  -k-,a-k  %  ■  -  -h  ph(ak  Rk,  hv )  -  ak  tanh"l(Rk/v)  (subsonic  case) 

J  ak  -  V2 

.  -h  ph(ak  Rk,  hv)  -ak  ph(v,  Rk)  (supersonic  case) 

(J. 5. 1151 

Thus,  using  hyperbolic  coordinates,  it  is  a  fairly  easy  matter  to  evaluate  the 
integrals  of  type  (0.5.1). 


J . 5—18 


0.6  The  Panel  Integral  Matrices 

In  this  section,  we  calculate  matrices  [S0]  and  [D0]  which  define  the 
perturbation  potential  and  velocity  induced  at  a  control  point  by  a 
quadraticly  varying  source  strength  or  a  cubicly  varying  doublet  strength  on  a 
convex,  planar,  polygonal  region  .  These  are  (4x6)  and  (4x10)  matrices 


(J.6.1) 


(0.6.2) 


Here,  the  perturbation  velocity  vs'  Induced  by  the  source  strength  and  the 
regular  part  of  of  the  perturbation  velocity  induced  by  the  doublet 
strength  are  expressed  in  a  local  (£',  n ' ,  C  1 )  coordinate  system  (see  section 
E.3)  with  the  property  that  £  lies  Tn  the  plane  -  0,  and  the  compressible 
distance  R  from  the  control  point  P  to  the  point  of  Integration  Q  is  written 

R2  -  [P-Q  ,  P-Q]  -  r(('-x')2  ♦  s(n'-y')2  +  rs(c'-z')2 


respecti vely,  defined  by  the  equations 


uonn 


(J.6.3) 


There  in  local  coordinates 

t  -  (x‘,  y\  2') 

5  *  (£\  n ',{')  (J.6.4) 

Now,  the  values  of  vp,  and  R  are  Independent  of  the  origin 
of  the  local  coordinate  system.  The  coefficients  <j0,  onn,...,  u0,..., 
un„n  of  the  source  and  doublet  polynomials  are  not,  however  (after  all,  o0 
ana  u0  are  the  source  and  doublet  strengths  at  the  origin).  We  define  S  and 
0  to  be  the  matrices  for  which  (0.6.1)  and  (J.6.2)  hold  if  the  origin  of  the 
(£',  n'.c')  coordinate  system  is  the  point  (x'.y'.O),  that  is,  the  projection 
cf  P  to  the  plane  containing  £  .  This  control  point  -  dependent  coordinate 
system  origin  Is  useful  for  computation  of  the  panel  integral  matrix.  In 
section  J.6.6  we  compute  the  matrices  S0  and  D0  which  result  from  shifting 
the  origin  back  to  the  standard  one  which  is  Independent  of  the  control  point 
location. 


J.6-1 


J.6.1  Preliminaries 


J.6.1.1  Transformation  Rules 

Consider  the  reference  to  local  transformation, 

A:  X0  — *■  X '  (J.6.3) 

We  now  review  the  transformation  properties  of  various  quantities 
(see  section  E.3).  We  have 

R'  =  [A]  R 

where  R  =  P  -  Q  (J.6.6) 

n'  =  [A-^]ri0  (J.6.7) 

where 

n'  *  fol 

I?) 

n'  dS'  =  (det  A)  [A*T ]  n  dS 


and  dS '  °  A  dS 

J 


where 

dS'  =  d^'dn' 

and  J  is  the  area  Jacobian  (the  ratio  of  area  in  reference 
coordinates  to  area  in  local  coordinates).  Next, 


( J.6.8) 


(J.6.9) 


(J.6.10) 


(J.6.11) 


J.6-2 


J.6-3 


(0.6.166) 


Now,  by  (£.3.90) 
det  A  -  $2 


and  so,  letting 

-  JL5* 

B2 

we  have 

*°  “  *  £p  p(€'' n,)  d^dn' 

Note  that 

i  CB' ]  .  S  [c1] 

B2 

and  so  we  can  also  write 

tf'  -  s[C‘]  (i) 

R 

Next,  applying  (8.3.9), 

vs  -  *s  -  [AT]tfp'  #s  -  J[Ar]  tfs' 

where 

?s 1  *  1  ■ 


-*  JL,  °({''  ^ 


Finally, 


V  -  ~  XT  (ft  x  y)  X  tfn  (i 


E'flDr 


Q  <*)  “S 


(J.6. 16b) 

(J. 6.16c) 

(J.6.17) 

(J.6.18) 

(0.6.20) 


(0.6.21) 
( J.6.22) 

( J.6.23) 


J.6-4 


/ 


* 


Applying  the  transformation  rule  for  cross  products  (E.1.12)  to 
V  -  ~  M  [U-  [AT]  Ft-  dS')  x  (A^'g  u)]  x  (A"1  S') 

<  E'OOp  B2 

we  obtain 

tfD*'  -  -  det  (AT)  //  <A-1(_L_  ?f‘  dS*  xVq'  „))  x  (A-l  G* ) 
K  rnop  b2 

-  -  I  CAT]  (^<q  x  If' )  x  ill  ds' 

*  cnop  62 

-  [AT]  V* 


t 


X 


t 


where 

vf)'*  -  -  l  ff  ft' o  u  x  n ' )  x  it'  dS ' 

*  r'nop 

J.6.1.3  Singularity  Strength  Coefficients 

In  Section  J.6,  we  compute  the  quantities  65*  6q,  and 
vA,  in  terms  of  the  coefficients  describing  the  source  and  doublet 
strength  on  the  panel.  We  now  Introduce  some  notation  to  describe 
variation  In  singularity  strength. 

Let 


[E] 


CM] 


..  i:i) 


LMCn 


“nn 

Mnn 


(J.6. 24) 

(J.6. 25) 

(J.6. 26) 
(J.6. 27) 

(J.6. 28) 

the 

(J.6. 29) 

(J.6. 30) 

(J.6. 31) 

(J.6. 32) 

J.6-S 


and  let  7\  be  the  2x2x2  tensor 

rt.,.4  -  r*' 


^.,.,2 


P^nn 

'^nn 

wnnn 

o(£\  n* )  -  a0  +  <fT  1  *  1/2  [£]  :  [#  1fT] 


(0.6.33) 


( J.6.34) 


(J.6.35) 


and  where  for  matrices  A  and  B 

[A]  :  [B]  .  £  Aij  Bij 
1j 

Simi larly 

n(C»  *■'>  "  u0  +  mT  p  +  1/2  CM]:  [if  *T] 

+  1/6  £  7^1  jk  PI  PJ  Pk 

1  *  J  i  k 

0.6. 1.4  Uniform  Formulas  for  Local  Variables 


(0.6.36) 


(0.6.37) 


(0.6.38) 


Recall  from  sections  0.4  and  0.5  that  we  introduced  certain  expressions, 
depending  on  an  edge  E^,.  These  are  the  radius  vector 

fc  -  *1 


n'  -  y' 


(0.6.39) 


(this  Is  consistent  with  Section  0.6. 1.3  if  the  local  coordinate  system  Is 
centered  at  the  control  point)  with  "magnitude"  p  satisfying 


p2  -  (£'  -  x')2  ♦  rs(n‘  -  y')2 


(0.6.40) 


* 


the  height  h  above  the  panel 

h  =  2'  -f 


{ J.6.41 ) 


the  edge  tangent 

r  J  "f  aj  . 

Tk  =  pk  -  Pk 


( J.6.42) 


where  p^  are  the  endpoints  of  Ek  fl  Dp,  'the  normalized  edge  tangent 


tk  - 


Tk/|<rk.  h>\  lu  *  tk  /T 


( J.6.43) 


where  tk  is  a  unit  edge  tangent,  and  for  vectors  a,b  we  define  <a,  b>  by 

<a,  T5>  =  rs  a^  b^  +  an  bn  (J.6.44) 


the  edge  normal 


'  t  ' 
1  n 


I'd 


the  edge  distance 


ak  -  ?i'k  . 


(J.6.45) 


(J.6.46) 


and  the  distance  along  the  edge 
vk  *  <tk*  o> 


( J.6.47) 


In  addition,  we  define  the  edge  type  indicator 

qk  -  sign  [tk,  tk]  -  rt^2  +  st2  *  s  <tk,  tk> 

which  is  I  for  subsonic  edges,  -I  for  supersonic  edges,  the 
edge  conormal 

vk  *  tQ]^k 


( J.6.48) 


( J.6.49) 


where 


[G] 


["  ] 


(J.6.50) 


( 

( 


J.6-7 


and  the  edge  cotangent 

fk  =  [G]t|< 

In  terms  of  these  definitions  we  have,  combining  (J.4.51), 
(J.5.50),  (J.5.51),  and  (J.6.49), 

-  Qk  r  ak  *k  +  »k  s  vk  4 

From  (J.6.44)  and  (J.6.49)  we  have 

<vk,  Vk>  a  rs  t2  +  t^2  „  rs<tk,  tk> 

From  ( J.4.46)  and  (J.5.53)  we  obtain  the  differential  of  arc  length 
ds  «  sq  |fkl  dv 


Next, 

<vk,  4> 


<4,  4>  -  t^2  +  rstj 
rs<fk«  tk>  “  rssc)  ■  r9 


Further, 

<4,  tk>  -  < 


Thus,  by  (J.6.52) 

<4*  V 


a2k  <4.  V  +  v2k  <4.  4> 

r9k  «2k  +  v2k 


0 


So, 

o2k  ■  rsx^,  tk>  -  sqk  a2k  *  rqk  v2k 

Finally, 

r2  .  r(^' ,  x')2  +  s ( n '  -  y')2  +  rs(;‘  -  z')2 
a  rp2  +  rsh2  a 

rsqk  a2k  +  qk  v2k  +  rsh2 


The  above  results  will  be  used  extensively  in  the  following  sections. 


(J.6.51) 

(J.6.52) 

(J.6.53) 

(J.6.54) 

(J.6.55) 

( J.6.56) 

(J.6.57) 

(J.6.58) 

( J.6.59) 


J.6-8 


/ 


* 


1 


J.6.1.5  Differentiation  Formulas 
Now  we  introduce 

^  *  i 

R  ( J.6.60) 

Many  of  our  formulas  will  be  terms  of  an  interested  reader  may  compute  the 
equations  which  would  result  if  1/R  were  replaced  by  a  different  expression 
such  as  the  Helmholtz  kernel  / R. 


s 


* 


* 


ii 


We  now  derive  some  integration  and  differentiation  formulas  concerning  'I' 
which  will  be  useful.  First, 


ii  -  i_  ii  « 

3£ 1  3R  3£ 1 


( J.6.61) 


(by  ( J.6.41 )  and  (J.6.59)) 


3  i^-rsh  ) 
3R  R 


(J.6.62) 


Similarly, 


ii  - 

ii 

ii 

3p 

3R 

3p 

(J.6.63) 

By  (J.6.59), 

2RdR  - 

2rp  dp 

( J.6.64) 

and  so 

ii  - 

Ip 

ii_ 

3  P 

R 

»R 

( J.6.65) 

Thus, 

ii  - 

-5h 

ii_ 

p 

3p 

( J.6.66) 

Next,  defining 

*  ^ 
*li^' 

^2,q  - 

[G] 

< 

3/3n* 

* 

(J.6.67) 

J.6-9 


# 


(J. 6. 39-40)  yield 


=  2r$p 

(0.6.68) 

or 

V2,Q'  (o)  -  £££- 

0 

( J.6.6S) 

Thus, 

v?,q'(40  «  ni_  34*/3p 
o 

( J.6. 70a) 

and 

o  lit  =  ".5il£  =  -rh  y'p  q  \i) 

»Q'  p  3p 

(0.6. 70b) 

Finally, 

let  us  introduce 

R 

X(R)  -  J  ff  0»(R)  dff 

0 

(J.6.71) 

Then 

iX 

30 

■  iX  ifi.  ■  R  (£<L)  «  rpv^» 

aR  sp  R 

(J  .6.72) 

This  concludes  our  derivation  of  preliminary  Integral  formulas. 

J.6.2 

Source  Potential  and  Velocity 

In  this  section  we  compute  the  matrix  S  defining  and 

terms  of  certain  fundamental  expressions. 

Vj  in 

J.6.2.1 

Source  Potential 

From 

(J.6.18), 

*'s 

=  "i  //  o(£\  n*)  dC  dn‘ 

K  E'nDp 

(J.6.73) 

-  (by  (0.6.35)) 

dS'  +JCT^  dS1  +  j//  [I]  :  [tf  *T] 

dS1) 

(0.6.74) 

J . 6-10 


« 


/ 


Here  we  have  used  the  fact  that  the  coordinate  system  is  centered  on  the 
projection  of  the  control  point  to  the  panel,  and  thus 


*  £ 


(J.6.75) 


( 

( 


So, 

*s  -  *o  (-1/J  *dS')  ♦  {-ISP*  dS'j  ♦  1/2  [£]:  [-lffjt  f  *dS'] 

<  V  X  *  K 

( J.6.76) 

Using  (0.6.69)  and  (J.6.72), 

/ft*  ds '  «  //  £  (oi Ji  )dS' 

r  £■  0 

*J/  (rs  V2,q' 

Z’ 

s  J/$2,q’  dS*  -  s 

r 

Equation  (0.6.78)  is  obtained  by  using  the  two-dimensional  version  of 
Gauss'  theorem;  if  f  is  any  function  on  a  planar  region  , 

//  3 f  dS  -  /  JL  f  ds 

£  aZ’  lit!  (j.6.79) 

Applying  [G]  to  (J.6.79),  and  noting  that 

Ivl  >  lit  |  (0.6.80) 

we  obtain 

f  V2’  f  ds  -  J  _3_  f  ds 

i  a v  ivi 

Finally,  using  (J.6.69)  and  (J.6.72), 

$2  X  *  —  ^  0  *  *♦  B 

and  thus 

dS'  -  >//*  ^2JX  ds 
I'  Z' 

J .6-1 1 


(J.6.81) 

(J.6.82) 

(0.6.83) 


p)  (I#-) 


/ 

aZ‘ 


X  ds 


Ivl 


(0.6.77) 


(0.6.78) 


Combining  (J. 6. 76-78)  and  (J.6.83),  we  obtain 


*s  -  «o<- iJJWS') 


l 4X 

*  [E]:  t-  —  //  ?'2TX  dS1] 


(J.6.84) 


J.6.2.2  Tangential  Source  Velocity 
Now,  from  (J.6.22)  and  (J.6.35) 

V  -i®  «(*\  n')$Q'4>  dS' 


( J.6.85) 


where 


pan  -  M 


( 1  6.86) 


vs.C.  n  -  //  ^2,0*  dS’ 

t 

Applying  (J.6.35) 

■  a-  ^.Q*  «■  * 

*  E 

I  [//  tf'2,Q<l>)  f  dS1  *  ♦ 

*  t 


(J.6.87) 


E  _L  (  //  Pi  pj(^'?%Q)k4»  dS-)  tE3ij 

i.j  2<  £ 


Now,  applying  (J.6.79) 

fffi.O**  ■  {,  **  -4; 

j.T  »r  Inl 


(0.6.88) 


( J.6.89) 


J . 6-12 


t 

i 


1 


■f 


1 


ff  ^(fg)  dS  =  ff  (fyg  +  g^f)dS 

t  t 


iL' 


fg  4-ds 


We  thus  obtain  the  general  two  dimensional  integration  by  parts  formul 

f  rt 


fy  f  Vg  dS 
Z 


Jr  fg  i frr  ds-//gvfds 
£ 


Stol.Sl.'K.Sjraro.JS!:'-  ”f^'  ••  -  M 

//fvjgds.  Jf,^  dS  J.VfdS  (i 

Now,  applying  (J.6.92) 

V2,Q  4>p'TdS'  - 


Substituting  (J.6.89)  and  (0.6.94)  in  (J.6.88), 

•  4-(i  ■  Vsr)"» 

+  <C  ar  "  ds3  °  ■  h  {Z>  <'dS‘)* 

Tk(T  01  0j  ^'2^,dS'  [Ej1J 

J.6.2.3  Normal  Source  Velocity 
Finally 

v's.r'  -  k  B  o  SL  dS*  - 

*  E*  »C 


(J 


(J. 


(J.i 


(J.f 


r 


J.6- 


/ 


« 


i 
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Combining  (J. 6. 99-104) ,  we  have 


(  =&  IS  i  i!fc 


Z‘ 


^  dS'>  °o 


ds 

i?r 


* 


+  [4  T-  il*dtT  %■]:[£] 

+  (j  ~~  ff  <P  dS')  [G]  :  [£] 
J.6.3  Doublet  Potential  and  Velocity 


(J.6.106) 


J.6.3. 1  Doublet  Potential 


From  (J.6.10)  and  (J.6.18) 

=  !  {f  ^'T  dS* 

-  (applying  (J.6.7)  and  (J.6.11)) 
r  ff  a4< 

<  r  g  $  dS' 

■  (applying  (J.6.66)) 


Xf.i  24 


P  3p 


dS1 


(//  1  il  , 

*  £'  p  3p  dS  ^  u0 

=Z&  Jf  tJ  dS,  - 

K  E'  »  3p  ai-1  w 

-rsh  r  ff  -jfjfT  9g, 

"^  [  r  p  Ip  dS,]  :  M 


( J.6.107) 


(J.6.108) 


(0.6.109) 


-rsh 


z 

ijk 


Pi  pj  pk 


i  ii 

P  3  P 


r»  e  flInH  Jwree  inte9ra1s  «re  identical  to  those  aris 
kS,;,  and  thus  we  need  only  consider  the  fourth  integi 


(J.6.110) 
in  the  evaluation  of 


J. 6—15 

« 


Now,  using  (J.6.70) 


f (  „ .  .  la* 

"  pi  pJ  pk  J  i7  dS1  - 

E 

rs  XT  oi  Pj  (VJiQ)k  i>  dS* 

Now,  substituting  equations  (J.6.100),  (J.6.103),  and  (J.6.111) 
(J.6.11),  we  obtain 


+  &(£*«')  C6]  :  CM] 

L 

4<  ijik  ({f  p1pj  ^2,Q)k^S')mijk 


J.6.3.2  Tangential  Doublet  Velocity 

Combining  (J.6.7),  (J.6.18),  and  (J.6.28),  we  have 
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f  au/an '1  1 
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'rs  3^/3£'l 
.^/3n' 

[  ra4»/  3C '  J 

dS' 

< 

-r(  3ii/3£' ) (a^/as* )  \ 

—  I* 

1 

■ 

-r(  au/an ' )  ( a'l'/a?'  5  | 

(au/an* )(a^/an' )  / 
rs  (3u/3C’)(3  / a^')  / 

dS1 

(J.6.111) 

in 


(J.6.114) 


(J.6.115) 


v  -  i,  - 1 Q 

In  particular 

VO  -  ^  M  flfc.Qn)  ~r  dS1 

Applying  (J.6.38)  and  (J.6.66) 

'*  .  -rsh  //  1  8ijj 

JO  3p 


(J.6.116) 


(J. 6.117) 


V°.C.n  K 

{^2,Q  WO  +  (V2,QpT  ]T*  \  ^2,q  {[tfT]:[M]) 

+*^,qC£c  picjokrhijO) dS' 


(J.6.131) 


(applying  (J.6.90)) 


-  lit  (  H  l  i'll  dS'lif-  ISt  ff  1  ii  rMl  *  we, 

<  P  jp  ai  7b  -  "  p  lMj  P  dS* 

dS’>  n.1.J^1t.,j^1,J,.) 


Inspection  of  (J.6.33)  and  (J.6.34)  shows  that 
^1,1. j  “^1,1, j  -^1  J,1 
and  similarly  forT^l j,  and  thus 

Ku  +7V,j  -  37-l.u 


(J.6.119) 


(J.6.120) 


(J.6.121) 


J .  6—17 


5u6stl“ti"9  (J-6-100).  (J.6.103),  and  (J.6.121)  in  (J.6.119).  .a  obtain 

*•*-  .ns /f  i  iids.  „ 


■  It  r  p  JJ 

W  '“-Jt-ijJ,  till  *T3t,j  “sf^-.iijj 

•({/*«•)  Em(J 


fir 

J.6.3.3  Normal  Doublet  Velocity 
By  (J. 6.116) , 

n.  «  4  $ 

X 

Applying  (J.6.38)  and  (0.6.70) 


•* 


7°*V  “  Q  m)  ‘  (^Q^)dS' 


-  -  <-  $  ^*2,Q,J  Ml)  If  dS- 


r5Pk  aty 

P  3  p 


dS* 


dS 1 


(0.6.122) 


(0.6.123) 


“  fr  i,£k  //^2,Q,k(piPj)[Mij] 

L 

-f  I,  fltj.)  ^  0 

Applying  (0.2.90) 

<<■--??#  r  if  dS')yi 

T*  5  (<i kPj*k  *  fiiJPlPk)  £  $  dS-  [M]1  j 


~  r  jf/dS<  («iipjpk +  ijiPiPk +  «kipipj) 


(0.6.124) 


a4» 

3P 

(0.6.125) 


0.6-18 


Using  the  definition  of  the  delta  function, 


♦ft"?  f(f  ?$«■>-! 

-?  ^  (/  »i.j  i  f*  C")ij 

It 

"^5  p,ojPk  P  17dSirn;^ 

Li 

Substituting  (J.6.70)  into  (J.6.126), 

■  -If  Jf  *  -S'  * 

21 

"*  *  //  Pi  j*  ds-  Cm j i j 

£ 

^  P1PJ  ^2,q)  k  dS'  tPQ  ijk 

I 

Applying  (J.6.81),  (J.6.93),  and  (J. 6. 104-105) , 

•*  1  /  JL  4)  OS'  t 


-i  t  /  if]  •  c"] 

*  h  XT  4-  dS1  [G]  :  CM] 
r 

$  Pioj  $,Q>  k  *  dS1 

•  ♦  J  «  *  £* 


(J.6.126) 


(J.6.127) 


(J. 6.128) 


J.6.4  Reduction  to  Fundamental  Integrals 

In  this  section,  we  will  see  that  the  entries  of  the  matrices  S  and  D, 
describing  source  and  doublet  potential  and  velocity,  are  all  combinations  of 
a  email  number  of  fundamental  integrals. 


J.6-19 


J.6.4,1  Definition  of  the  Integrals 
We  define  the  integrals  as  follows. 


a  = 

-it  S  i 

&  dS. 

K  E1  O 

a  p 

(J.6.129) 

b  . 

dS* 

E 

(J.6.130) 

_k 

a  = 

*  aE'll^ds 

(J.6.131) 

b  . 

-s  f  . 

K  aE'  v 

v  ds 

x  w 

(J.6.132) 

[B] 

-  I  J 

*  aE' 

l?fl  V 

ds  -  i  {  fhty)  tI] 

w 

(J.6.133) 

where  I  is  the  identity  matrix. 


tn-i 

Finally,  let  H  be  the  2x2x2  tensor 

HUk  “  4  £  oiPj  (^;q)k<»  dS 

J.6.4.2  Source  Potential  and  Velocity 
Applying  the  above  to  (J.6.84),  we  see 
*S'  -  bo0  +  fiT*  _  1/2  [F]  .  [j] 


(J.6.134) 


(J.6.135) 


(J.6.136) 


From  (J.6.96)  we  get 

"’S.C'.n*-  °0  1  +  CB]tf  +  \  §  [EG.,!  H|ji 3Eij 

since 

[G]V2,q 


( J.6. 137) 


(J.6.138) 


J.6-20 


J . 6—21 


Finally,  we  note  that 
Z  Gn  H-j j ]  =  rstHj] 


whi  le 

E  G21  H-j  j  1  -  [H2] 


Thus, 


^  G11  Hi j  1  Ejj  -  rs.H^  3 


°nn 


while 


^  g21  Hijl  1J  “i,h2j  3 


Applying  (J. 6. 149-150) 

-  o04  +  [B]  <f 

^'s,n' 


+  7 


rSLHlu  3 
lH2j  3 


2x3 


Substituting  (J. 6. 145-  146 )  and  (J.6.151)  into  (J.6.140), 


1  2  3 


1 

b 

[S]  -  2 

a 

» 

r  3 

I  7  lH2j_3^ 

1 

_  a 

_ 

l-hr(fia)T 

!  “rh  ra  , 

J~  lgbj  3  . 

(J.6.147) 


(J. 6.148) 


(J.6.149) 


(J.6.150) 


(J.6.151) 


(0.6.152) 


J . 6-22 


Next,  expanding  (J.6.154)  into  two  equations, 

v'olfi  -  ra  yf  -  h  £  M,j  (3a) j 
*  j 

-JE  %,ij 


=  (using  the  definitions  (J. 6. 32-34)  of  M  and  7*\  ) 


f  ^ 

ra  -  h(G£)T  |^nJ  ~  £  «-gbj  3  J 


n 

Wf  nn 


SifTii  larly, 

^'D.n'  ■  ra  yn  -  h  E  M2j  (G$)j  -  |  *  [G3]lj^21j 
-  ra  un  -  h  (G*)T  jvj  .  {j-JSB,  3  jw|nnj 


(J. 6.158) 


(3.6.159) 


(J.6.160) 

(J.6.161) 


Finally,  applying  (J.6.156)  and  the  doublet  equivalent  of  (J.6.144)  to 
(J.6.155), 


(3.6.162) 


So,  we  can  now  write  down  the  matrix  [0]  such  that 


.  .  ' 

’wo  " 

*D' 

yC 

y  * 

•  -  [0] 

Mn 

• 

.vd,'C. 

unnn 

(3.6.163) 


J.6-24 


mM 


From  (0.6. 157),  (J.6.159),  (J.6.161), 

and  (J.6.162), 

we  have  [D]4x^ 

1 

2 

3 

4 

1 

ra 

-h  (G t)  T  j 

•  |  J»j3 

!  h  u  . 

| 

l 

-h  (Ga)T  i  0 

i  i 

1  -  if  M  3  1  o 

2 

0 

ra[I] 

i 

—  — 

0  1  -h(Ga)T 

i 

J  i 

-  1 

ol  -  ^  JIB,  3 

1  ' 

1 

0 

-  (G^)T  | 

-  S&J  3 

j  -  j  ^4 

(J.6.164) 


J.6.5  The  Fundamental  Integrals  in  Terms  of  Panel  and  Edge  Functions 

The  saven  fundamental  integrals  which  define  the  entries  of  the  matrices 
[S]  and  [D]  can  themselves  be  reduced  to  simpler  expressions.  Tha  only 
integrals  involved  in  these  expression  are  a  single  "panel  function"  and  one 
"edge  function"  for  each  edge  of  the  region. 


J.6.5.1  Computation  of  a. 

By  (J.6.129), 

a  .  _  111  JJ  I  i* 

<  £'  P  3o 


dS' 


Thus,  for  subsonic  flow  and  super  inclined  panels 
*k* 

« .  -  a  Z  S  it  S  sit  it 

K  edges  o  0  3p 


(J.6.165) 


(J.6.166) 


by  (J. 4. 56-57)  and  (J.4.60). 

Note  that  this  Integral  is  always  finite  unless  the  control  point  lies  on 
the  panel  edge. 


J . 6—25 


J . 6—26 


Setting 


*k 

Jk  (<|»)  =  J  6i 
^k 

and  J  =  £  hJk(4>)  -  2-i  sign(h)  Ce 
k 

we  have 

s_ 

s  *  -  <  J 

The  function  J  is  called  the  panel  function. 

J.6.5.2  Computation  of  b. 

By  (J.6.130), 

b  .  h  JJ  dS ' 

£ 

Thus 

b  -  -  hi  S 

*k" 

Now,  by  (J.6.72) 

/o4»  dp  -  rX-  rR 

and  thus  for  subsonic  flow  or  superinclined  panels 

r  *k+ 

b--£  I  /  d#  (R  -  Ihl  ) 

*k“ 

r  6k+ 

-  "<  C  l  ;  Rd#  -  2*  Ihl  CJ 
*k“ 


W) 

f  <Md 

Ihl 


(J.6.172) 

(J.6.173) 

(J.G.174) 


(J.6.175) 


(0.6.176) 

(J.6.177) 


(J.6.178) 

(J.6.179) 


J.6-27 


since  R 


I  h I  when  p  =  0  and  thus 


P«(*) 

/  odp  b  r ( R—  Ihl  ) 
ihl 


For  subinclined  panels,  R  »  0  when  p  =  |h|,  and  thus 

-r  E  y 
b  a  <  k  /  Pd4l 

V 

Thus  b  is  defined  in  all  cases  by  (J.6.179)  by  setting  C0 
panels. 


J.6.5.3  Computation  of  a. 

By  (J.6.131), 

t  m  ~  ~  f  -rpp  dS 
K  a£l  In) 

Applying  (J.6.54),  and  noting  from  (J.6.45)  that  |f|  -  |7f|  , 

(  Vk+ 

*  *  *  k  edge  *  ***  dv  “  *  k  *k  qk  /  ♦  dv 


vk‘ 


Defining 


vk 

Ik  -  /  *Mv 

Vk" 

we  have 

"a  -  |  ]*  4  «lk  *k 

J.6.5.4  Computation  of  b\ 
By  (J.6.132) . 

/  . 


vk 

t-T,r  I 


(3.6.180) 


(J.6.181) 

0  for  subinclined 


(J.6.182) 

we  have 


(J.6.183) 


(J.6.184) 


(J.6.185) 


(J.6.186) 


J  6-28 


=  (by  (J.6.54)) 


<  /  ,  -  vk+ 

~k  »E*  "sqXdv  =  T  k  "k  9k  /  Rdv 

vk“ 


Integrating  by  parts, 

/  Rdv  =  Rv  -  J  v  $ 
where  (by  J.6.59) 


iidv 

3  V 


Thus 


»  f  - 


Vk 

J  Rdv  =  [Rv] 
Vk" 


Vk 

Vk" 


vk  n 
f  $  v?dv 

Vk' 


(once  again  applying  (J.6.59)) 
[Rv] 


Vk  + 

Vk  + 

- 

/ 

1 

> 

< 

;r 

1 

dv 


Collecting  terms, 
vk+ 


2  /  Rdv  -  [Rv] 

vk- 


V 

vk' 


,  V*  rsq*  ak2  +  rsh2 

j  - R - 


dv 


vk" 


Substituting  (J.6.184)  and  (0.6.194)  in  (J.6.189) 

b  “  k  ^k  9k  k  ^8|<2  *  qkh2)  Ik 

where,  for  any  quantity  f,  we  define 
if  -  f(vk+)  -  f(vk) 


J.6.5.5  Computation  of  B 

By  (J.6.130)  and  (J.6.133), 

ce]  -  b  [t]  » i  f,  0, 


(J.6.189) 

(J.6.190) 

(J.6.191) 

(J.6.192) 

(J.6.193) 

(J.6.194) 

(J.6.195) 

( J.6.196) 

(J.6.197) 


J.6-29 


I 


/ 


Applying  (J.6.52)  and  (J.6.54) 


Vk 


[B]  -  b[I]  +  i  £  /  nk  (qkrakN?kT  ♦  qksvk  tkT)  qk  s  dv 


Vk 


By  (J.6.191), 
—  ■  a  v  ^ 

3  V  H 


and  thus 


(J.6.198) 


(J.6.199) 


vk 

[B]  -  b[  I  ]  +  nk  ak  ukT  /  4»dv  +  i  £  qk  7tk  tkT  tR 

vk“ 

•.  (using  (J.6.184)) 

bD]  +  x  k  A  ak  V  Ik  +  *  k  9k  \  V  aR 

J.6.5.6  Computation  of  F 
By  (J.6.134), 

A 

2,Q 


(J.6.200) 


(J.6.201) 


E‘  *«qX  ds' 


(using  J.6.93) 


s  /  j 

•c  be'  p  i?r 


// 

<  E‘ 


v'  Xds  -  ~  r'  x  ^ 


2.Q 


tJ  dS* 


( J.6.202) 


(J.6.203) 


(applying  (J.6.52)  and  (J.6.54)) 


V|<  +  M 

Jk  /  (9k  r  «k  vk  +  qk  svk  tk)  x)kT  X  s  qk  dv  -  |  (  JJ  X  ds')  [G] 

vk”  1  ( J.6.204) 


We  first  compute  "  X  dS ' . 

u 

We  compute  the  Integral  using  either  circular  cylindrical  or  hyperbolic 
cylindrical  coordinates.  In  the  derivation  that  follows,  we  assume  that 
|h(  >  0  so  that  we  need  not  concern  ourselves  with  the  problem  that  hyperbolic 
phase  becomes  unbound  on  the  lines  (  C  -  x* )  -  +  (n‘  -  y' ).  The  upper 


J . 6-30 


limit  of  integration  with  respect  to  p  is  (ji);  the  lower  limit  is  0,  |h| 
or  0  in  accordance  with  whether  s  =  +1,  rs  =  -1,  or  r  =  -1.  We  write  then. 


rR3  P(»> 

T 

p  =  0  or 


(J.6.205) 


r  ro3 1  P(i) 


(J.6.206) 


p  -  0  or  |h| 


L  l  i  ,Jb3^W31 


■ik  s  dM 


(J. 6.207) 


Now  the  sum  over  k  in  equation  (J.6.207)  is  over  all  segments  of  the  boundary 
of  E,  aE  ,  both  straight  and  curved  segments.  On  curved  segments  R  -  0  so 
that  we  may  write 


if XdS'  "5  Jr, 


edges  k 


J  R3  <j<6  -  Ihf3  .  2*  CQ 


(J. 6.208) 


We  now  examine  integrals  of  the  form  /  R2  dd.  Transforming  this  integral 
into  an  integral  with  respect  to  v,  the  intrinsic  edge  variable,  we  find 
(using  (J.4.66),  (J.5.78),  and  (J.5.98))  that 


/  R3  d$  .  f  R3 

.  *  a^  +  rsv^ 


-7±*L- R  [qrs  (a2  ♦  rsv2)  +  rsh2] 
a‘  +  rsv*- 

( J.6.209) 


J . 6-31 


where  / jp  ■  I  (40  (see  J . 6 . 194 ) 

*M  ■  r  - J(W 

we  find  that 

/  R^dtf  -  [aqrs  I  (X)  +  (aqrs)  rsh?  l(4>)  +  h4  J  (40] 
rf- 


( J.6.212) 

( J.6.213) 


(0.6.214) 


Substituting  this  expression  into  (J.6.208)  and  recalling  the  definition 
(J.6.173)  of  the  panel  function  J  we  find 


JJ  X  ds  -  ^  (h3  0  +  l  aqrs) 


(J.6.215) 


Recalling  the  computed  values  (J.6.179)  and  (J.6.181)  of  b,  the  integral 
JjXdS  can  be  written 


//X  dS  -  }  (h2  (^)  +  rs  £  aq  I  (X) 


) 


or 


jjf  X  dS  -  ^  h2x  b  +  |  aq  I (X) 


v 

V" 


(J.6.216) 


(J.6.217) 


Applying  (J.6.212)  and  (J.6.194) 

±  x 

V 

I  v“  v 


KX) 


;  m«  .  \ »(«,) .  $  } 

V"  V- 

-  J  a(Rv)  +  J  (rsqa2  +  rsh2)  1(40 


dv 


(J. 6. 218a) 


(J. 6. 218b) 


by  (J.6.212). 


Recalling  the  definition  (J.6.184)  of  I|<  we  nave 

dS1-  h3  b  +  ^  E  «k  *lk  4(Rv)  +  ^  E  ak  qk  ( rs  q^  a^  +  rsh2)!^ 


( J.6.219) 


J.6-32 


We  now  consider  the  other  terms  in  (J.6.204). 

We  have 

V|<+  Vk  + 

/  v  X  dv  «  J*  Rvdv  » 

Vk"  vk~ 

(by  (J.6.191)) 

/R(qR  $)  dv  -  q/R2  dv  -  §  4  (R3) 

Substituting  (J.6.194),  (J.6.219),  and  (J.6.221)  in  (J.6.204) 

[F]  “  7k  k  qk  r3k  ^k  ^k  Sqk  (4{Rv)  +  ^rsQk  *k  +  rsh2)  Ik) 

+  £  E  qk^k  ''k1  Rk  (f  a  (r3))  CG]  (“jp  h2«  b  +  £  £  s  ak  Qk 

+  i  l  «kRk  (fdk  «k2  +  rh2)  !k) 

J.6.5.7  Computation  of  H. 

Recalling  the  definition  (J.6.135) 

HiJk  -  *  {/  p<  PJ  (^2,Q)k*  ds‘ 
we  apply  (J.6.93)  to  obtain 

Hi.H  “  P1  PJ  *  ds  ‘  k  <p<  dS' 

Now, 

C^2 , Q )  1  (oi  pJ)  *  P1  +  £G]h  oj 

Combining  (J. 6. 77-78)  with  (J.6.132),  we  see 

s-tF  dS' 


(J.6.220) 

(J.6.221) 

a  (Rv) 
(J.6.222) 

( J.6.223) 

'J. 0.224) 

( J.6.225) 

( J.6.226) 


J . 6-33 


and  thus 


-*f*  ^,Q>k  (»,  »j)  «'  - 
-  K  ft  *  (  of  CGJjcj  +  [Glj.  1  0j)  dS' 

=  ttlkj  +  tS]ki  bj 

We  now  consider  the  first  term  of  (0.6.224). 

By  (0.6.52)  and  (0.6,54) 

/  V] 

»r  Pi  -RT  * ds  - 

(t?rav<  +  (iravj  ^  Qsvtj)  V]  sq4,  dv 

“  k  ^k)j  (v(Ji  sqk  /  dv 

vk- 

+  $  (*)l  (t’k)j  (*k)j  sq  /  *  dv 

vl< 


->  v  vk 

+  Wi  <*k)j  (*kh  *<1  /  <(i  v?  dv 

vk~ 

Mow  by  (0.6.191) 


i£ 

3V 


«  qv^1 


Thus 


V 

/  'J'  v  dv  *  qk  aR 
vk' 


(0.6.227) 


(0.6.228) 


(0.6. 229) 


(J.6.230) 


(0.6.231) 


J.6-34 


and 


Vk  + 

Vk  + 

/  4*  v2  dv 

-  / 

» 

SC 

> 

c 

XT 

t 

aR 

3V 


(J.6.232) 


(applying  (J.6.194)) 

.  1.  .,.^-Rk  V,k  rsqk  ak2  ♦  rsh2  dv 

qk  a(vR)  -  ^  qk  a(vR)  j  — 1 ^ - 


(J.6.233) 


Vk 


j  qk  a(vR)  -  ^  (rsqk  ak2  +  rsh2)  Ik 


(J.6.234) 


where  we  have  used  the  definition  (J.6.184)  of  Ik.  Applying  the  latter 
definition,  along  with  (J.6.231)  anti  (J.6.234)  to  (J.6.229),  we  define 


R1jl  “  *  £  pi°J  iJf  *  ds 


7  £  ak2  Wl  (*k)j  (*k)l  Rk  ]k 


+  J  l  *k  (*k)l  (*k)j  ($k)j  AR 


+  "ftc  k  ^k)i  ^k)j  (''k)'] 


a(vR)  - 


^(rsqk  ak2  +  rsh2)  I k /  (J.6.235) 

Substituting  (J.6.227)  and  (J.6.235)  in  (J.6.224) 

H1jk  -  Rijk  *  [G]kj  f>1  +  t6]ki  bj  (0.6.236 ) 

This  concludes  the  reduction  of  fundamental  Integrals  to  the  edge  and 
panel  functions. 


J.6.6  The  Origin  Shift 

The  computation  of  the  entries  of  the  matrices  [S]  and  [D]  has  been  based 
on  the  assumption  that  the  local  (£',  n 1 )  coordinate  system  Is  centered  on  the 
projection  (x1,  y • )  of  the  control  oolnt  to  the  plane  of  the  panel.  In 
practice,  however,  we  require  t.ie  matrices  [S0]  ami  [D0]  corresponding  to 
a  (Cg'»  n0')  coordinate  system  centered  on  a  fixed  point  (0,  0}  on  the 
panel . 
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I 


/ 


That  is,  S  and  0  were  defined  in  terms  of  coefficients  o0,  of, 

a  ,  vt,  g  defining  a  source  distribution  and  doublet 
nn  o  t,  nn 

distribution 


o(*o'.  n0' )  *  oq  *  +  ^  onn  ( no '  “  y')2 

g(  o '  •  no  ‘ )  “  wo  +  w^  (£o'  -  *')  +  * "  +  £  wnnn(no'  "  y'  )3 


(J. 6.237) 


The  matrices  50  and  D0  are  defined  in  terms  of  coefficients 
O0°,  •••,  0  0,  M0°,  •••,  g  °  defining  the  same 
source  and  doublet  distributions  by 

o  (Co '  *  no')  “  "0°  +  0£°  £o'  +  “*  +  \  °nn°  n0'2 

w(€o'»  n0')  -  g0°  +  vf  So’  +  *“  +  £  gnn^  n0'3 

Then,  while  [S]  and  [D]  are  defined  by  (J.6.1-2),  [S0]  and  [D0] 
are  defined  by 


(J. 6.238) 


C'-) 


[s0] 


L0o] 


r  n  0  ' 
°0 


nn  ) 
o 


(J.6.239) 


“o 


’  o 

^nnny 


(J.6.240) 


To  obtain  [S  ]  and  [0  ]  from  [S]  and  [D],  we  must  compute  the  matrices 
[Ts]6x6  and  [Td]10x1°  such  that 


9  o 


[TS] 


9oK‘ 


,  0 
Jnn 


(J.6.241) 


r  “o  ' 


Jnnn 


[T0] 


r  > 

WO  ° 


( J.6.242) 
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for  then. 

combining  (J.6.1-2)  with  (J. 6. 239-242) ,  we  have 

[S0]  =  [S]  [ Tg ] 

(J. 6.243) 

[D0]  -  [0]  [T0] 

( J.6.244) 

Thus  we  need  to  compute  [Tg]  and  [Tg],  or,  in  particular  Tg, 
since  [Tg ]  is  just  the  upper  left  (6x6)  corner  of  [Tq].  Sc, 
the  second  equation  in  (J.6.238)  as 

we  rewrite 

m(£o' 

.  n0')  -  uo°  +  M^°  (^o '  ~  x'  +  x')  +  Mp°  (no1  y‘  + 

y) 

*7“«°  «»'-»•  - 

(-o'  -r  *  y1)3 

(J.6.245) 

Now,  we  equate  the  coefficients  of  (£0'  -  x'P  (no'  -  y * ) J , 
in  (J.6.237)  and  (J.6.245)  to  obtain 

1  +  J  <  3, 

i  =.  0 

j  -  0 

. 5“""S*'3  (0.6.2„a) 

i  .  1 

j  -  0 

^  *  M£°  X*  +  MCn°y'  +  ?  ^  x'2 

+  o  u  t  *j  i  +  ^  ..  o  u  *  2 

*  *  ?  y£nn  * 

(J. 6. 246b) 

i  -  0 

j  ■  1 

»n  ■  «n°  *  »f;n°  «'  *  »W°  »'  *  ?  »W8  *'Z 

*  »?a8  » V  *  7  »«n8  i1'2 

(J. 6. 246c) 

i  .  2 

j  -  o 

-  ^°  +  u5££°  x'  +  u£&°  y' 

,J.6.246d) 

i  *  1 

J  -  l 

II  a  u»n°  +  11  0  X'  +  11  o  Y* 

V  V  u«"  V" 

( J.6.246e) 

1  «  0 
j  -  2 

wnn  “  wnn°  +  u^nn  +  Mnnn  V 

(J.6.246f) 

i  +  j  =  3 

“ck  = 

VK»  * 

Pcr,n  3 

Mnnn  3  wnnn 

( J.6.246g) 

Comparing  (J.6.242)  with  (J.6.246),  we  see  that  the  latter  equation  defines 
the  entries  of  Tn  : 

[T0]  ■ 


1  1  x1  y' 

L'2 

T 

x  *y 

*■ 

3 

jx'y'2 

— 

lp’3 

-  1 -  —  j — 

— 

— 

—  —  1 

— 

—  — 

-  - 

— 

o  1 

X* 

y1 

1 

0  | 

7X‘ 

2  x'y' 

b'2 

0 

!  o  i  | 

0 

X1 

1 

y 1 

y  : 

0 

b’2 

x'y1 

■  T  -  -  - 

1 

0 

o  I 

X 

r 

0 

0 

0 

l 

0  1 

0 

X' 

y‘ 

0 

1  1 

0 

0 

1  i 

0 

0 

x' 

y' 

~  t - r 

- 

~ 

\ 

i 

0 

0 

0 

1 

0 

1 

0 

0 

o 

o 

0 

! 

0 

0 

1 

0 

1  1 

1 

0 

0 

0 

1 

(J.6.247) 


Introducing 


(J.6.248) 


and  recalling  the  notation  (J. 6. 141-142)  which  defines  row  vectors  from 
tensors,  and  defining  d  as  the  2x2x2  tensor 


°1Jk  ■  d1  dj  dk 


(J.6.249) 
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we  have 


+ 


k 


T0 


1-ddl  3  \  1A4 

3T  1  »  |K<3)7 

„  u  ~  r  n  -  “ 

_ J_  _  _ °  I  ?  3 

dT  0  0 


0  3T  o 
0  0  3T 


I 


(J.6.250 


Similarly,  is  just  the  quadratic  portion  of  T  : 

r~  _ 


1 

d 

7  3 

r  - 

0 

I 

-J 

dT  |  0 

0  |  dT* 

0  i 

I 

(J.6.251) 
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Combining  (J.6.152),  (J.6 

b  I  ST  +  bcfr 


a  I  ed^  +  B 


a  I  adT  -  hr  (Ga)T 


243)  and  (J.6. 251)  we  get  [S0]  = 

\  b  +  3  -  |  3 


7  ti  3ldTj  3  +  uBl»*  ”dTj  3  +  rs  i-^l j 3 


7  32  jfifl  3  +  uB2»  •  3  +  i-h2j3 

\  a  3  ~  hr  JG3  [adT]J3 


-  -r  J5B,  3 


J  (J.6. 252) 


Combininy  (J.6. 164),  (J.6. 244)  and  (J.6. 247),  [D0]  = 


I  I  ra  M  3  -  I  h 

ra  |  ra?T  -  h  (G$)T  h  JG]  &F]j3  ™  A4  '  2  ‘*G*)i  dJ^4 

I  I  h  I  ~  ?  J6B]ijj°k  4  -  £  lhj4 

-  7  lgbj  3 


radT  -  I?  (Ga)  T  .  0 


0  1  ra^T  -  h  (G$)T  i  0 


ra  jiff!  3 

h 

U 

ra  L&T  3 


_ I  h  JGa)  ^  j  3  “  7  lgbj  3 

r  i 


-(Ga)' 


l[g3  [&1. 


- 


-h  t(G t)  ^j3  -  7  uGBj 3 

I  _  _____  _____  ___ 

-  7  L(S0l  dj  d(Cj4 
-  JGB3ij  dkj  4  -  7  lhj  4 


(J.6. 253) 
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Finite  Parts  of  Integrals 


In  section  J.6.5.1  we  evaluated  the  integral 


a 


zlH  ff  i  dS* 
<  E'flOp  B  30 


(J.6.254) 


for  £'  a  subinclined  panel.  In  doing  so,  we  discarded  a  term,  leaving  the 
justification  for  discarding  that  term  to  this  section. 

We  will  show  in  section  J.6.7.4  that  the  term  we  discard  is  in  fact  zero 
if  we  only  consider  the  "finite  part"  of  the  integral  (J.6.254).  The  finite 
part  of  an  integral  is  a  concept  we  define  in  section  J.6.7.1,  and  for  which 
we  cite  certain  well-known  properties  in  section  J.6.7. 2.  Next,  in  section 
J.6.7.3,  we  review  the  manipulations  of  integrals  we  have  performed  prior  to 
Appendix  J  and  conclude  that  they  are  still  valid  if  we  consider  only  the 
finite  parts  of  various  integrals.  We  then  note  in  section  J.6.7.4  that  we 
really  want  to  compute  only  the  finite  part  of  (J.6.254),  and  thus  we  properly 
discarded  the  extra  term  which  appeared  in  section  J.6.5.1. 


J.6.7.1  Definition  of  a  Finite  Part 

Let  f  be  a  function  on  a  surface  S  (though  our  definition  will  have  an 
obvious  extension  to  functions  on  a  line  or  in  u  volume  of  space)  of  finite 
area.  Let  Sc  be  the  set  of  points  in  S  which  are  distance  greater  than  c 
from  any  point  on  S  at  which  f  is  infinite,  where  e  >  0.  Then  we  define 

*  re 

If  f  dS  .  JJ  f  dS  (J.6.255) 

s  t>0  SE 


and  we  call  the  integral  on  the  left  side  of  (J.6.255)  the  finite  part  of 
the  Integral  of  f  over  S.  We  call 


(J.6.256) 


the  Infinite  part  of  the  Integral  whenever  it  is  non-zero. 


J.6.7.2  Properties  of  a  Finite  Part 


Several  Important  properties  of  ordinary  integrals  of  bounded  functions 
also  hold  for  finite  parts  of  integrals.  First,  the  standard  integration  by 
parts  theorems  in  several  variables  (the  divergence  theorem,  Stokes'  Theorem, 
Green's  Theorem)  hold  for  f1n1te  parts  of  Integrals. 

Second,  differentiation  with  respect  to  a  parameter  on  which  f  depends  may 
be  moved  under  the  integral.  That  is,  if  f  is  a  function  of  t, 


f  dS 


dS 


( J.6.257 ) 


These  results  are  discussed  in  the  paper  of  Robinson  (reference  J.3). 


J.6.7.3  Finite  Parts  and  the  Integral  Equation 

In  section  8.0,  we  quoted  the  fundamental  Integral  equation  (B.0.1), 


i  -  Jr  SS  «  +  n  •  V(i)  d$  fj. 6.258) 

K  SflOp  K  K 

But  thereafter,  we  treated  tnls  Integral  as  though  it  were  an  ordinary 
Integral  rather  than  a  finite  part  Integral.  In  particular,  we  applied 
Stokes'  Theorem  and  took  the  gradient  operator  under  the  integral  equation  to 
obtain  (B.3.31) 


v(P)  -  *  SS  [-a  vp  (&-)  +  (n  x  %■)  x  $(£■)]  dS 
SflDp  K  * 


♦4  M  MVQ(J-)xdl  (J.6.259) 

K  SflDp  K 

The  derivation  of  (J.6.259)  from  (J.6.258)  is  only  Justifiable,  however,  in 
light  of  the  results  we  quote  in  section  J.6.7.2. 


J.6.7.4  Finite  Parts  and  PIC  Computation 

Now,  In  appendix  J,  we  have  consistently  Ignored  the  fact  that  we  really 
were  Interested  only  In  the  finite  parts  of  the  Integrals  which  defined. 
Until  section  J.6.5.1,  where  we  attempted  actually  to  evaluate  such  an 
Integral,  this  caused  no  problem.  In  that  section,  however,  we  obtained  an 
Infinite  term  because  we  failed  to  evaluate  only  the  finite  part  of  the 
Integral  (J.6.254).  That  Is,  we  should  compute 


a 


ss  1  ds* 

I'flDp  e  3p 


sh  11m  //  1 
K  c*0  j>,  p  3p 


dS* 


(J.6.260) 


where  E£  Is  a  polygonal  region,  entirely  within  Dp,  which  approaches  E'nDp 
as  c  goes  to  zero  (cf.,  figure  J.26) 

Then,  If  E'£  has  Kt  edges,  by  ( J. 6. 169-170) ,  we  have 


a 


11m  -sh 
‘>0  <  k-1 


*k+  . 

/  *dP  -  f  J-  dp 

h~  *k~ 


( J.6.261 ) 


11m 

c»0 


1 

K 


Kt  h* 

L  f.  ** 


4T 


i 


( 


11m  1 

*♦0  e  (-..1 


*k+ 

J  dp 
h~ 


( J.6.262) 


But  It  follows  from  section  J.5  (cf.  (J.5.22),  along  with  figure  J.20,  which 
shows  that  (s+t)/(s-t)  >  0)  that  P  Is  a  smooth  function  on  Dp,  and  bounded 
on  Ec  .  In  particular,  p  Is  single-valued.  Thus  by  the  fundamental  theorem 
of  calculus 


K  Pk+ 

I*  J  it  .  I  it  .  0  (J.6.263) 

‘■I  h-  .£, 


and  thus  the  second  term  of  (J.6.262)  Is  zero,  and  thus  should  be  neglected, 
as  we  do  In  section  J.6.5.1 . 


J.6.7.5  Summary  of  Finite  Part  Integrals 

We  now  briefly  summarize  the  role  of  finite  parts  of  integrals  In 
Influence  coefficient  computation.  First,  we  state  the  fundamental  Integral 
equation  (B.0.1),  which  Involves  the  finite  part  of  a  surface  Integral,  and 
whose  validity  we  do  not  prove,  but  Is  discussed  In  Ward  (reference  1.5)  and 
1r.  more  detail  In  Ehlers,  et.  al.  (reference  4.9).  Second,  we  derive  (B.3.31) 
from  (B.0.1),  a  derivation  which  Is  only  valid  because  of  the  properties 
(whose  validity  we  also  do  not  prove)  of  finite  parts  of  integrals  cited  In 
section  J.6.7.2.  Third,  for  reasons  of  clarity,  we  leave  the  finite  parts 
symbol  off  many  Integrals  In  appendix  J.  Fourth,  we  see  that  a  term  which 
appears  In  section  J.6.5.1  must  be  discarded,  since  we  only  require  the  finite 
part  of  the  Integral  which  Is  being  evaluated.  In  section  J.7  we  will  see 
that  the  remaining  term  in  this  expression  can  be  evaluated  In  closed  form. 
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J.7  Edge  and  Panel  Functions 


In  section  J.7.1,  we  compute  the  edge  function 
vk+ 

Ik(<l»)  -  S  4»dv  (J.7.1) 

vk~ 

and  the  function 

*k+ 

Jk  (<j/)  -  /  4<d4  (J.7. 2) 

h~ 

where  the  panel  function  J  is  given  by  (cf.  (J.6.173)) 

J  h  Jk  (4,)  -  2w  sign  (h)  C,  (J.7. 3) 

We  also  compute  Integrals  I(X)  and  J(X)  used  in  sections  J.4  -  J.6 
(cf. (J.4.68) ,  (J.5.115),  (J.6. 212)) 

*k+ 

Ik(X)  -  J  h  (J.7. 4) 

vk“ 


■  J  — *■  dv  ■  J  Rd$  ( J  •  7 ♦  5 ) 

Vk-  pk  *k" 

J.7.1  Edge  and  Panel  Functions 


J.7. 1.1  Subsonic  Flow 

Since  the  flow  is  subsonic,  r  -  s  -  qk  ■  1,  and  (J.6. 68-59)  become 

pk2  .  ak2  +  vk2  (J.7. 6) 

R2  .  ak2  +  vk2  +  h2  (J.7. 7) 


By  (J.4. 66)  we  have 


Jk  (*) 


X 

vk' 


ak 

— ,-r — 5  dv 
akZ  vkZ 


J.7-1 


J.  7-2 


m-. 


vjf  atdv 

JkWI  ■  L 


(J.7.30) 


The  Indefinite  Integrals  become 

Kill)  -  f{£t  -  -ph(hv.R) 


'  f  r(7?T7?)  •  4  ph(hv>aR) 
I(X)  -  JRdv  -  \  (vR  -(a*  -h*,  1(40) 

j(x)  -  /-rrr  ■ hZ  -  aIW 


(J.7.31) 


(J.7.32) 


(J.7.33) 


(0.7.34) 


J.7.1.5  Uniform  Formulas 

We  unify  the  results  of  section  J.7.1  for  I|<{\|0  and  0|<(4i).  We  obtain 
Ik (4»)  ■  7  1o9(rTv))  _  s  •  I 


7  1°9^^R')|  s  -  -1,  q  -  1 


-ph  (hv,R)  q  -  -1 


(0.7.35) 


Jk(40  *  ”  ft  ph(hv,aR)| 


(0.7.36) 


where  evaluation  occurs  at  the  two  endpoints  of  the  Intersection  of  the  edge 
and  the  domain  of  dependence. 


0.7.2  Computation  of  Edge  and  Panel  Function  Arguments  In  Reference 
Coordinates 

In  this  section,  we  compute  h,  v.  a,  and 

g  -  sq  a^  *  rsh?  (0.7.37) 

In  reference  coordinates.  These  quantities  are  computed  In  reference 
coordinates  In  PAN  AIR  to  minimize  numerical  error. 


0.7-4 


/ 


( 

( 


J.7.2.1  Computation  of  h 
By  (J.6.41) 

h  m  Z'  -  £* 


A  (P  -  Oo) 


(J. 7.38) 


where  Qg  is  any  point  on  the  panel,  such  as  the  panel  center,  and  A  is  the 
reference  to  local  transformation. 


Thus 


h  -  L0  0  lj  [A]  (P  -  Q0) 


■  E^  A3j  (p  ~ 

Applying  (E.0.1) 

h  ■  n° '  ^  ~  ®a) 
J.7.2.2  Computation  of  v 


(J.7.39) 


(0.7.40) 


(J.7.41) 


By  (J.6.47) 


v  *  st^ ,  *  t^^*  [G] 


(J.7.42) 


V  "  k 

•A* 

where  G,  ,  and  p  are  defined  In  section  J.6.1.4.  Now,  define  a  3-vector 

t'  -  (--]  (0.7.43) 


Next,  we  note  from  (E.3.24)  that 
1  r 


r  s  1  -  [A-T]  cq  ca-1] 
L  rsj 


(J.7.44) 


J.  7-5 


So, 


(J.7.45) 


st'T 


rs 


A  (Q  -  P) 


-  St'  [A"T]  C0  ( (f-P ) 

-  s  [A-1  t\  q  -t] 

-  s  |  A"1  t'|  [ t0 ,  Q  -  P] 


(J. 7.46) 

(J. 7.47) 
(J.7.48) 
(J.7.49) 


where  t0  Is  the  unit  edge  tangent,  P  is  the  field  point,  and  Q  lies  on  the 
edge. 


Noting  (0.6.42-43),  we  see  that 

f  At 

L  * - - - j. 

|  <At,  At> j  ? 

where  t  Is  any  tangent  vector  In  reference  coordinates.  Thus  we  define 
T  “  ^  At°’  Ato>^  ^ 


(J.7.50) 


IV  AT 


G 

0  0 
1 


At0|  7  -  IV  Ct0|7 


-  I  [t0.  id  I  7 


where  we  have  chosen  a  unit  tangent  vector  t0. 
Then 

v  -  f  [t0,  -  t] 


(J.7.51) 


(0.7.52) 


J.  7-6 


J.7.2.3  Computation  of  a 

The  edge  distance  a|<  Is  (cf  (J.6.46)) 
ak  “  *  ok 

where 


"  T“  (A-.3)  *  ((0  -  P)  x  t0) 

-  (cf  (E.3.59)) 

dot  A  r  _  » 

T  r  0O  nO  •  ((Q  -  p)  x  t0) 

•  |cn0,n0> 1 2 


( J. 7.53) 

( J. 7.54) 

(J.7.55) 

(J.7.56) 

(J.7.57) 

(J  .7.50) 

(J.7.R9) 

1 J.7.60) 
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Finally,  applying  (E.3.90)  to  obtain  det  A, 


/ 


1 


Thus 


g2  .  8?  |(n  .  p)  x  \°-  ,  (Q  -  P)  X 


(-3.7, 70) 


We  now  need  only  to  prove  (J.7.64) 

^  Wk 

We  prove  In  general,  for  vectors,  a,  b,  c,  d.  and  a-matrix  C: 

[t  x  "b)T  C  (c  x  d)  - 

(det  C)  [(tTC'lt)  (tTc-id)  -  (TC-1^)  fbV1?)] 

Now,  by  (E.1.23) 

[C]  (t  x  d)  -  (det  C)  (He)  x  (C-l  d) 

Thus  .  .  . 

(a  x  b)  T  [C]  (t  x  (T)  - 

(det  C)  (T x "b)  •  (C-1  t  x  C-1  d) 

Now,  using  the  notation  of  section  B.3,  for  vectors  a,  b,  e,  f, 
(*  x  "b)  .  (ex  f)  (*ijk  aibj)  («mnkemfn) 

Now,  recalling  (B.3. 31): 

(a  x  b)  x  c  -  -(b"  •  c)  a  (T  •  "c)  "b 

we  convert  to  e  notation  and  obtain 
(  (a“  x  "b)  x  <T)|<  - 

Ijirn  ‘1jk  (*mn1  am  bfl)  “ 

-  (b  •  c)ak  +  ( a  *  c )  bfc  - 

-  £(bn  cn)  ak  +  £am  cm  ^k  ■ 

n  m 

“jpm  4jn  4km  ambncj  +  ^  4jm4kn  ambncj 


(J.7.71) 

(J.7.72) 

(J.7.73) 

( J.7.74) 

( J.7.75) 


( J.7.76) 


(J.7.77) 


(J.7.78) 


where  «  Is  the  Kronecker  delta  (zero  unless  the  two  subscripts  are  equal,  In 
which  case  It  equa^  one). 


r 

t 


'J.7-9 


0.8  Rationalization  Formulas 


The  computation  of  the  edge  and  panel  functions  has  been  described  in 
section  0.7.  These  formulas  are  not  always  computationally  stable.  In  this 
section  we  describe  the  actual  formulas  we  use  to  compute  the  edge  and  panel 
functions. 


^  1 

R  -  (r,  r]?  (0.8.8) 

and  r+,  v+  denote  the  values  of  r  and  v  at  the  upper  and  lower  end  points 
of  EflOp,  where  E  is  the  edge  in  questfon.  We  use  a  a  to  denote  the 
difference  of  a  value  at  the  endpoints,  and  a  bar  to  denote  the  averaoe. 

The  procedure  used  to  evaluate  these  edge  functions  Is  as  follows. 

In  section  0.8. 1.1,  we  will  discuss  edges  for  which 

t2  >  10-*  (0.8.9) 


J  -  8—1 


We  win  call  these  non-conic  edges,  and  will  distinguish  four  cases.  We  will 
first  consider  the  case  where  at  most  one  endpoint  of  the  edge  lies  In  the 
Interior  of  Dp,  dividing  this  into  the  regular  case  of  a  supersonic  edge  or 
R  <_  .95v,  and  a  special  case  of  a  subsonic  edge  and  R  >  ,95v.  We  will  also 
consider  the  case  of  both  endpoints  lying  within  the  interior  of  Dp.  This 
Is  divided  into  a  regular  case  and  a  special  case  in  which  v  changes  sign 
(v_  <  0  <  v+)  and  g2  «  1. 

In  section  J.8.1.2  we  will  discuss  nearly  sonic  edges,  for  which 

iO-10  <t2<  10“4  (J.8.10) 


Here  the  regular  case  is 
q  .  1 

or  sign  (R+R_  +  v+v_)  -  1  (J.8.11) 


In  section  J.8.13,  we  will  consider  essentially  sonic  edges,  for  which 


T2  < 


10 


-10 


(J.8.12) 


J.8.1, 1  Non-Sonlc  Edges 
We  will  calculate 

I  -f  (KH»)|V+  -  I(*)|v_  )  (J.8.13) 


and 


(J.8.14) 


When  an  edge  intersects  the  Mach  cone,  it  is  possible  to  compute  these 
functions  without  actually  evaluating  the  point  of  intersection.  We  have 


^  I  Mach  cone  “  ® 


(J.8.15) 


(subsonic) 

^^Iv+.Mach  cone  "  0  q  ■  +1 

v_,  M.C.  "  0  (J.8.16) 

(supersonic) 

I('*')lv+,  M.C.  "  0  q  _ 

I('*,)|v_,  M.C.  “  0  (J.8.17) 


J.8-2 


Thus,  when  only  one  endpoint  of  the  edge  E  lies  Inside  the  Mach  cone,  (we 
are  now  treating  the  case  of  supersonic  flow),  we  need  compute  only  one 
elementary  transcendental  function.  For  a  subsonic  edge,  we  would  then  compute 


I(4>)  -  \  log  (Q 

while  for  a  supersonic  edge  we  would  have 
I(<|»)  |  v  -  -ph(v,R)  (q 

If  we  recall  equation  (J.7.62)  we  obtain 

v2  -  g2 

g2  -  v2 


R2  ■  qv2  +  sqg2  « 


+1) 


-1) 


(q  -  +1,  s  -  -1) 
(q  ■  -1,  s  ■  -1) 


(J.8.18) 


(J.8.19) 


(0,8.20) 


we  see  that  some  difficulties  may  arise  in  the  evaluation  of  I(i|<)|  u  for 
subsonic  edges  when  g2  Is  very  small,  for  then  R  a  v  and  the  log  function 
In  equation  (J.8.18)  blows  up.  Thus,  for  the  very  special  case  in  which 
(a)  one  end  of  EflDp  lies  on  the  Mach  cone  {£  subsrnlc)  and  (b)  g2  Is  very 
small,  the  following  procedure  should  be  used 

IW|  v  •  \  log 

-  log  (v+R)  -  y  log(g2)  > 

■  \  log(g2)  -  log  (R  *►  v  )  (v  <  0)  (J.8.21) 

■  slgn(v)  (log(|v|  +  R)  -  ^  log  g2  (J.8.22) 

where  g  should  be  computed  by  the  relation  (see  Section  J.7.2.4) 


9 


2 


ri*ox  t0 


t"o  x  t0} 


(J.8.23) 


The  Initial  test  for  small  g  can  be  made  by  asking  whether  R  >  .95 1 v| .  If 
this  test  Is  satisfied,  g2  Is  small  and  the  special  procedure  outlined  by 
equation  (0.8.22)  should  be  used. 

This  completes  the  discussion  of  what  must  be  done  when  one  endpoint  of 
E  Op  lies  on  the  Mach  cone.  We  now  turn  our  attention  to  the  case  In  which 
both  endpoints  lie  Inside  the  Mach  cone.  We  begin  this  discussion  by  deriving 

. v+ 

some  expressions  for  I(»jO|v  that  are  generally  valid;  that  Is,  they  do  not 

depend  upon  the  assumption  that  both  endpoints  of  E  Dp  lie  Insloe  the  Mach 
cone. 


0.8-3 


/ 


Using  equation  (J.8.6),  we  have,  for  subsonic  edges 


m 


v+ 


v+R  I 


7  1o9  7^1 


v+ 

v_ 


(J.8.24a) 


(v+v_  -  R+R_ )  +  (R+v_  -  v_R+) 
(v+v.  -  R+R_)  -  (R+v_  -  R_v+) 


1+z 


-flog 


(J.8.246) 


where  z  is  defined  by 


R+v_  -  R_v+ 

2  "  Turnon: 


(J.8.25) 


The  definition  (J.8.25)  for  z  may  be  arranged  somewhat  by  using  equation 
(J.8.20)  to  obtain 

R2  .  v2  +  sg2  (J.8.26) 


Then 


R+v_  -  R_v+  R+v_  +  R_v+ 

2  ■  vTvj-'Tj; 

R+2v_2  -  R_2y+2 

R+v+f v  J  -~R_*2 T“+  V.v_(v+?'-' R+*) 

v+2  _  v_2 

■  r“+TCv_ 


(J.8.27a) 


(J.8.27b) 


( J . 8 . 27c ) 


In  a  precisly  analogous  fashion,  we  have  for  supersonic  edges 

I(4i)  |  -  -ph(v,R)|  -  ph(R,v)]*+  ( J.8.28) 

-  ph(R+,v+)  -  ph(R_,v.) 

-  ph(R+R_  ♦  v+v_,  v+R_  -  v.R+) 

(0.8.29) 

-  ph(o,  at)  (J.8.30) 


J.8-4 


/ 


* 

€ 


f 

i 


r 

h 


where  in  this  case  we  de  Ine  a  and  2  by 
a  »  sign  (i!+fi_  *  v+v.) 

«.  v+R_  -  v.  R+ 

1  ”  QC  +  V+vT 


(J.8.31) 


(J.8.32) 


As  before,  the  definition  of  2  may  be  rearranged  somewhat  with  the  help  of 
equation  (J.8.20).  Doing  this,  we  find 


..  -  R+v_  ♦  R_v+ 

2  "  2  ff+v” 


v+2  -  v_2 


(J.8.33) 

(J.8.34) 


■  Kornev.  ' 2 

Thus,  z  -  2  and  we  can  drop  the  tilde.  Sumn)arl2lng,  we  have  found, 

q  -  +1 

ph(«,  02)  q  ■  -1  (J.8.35) 


m 


v+ 

V. 


1  1+2 
?  log 


where 


v+2  -  VJ 

2  -  R7vT'-nr;vT  “ 

0  -  fign(R+R_  +  v+v_) 


(v+  -  vj(v+  ♦  v.) 
'  R+v+  +’  (Lv_ 


(J.8.36) 


I  v+ 

Equation  (J.8.35)  will  permit  stable  and  accurate  evaluation  of  1(4*)  In 

v_ 

all  instances  with  the  exception  that  when  g*  Is  small,  q  ■  +1,  and  v 
changes  sign  along  the  edge,  some  additional  care  must  be  taken.  We  now 
describe  the  procedure  to  be  used  In  this  case. 

Since  v  changes  sign  along  the  edge,  the  flow  must  be  subsonic. 
Consequently,  equation  (J.8.20)  gives  us 

R2  «.  y2  +  g2  (0.8.37) 

Next,  we  note  that  the  function  1(4*)  may  be  written 

1(4*)  -  j  log  ■  j  log  (-  jj~)  ♦  ^  (J.8.38) 


f 


J.8-5 


1  « 


(J.8.39) 


Concentrating  on  thj  function  ^  log  ,  we  find 


■f  1°9  £77  ■  1°9  9  -  log  (R-v) 

Evaluating  I(i|<)  at  the  two  limits  and  noting  that  since  v_v*  <  0,  we  must 
have  v_  <  0  <  v+,  we  get 


Hit) 


m  (log  (R+  +  v+)  -  log  g)  -  (log  g  -  log  (R_  -  v.)) 

-  log  ((R+  +  v+)(R_  +  v.  ))  -2  log  g 

(J.8.40) 


or 


KUO 


v+ 

v_ 


,  (R+  +  v+)(R_  v_  ) 

l0g - gT - 


s  -  1,  q  -  1 
v.  <  0  <  v+ 


( J.8.41) 


With  g2  computed  from  equation  (J.8.23),  equation  (J.8.41)  may  be  used  for 

I  V-f 

the  evaluation  of  I(ij;)  whenever  g  Is  small,  q  -  +].,  and  v  changes  sign 
along  the  edge. 

This  completes  our  discussion  of  non-sonlc  edges. 


J.8.1,2  Nearly  Sonic  Edges 


The  very  fact  that  we  are  discussing  nearly  sonic  edges  ensures  us  that 
the  flow  Itself  Is  supersonic,  that  Is,  s  ■  -1.  Thus,  equation  (J.8.20) 
gives  us 


R2 


* 

m 

k 


v2  -  g2 

g2  _  v2 


+1 

-1 


(J.8.42) 


Also,  we  know  that  on  subsonic  edges,  v  cannot  change  sign.  Note  also  that  In 
the  evaluation  procedure  for  AIC's  for  nearly  sonic  edges,  the  expression  aR 
Is  not  needed.  However,  as  we  will  shortly  see,  it  will  be  necessorv  to 
compute  rt  for  n*«*"ly  sonic  edges  (recall  that  r*  are  the  values  of  P-q  at  the 
first  and  last  points  of  EflDp). 


J.R-6 


The  basic  Idea  of  the  ^valuation  procedure  for  nearly  so.ilc  edges  Is  to 

I  v  + 

use  equation  (0.8.35)  for  I(i|i)  |  y  and  at  the  same  time  notice  two  facts:  (a)  2 
will  almost  always  be  quite  small  and  (b)  on  supersonic  edges,  we  will  almost 
always  have  0  •  *1.  The  first  of  these  two  observations  follows  from  the 
calculation 


2  m  - 


v+  -  v.)(v+  ♦  v_) 


qsas^ 

W 


where  the  definition  of  v,  v  «  tv,  and  (cf.(J.6.54)) 
Av  -  Tqs(as0) 


(J.8.43) 


(0.8.44) 


have  been  used.  Because  of  the  presence  of  the  coefficient,  t  in  equation 
10.8.43),  we  may  expect  that  2  Is  of  order  T,  and  consequently  that  it  Is 
small.  The  second  of  these  two  observations  follows  from  the  fact  that  If  0 
Is  to  be  equal  to  -1,  v  must  change  sign  along  the  edge.  Consequently,  the 
edge  and  control  point  must  be  arranged  as  shown  In  figure  0.27,  where  the 
angle  a  a  16/ 2  Is  very  small.  (Recall  that  an  edge  Is  said  to  be  nearly 
sonic  only  1fT<  .01.  This  Implies  a  <  .00005)  Invoklny  our  two  assumptions, 
and  expanding  equation  (0.8.35)  In  a  maclaurln  series,  we  obtain 


I  ('ll) 


I  (Hi) 


v+ 

v_ 

v+ 

v„ 


-  ,2J  ♦  1 

jto  *rrr 


.  h  (-uJ 

U«° 


+ 1 

?jvr 


+1 


q  ■  -l,a  *  +1, 
|2|  <  1 


t  is. 

j-o  20 


z£]0 


q  -  -1 

0  ■  +1 

izl  <  1 


(0.8.45) 


We  may  now  use  this  exprerslon  to  obtain  stable  and  accurate  expressions  for 
I,  K.  We  begin  by  defining  the  function  6q(z)  such  that 


I  HO 


v+ 

v_ 


(1  ♦  z2<q(z)) 


(0.8.46) 


Evidently,  for  iz|  <  1  and  0  -  +1,  tq  has  the  expansion 


4q(z) 


S 


f,  Wr 


(0.3.47) 
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Substitutin^thf  expression  (J.G.46)  Into  (J.8.1)  and  (J.8.3)  yields  the 
resuitr,  for  I,  K 


I  *Z  *q<*)) 

K  .  (k;  (o  aR  -  vz ) )  -  (-J  z3)  *q(z) 
We  now  show  how  to  ivaluate  the  three  expressions 
,  \  (qaR  -  vz),  ^ 

First, 


¥ 


(454 

(TTJvT 


RaR  RaR 

kw  m  rs 


Now 

r7  -  R  v  -  \  (R+v+  +  R..v.)  -  J-  (R+  +  R_)(v+v_) 
■  ^  aRav 

Thus 

qz  RAR 

t  ■  -n — i - - 

t(Rv  +  £  aRav) 


_  _ aR _ 

v  +  "j~(sq  T2  as0)aR/R 


since 


Next, 


sq  t2  as0  -  av 


(1/T )  (qAR  -  vz)  -  (l/T2)(qAR  -  v  )  - 


(J.l 

(J.f 


(J.f 


(J. 


(J. 


(J.l 


(J.l 


(J.8 


-W-  [2ffv  aR  -  va(R2)] 


[2Ev  aR  -  2vff  aR] 


4 


(0.8.57) 


(J.8.58) 


Si 


Finally, 


vz^ 

T? 


q  t  v  (V-)3 


(J.8.59) 


where  (qz/x)  is  given  by  (J.8.53).  In  deriving  these  equations,  we  have  used 
(•>.8.54)  and  the  definition  of  v. 


A  A 

To  summarize  our  procedure  then,  I  and  K  are  to  be  evaluated  using 
equations  (J. 8. 48-49)  for  ’11  subsonic  edges  and  for  supersonic  edges  when 
a  m  +1.  When  izi  <  .3,  say,  the  series  (3.8.47)  should  be  used  to  evaluate 
0q;  however  for  larger  |jj,  one  should  use 


*q(z) 


\  1o9  rf  “  z 

- 


q  - 

izi  >  .3 


( J.8.60a) 


6qU) 


2hLL*L--J. 

iJ 


q  -  -1 
izi  >  .3 


(0.8.60b) 


where  now,  Fortran  library  routines  should  be  used  for  the  evaluations.  The 
expression  z  should  be  computed  by 


z 


qsAso  v 

T  ~W~ 


(0.8.61 ) 


We  know  In  particular  that  this  approach  works  for  supersonic  edges  even  when 
izi  >  1  provide  only  that  a  •  +1.  This  Is  because,  as  long  as  a  ■  +1, 


1(40  -  ph(l,z) 

v_ 


z(l+z2  *q(z) ) 


(0.8.62) 
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Consequently,  we  are  done  except  for  the  case  of  supersonic,  nearly  sonic 
edges  for  which 

o  -  sign(R+R_  +  v+v_)  ■  -1  (J.8.63) 


In  this  case,  both  I  and  K  are  quite  close  to  an  actual  singularity  of 
strength  (1/x).  Consequently,  we  will  only  show  how  the  quantities  ti,  tR  can 
be  stably  evaluated.  The  first  of  these  is  trivial.  Using  (J.8.1)  and 
(J.8.35) , 

A  V  + 

TI  -  q  I(4i)  -  -ph(-l,  -z)  ( J.8.64 ) 

v_ 

where  z  may  again  be  computed  from  (J.8.61).  For  tK,  we  have,  using  (J.8.2) 
and  (J.8.35), 

T  K  -  q  (^)  -  }  ph ( -1 ,  -z)  ( J.8.65 ) 

We  now  conclude  our  discussion  with  a  prescription  of  what  Is  to  be 
done  In  and  case  of  edges  that  can  only  be  regarded  as  truly  sonic, 

t2  <  1CT10. 


J.8.1. 3  Essentially  Sonic  Edges 

In  this  case,  the  only  reasonable  thing  to  do  Is  to  evaluate  the  limits, 
asr*0  of  the  functions  I,  aR,  K.  aR  Is  trivial  to  compute,  but  both  I  and  K 
require  g^t  care.  We  begin  with  equations  (J. 8. 48-49)  and  evaluate  the 
following  expressions  In  the  limit  as  T*0  : 

,  iy  (qaR  -  vz),  -jj—  ,  z,  $q{z)  (J.8.66) 

First,  equation  (J.8.53)  gives  us 

)a  3r  ■  f  (J-e'e7) 

Next,  from  (J.8.58) 


and 

11m  Rv  .  R  V  ( J.8.68) 

T  *0 
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I 


I 

I 

4  ? 

€ 


we  obtain 


T>0  T*  r  R«  4  (?)! 

Again,  equation  (0.8.59)  combined  with  (J.8.67)  yields 
v?3 


lun  r  q  v  (aR/  O)3 

Finally,  equation  (J.8.67)  Implies  that  2  -  0  so  that 

11m  ^q(2)  ■  ^q(o)  ■  q/3 
T*0  4  M 

Combining  all  these  results,  we  find 

'Ix-o  ■  ,'JS  ¥  •  lR« 

and 

«Lo"  jl!  <>‘R  -  «)  -  b  *q(*)> 


•  T~  4rr~  ■ q  5  t 

(S4S 0)(v)  c  TV  . 

£a(v2)  -  \  aR2  -  RaR 


so  that 


1 

V 


RaR 

T 


(aR)2  5  /aR.- 

I  (T 


(J.8.69) 


(J.8.70) 

(0.8.71) 


(J.8.72) 


( J.8.73) 


(J.8.74) 


(0.8.75) 
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0g>- -  *•-> 


J.8.2  Panel  Function  Computation 


The  panel  function  J  Is  defined  by 
J  -  -s 1 gn ( h )  J' 

_  ,  vk+ 

J'  -  2wC#  +  /  ph ( | hi  v,  akR)  (J.8.76) 

edges  iVk- 

where  C*  - 

1  IF  (x1,  y')  c  £'n  Dp'  and  rs  -  +1 

0  otherwise  (J.8.77) 

In  section  J.8.2. 1  we  compute  a  "standard  rationalization"  which  Is  valid 
even  for  a  panel  with  sonic  edges.  In  section  J.8.2. 2  we  consider  the  special 
case 

g2  «  1  (J.8.78) 

In  section  J.8.2. 3  we  consider  a  point  on  the  panel. 

J.8.2. I  The  Standard  Rationalization 

Defining  h'  .  |h|  (J.8.79) 

we  have 

J'  -  Eph(h'vk+,  akR+)  -  {»  sign  ak  -  ph(-h'vk'>  akR~)) 

+  2nCe  ■ 


E  (ph(h'vk+,  akRk+)  +  ph(-h'vk",  akRk-))  -  *  Eslgn  ak  -  2wC» 

•  £  (ph(h' vk+,  akRk+)  +  ph(-h'vk+i,  ak+iRk+i))  -  «  Eslgn  ak 
k  corners 

♦  2«C#  ( J.8.80) 

We  now  define 

Qk  -  ph{h'vk+,  akRk+)  *  ph(-h'vk+i,  ak+iRk+i)  (J.8.8I) 


J.8-12 


% 


t 


Then,  using  the  sum  of  angles  formulas, 

cos  Qk  “  (-h2vk+vk+l  “  «k«k+lR2) 

sin  ^  “  Pk+T  (h'R(ak+lvk+  ~  *kvk+l  )) 

We  then  define 

Qk  -  ph(-h2vk+vk+i  -  akak+iR2,  h'R(ak+ivk*  -  akvk+i)) 

We  now  Investigate  the  sign  of  ak+i  vk  +  -  ak  vk+i  .  First,  by 
definition,  (cf.  Section  J.6.1.4) 

a  *  £t^  -  nt^ 

v  -  rs£t£  +  n  tn 

tk  -  (t£,  tn)  ,  ?k+l  -  (t^,  tn) 

Thus 

•v 

ak+lvk+  -  *kvk+l  -  ($tn  -  nt^)(rs5t^  ♦  nt„) 

-  £2(r$  tnt  -  rs  tnt^)  ♦  n(-rst^t^  +  tnt„  +  rst^  -  tnt 

+  n2(*\tn  *  tCt,) 

f  +  n2)  (tctn  -  trtn) 

-  rsp2(tk  X  tk+1)c 

Now  since  the  region  Is  convex, 

(tk  x  tk+1)^  >  0 

Thus 

s1gn(ak+i  vk+  -  ak  vk+i).  rs 

We  first  consider  the  case  of  rs  -  1. 

Careful  consideration  of  the  range  of  Qk,  Qk  and  ak  shows 
J'  -  LQk  -  2*  -  »  sign  ak  ♦  2»C* 

-  £Qk  -  Ii  ♦  2w  ♦  K 

f 


(J.8.82) 

(J.8.83) 

(0.6.84) 

(J.8.85) 

) 

(J.8.86) 

(J.0.87) 

(J.8.88) 

(J.8.89) 

(J.3.90) 
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where  mk  *  1  ih  <  0  and  ak+^  <  0  ,  zero  otherwise,  and 

2*mk  -  I  it  sign  ak  +  2»C* 

Let  Tk  *  1  If  ak  >  0 

Tk  *  0  if  ak  <  0 

Then 

sign  ak  •  2Tk  -  1 

">k  -  d-Tk)U-Vl) 

Cs  -  rrk 
and 

K  »  Z  [w  -  2n(l  -  Tk)(l  -  Tk+1)  -  n(2Tk-  1)]  +  2,(0,  -  1) 

-  p«(l-Tlc)  Vl  +  2t(C*  -  1) 
or 

TT  "  l  -  Tk)  Tk+1  +  irTk  -  1 

th«t0”r5.by  *  CarefUl  ana1ys1s  fr0m  the  corwex1t*  of  the  polygonal 

Next,  we  assume  rs  ■  -1. 

By  definition,  C#  .  0. 

Defining  1k  -  1  if  ak  >  0  and  ak+i  >  0  ,  it  follows  that 

Qk  *  Qk  +  2wlk 

Thus 

J'  -  EQk  +  2*lk  -  ,  sign  ak 
-  (Qk  +  »)  -  2»  ♦  K 


(J.fi.91) 

(J.8.92) 

(0.8.93) 

(0.8.94) 

(J.8.95) 

region 

( J.8.96) 

(J.8.97) 


So, 


K  «  2«  -  I,  +  E2t  1k  -  *  Zsign  ak 


(0.8.98) 


ft 


or 


K  2 

7?  •  1  “  E?  +“Tk  Vl  -  5-  ^(2Tk  -  i) 

■  1  +  ETk(T)c+l  ~  1)  =  0 

Thus  in  general 

"corners  5‘  *  rs(2*  '  •> 

Now  f  m 

ph(-h2Vk+vkn  -  akak+l^^i  h'Rrsp*  (fk  *tw);) 

So, 

J  -  -slgn(h)  O'  > 

-  gn ( h ) r s  (  2*  -  l  ,  +  Z  ph(-hzvk\fc+1  .  akak+iR2,  |h,  Rp2(t|{ 


•  We  now  define 

Xk  >  -h2  vkvk+i  -  akak+iR? 

Yk  -Ihl  Rp2(tk  x 

f  Then 

Xk  *  -h2vkvk+i  -  akak+1(rsh2  +  re2) 

New, 

VfcSn  *  rs  akak+1  -  (rs£tC  ♦  nt„)(r^  ♦  „t„) 
*  rs(Ctn  -  ntc)(Ct„  -  nt€) 

-  C2(t^  ♦  rstnt0)  ♦  eZ(t,tn  ^  rst^) 

+  rS  *  *€*«.  ~  Vn) 

( 


(J.8.99) 

(J.8.100) 

(J. 8.102) 

x  *k+l){)) 
(J.8.102) 

(J.8.103) 

(J .8.104) 

(J.8.105) 

(J.8.106) 

J.8-15 


t 


/ 


So, 


Thus 


P?(t£t£  ♦  rst„tn)  -  p2rs  <fk,  Vi> 


Xk  -  -h2p2rs  <tj(,tk+i>  -  akak+irp2 


J  -  -s1gn(h)rs(2*  -  I  it  +  Z  ph(xk,k+l.  Yk  k+i)) 
EC 


(J.8.107) 


(J.8.108) 


(J.8.109) 


where 


(J.8.110) 


xk,k+l  -  -h2f,s  <tk»  Vl>  "  rakak+l 

Yk|k+i  -  R  h  (fk  x  tk+1); 

Using  the  results  of  Sections  J. 7.2.1  and  J.7.2.2  we  find  for  Xk+i 

v  ( a(n0  •  (xQ  -  (b))f  r  L.  f  1 

»k,k*i  -  -  [— r  tlk>  Vl1 


-r  ^n°*  (Co  "  x  ^*o,k  J  (no»  {(£o  _  Xi  '  x  to,k+l) 

V  i{n°*n°}l1/7  (J.8.111) 


t(n0,  to  -C0)2  Ct0,k*  t0,k+l] 


+  {  n0,  ($0  -  Xq )  x  tCfk}  {Ho>  (Co  *  xo)  *  ^o,k+l) 

-82.. 

TV*0> 


So 


(J.8.112) 


We  will  now  simplify  the  expression  G0  (J.8.112).  Employing  the  Identity 
(0.7.64)  with 

t  -"c  -  n0  ,  b  -  (50  -  "xq)  x  tk 
d  “  C  -  x1 o)  *  tk+i 

C-l.Bo  (0.8.113) 
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I 


/ 


( 


we  find 

Go  ■  ri0.  -  to)2  [t0%k,  t0>k+1] 

("°  8°"0^  "  x°)  x  ^o,k)  T  B0  (l$Q  -  tQ)  x  t0>k+i) 

(0.8.114) 

Now  (cf.  (8,3.31)) 

”o  *  (ft  -  «o>  *  *o,k)  -  (6  -  «o)  (So,  -t„,k  (n0,  _t0) 

“  fX°  ‘  Co’  "°}  lo.k  (0.8.115) 

Similarly 

x  ((*°  •  ^  x  *o.M  -  (to  -  to.  nQ)  t0>k 

Using  the  results  (cf.  Appendix  E) 

*-0^0  “  SB2 1 
det  B0  .  flZ 


(J.8.U6) 


we  find 


_Jo± 

det  B0~f  "  C° 


(0.8,117) 


(0.8.118) 


Consequently,  we  find  for  G0 

3°  -  (n0.  *0  -  to)2  [t0tk,  toM1] 

*  *?'  i°!  l(?o ; *o>  *  !».‘>T  “o  «fo  -  >c) « t0,,„) 

-  ("o.  *0  -  £„)  (t0tkT  C  t0,k4i)  (S„,  ?0  - 
The  first  and  last  terms  cancel  and  we  are  left  with 

So  -  (n0.  n->  ((to  -  t0)  xt0|f()T  Bo  ((§,  -  £)  »  t0.k+1) 
Substituting  this  result  into  equation  (0.8.108)  we  find 
*k,k*l  -  -r®2  U&  -  *o)  x  t0,k)T  80  ((£,  -  70)  x  r0,k+1) 


(0.8.119) 


(0.8.120) 


(0.8.121) 


0.8-17 
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Turning  now  to  Y^^+i,  we  find 

Yk,k+1  -  R  |h(tk  x  tk+1)j  (J.8.122) 

The  expression  Inside  the  absolute  value  sign  can  be  written 
h(tk  x  ti+1)  -  (*'  -  CHtfc  x  tk+l) 

-  (x*  -  1' )  *  (tk  x  tk+1)  (J.8.123) 

Transforming  this  expression  Into  the  reference  coordinate  system  we  find 
h ( t k  x  tk+i )  ■  (A(x0  -  Cq))  •  (At0fk  x  At0|k+i) 

-  (Xo  -  Co)T  AT(det  A)  A_T  (to,k  x  to.k+l)  * 

B2  (x0-to)  ‘  (ti,K  x  t0,kn)  (J  8.124) 

Thus  for  Y|(  |(+i  we  have 

Yk,k+1  -  b2R  |  (To  -  to)  ‘  (?o,k  x  t0,kn)|  (J.8.125) 

Upon  comparing  equations  (J.8.121)  and  (J.8.125)  we  see  that  the  factor 
bz/t k  t k+i  can  be  extracted  from  each  of  them  and  that  we  can  write 

Ph(xk,k+1»  Yk,k+l)  ■  Ph(xk,k+1«  Yk,k+1)  (J.8.126) 

where 

xk,k+l  -  -  {(Co  -  xj,)  x  t0tk,  (f0  -  T0)  x  t0|k+i> 

Yk,k+1  ■  R  |(£o  -  xo»  ^o,k  x  ^o,k+l)|  (J.8.127) 


Thus  we  obtain  the  standard  rationalization 

0  -  -s1gn(!i,  'n  -  E  *  +  E  ph(Xk  k+l»  Yk  k+l)) 

edges  corners  K,K  1  K,K  1  (J.8.128) 


J.8.2.2  A  Special  Rationalization 


In  equation  (J.8,128)  the  summation  extends  over  the  straight  edges  of  E* 
and  over  the  corners  of  E‘  Internal  to  Dp'.  When  h*0,  the  form 
(J.8.128)  may  not  be  sufficiently  stable  for  accurate  evaluation  If  on  any 


edge  a^  a  o.  The  precise  situation  In  which  resolvable  difficulties  can 
arise  Is  when  g^  ■  r^h^  +  ak^*  ®  ant^  the  Pane^  sublncllned 
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(r  m  +1).  Although  It  can  happen  that  *  0  for  some  edge  on  a 

superlncllned  panel  (see  figure  J.28)  the  difficulties  associated  with 

evaluating  the  panel  function  for  this  configuration  are  quite  unavoidable  and 
the  standard  rationalization  must  be  regarded  as  optimal.  To  illustrate  this 
difficulty,  we  point  out  that  for  the  configuration  shown,  the  value  of  I  hi 
decreases  down  to  the  Inner  circle. 

Having  Identified  the  situation  g2  a  0  as  a  source  of  difficulty,  we  now 
show  how  this  problem  may  be  resolved  (when  it  Is  resolvable).  Thus  we  define 
the  procedure  to  be  used  for  evaluating  J*. 


First,  If  r  .  -1 

or  r  ■  1,  s  -  -1  and  g£  >  10~4  max(a£  +  h2,  Dj2) 

on  all  subsonic  or  nearly  sonic  edges 

or  r  ■  1,  s  »  +1,  and  g£  >  10“4  Dj«2  (J.8.129) 

(where  Dj^  Is  the  panel  diameter)  we  use  the  standard  rationalization. 

Otherwise,  we  calculate  J'  by 

J'  -  2wC*  ♦  £  Qk  (J.8.130) 

edges 

where  (cf . ( J.8.81 ) 


Qk 


ph(|h| 


v,  aR) 


Vk+ 

Vk' 


We  now  descrlbve  stable  methods  for  computing  C*  and  Qk. 

Since  either  the  flow  Is  subsonic  or  Ce  -  0,  the  most  direct  way  of 
getting  C§  Is  by  the  formula 


1  If  {  n,  (Qk  -  T\)  x  tk}  >0  for  all  k 
0  otherwise 


(J.8.133) 


The  topological  Justification  of  the  procedure  defined  above  stems  from 
the  following  observation.  As  one  traverses  the  boundary  of  a  convex 
polygonal  region,  proceeding  In  a  positive  fashion,  any  point  Inside  the 
region  always  lies  to  the  left  of  the  extension  of  the  edge.  Thus  the  edge 
distance  ak  Is  always  positive. 
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We  now  provide  a  detailed  prescription  for  the  computation  of  Qk.  This 
description  will  consist  of  two  parts. 

(I)  Evaluation  of  ph(lhiv,  aR)  when  R  -  0  together  with  the  evaluation  of 
Qk  on  edges  that  Intersect  the  Mach  cone,  and 

(II)  Evaluation  of  Qv  when  both  end  points  of  edge  k  lie  Inside  the 
domain  of  dependence  Dp. 


It  Is  a  fairly  straightforward  matter  to  show  that  the  value  of  v  at  the 
point  at  which  an  edge  enters  the  domain  of  dependence  satisfies  the  Inequality 

Vk“  I  R-0  <  °  (J.8.134) 

Similarly,  when  an  edge  leaves  Dp,  vj<  satisfies  the  Inequality 

vk+|  >0  (J.8.135) 

K  I  K-0 

These  inequalities  can  in  fact  be  verified  by  a  careful  study  of  the  special 
cases  In  figure  J.29. 

As  a  consequence  of  these  observations,  we  see  that 

ph(|h|  v£,  ak  R)|  -  slgnja^  *)  (J. 8.136) 

and  , 

ph  (|h|  akR)| R_Q  -  0  (J.8.137) 

If  just  the  lower  endpoint  of  the  edge  Intersects  Dp,  Qk  is  given  by 

Qk  -  ph(|h|  v{,  ak  R{)  -  *  sign  ak  (J.8.138) 

If  just  the  upper  endpoint  intersects  Dp  we  have 

Qk  -  -P*( |h|  vk,  akRk)  (J.8.139) 

Finally  If  both  endpoints  Intersect  Dp 

Qk  -  -w  sign  ak  (J.8.140) 
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We  now  develop  a  rationalization  for  Qk  when  Rr  #0.  Rr  *  0. 

Evaluating  (J.8.128)  we  have 

,vk+ 

Qk  -  Ph(|h|  v,  Zk  R)| 

Vk" 

ph(|h|  vk+,  ak  Rk+)  -  Ph'OM  vk-,  ak  Rr-) 

-  Qk  +  2»n  n  an  integer  (J.8.141) 

where  Qk  is  defined  by 

Qk  ■  ph(h2VR+VR-  +  ak^Rk+Rk“<  W  ak(Rk*vk"  “  Rk”vk+))  (J.8.142) 

In  order  that  we  might  determine  n,  we  Investigate  the  sign  of  R^vr"  "  Rk-vk+‘ 

+  '  k+ 

KrV  -  Rk“Vk+  -  «k%-(“  -  A)  -  -Rk+Rk-  f  Kft)  (j.8.143) 

*k  "k  V|(“* 

Now  R2  ■  sqg2  +  qv2,  hence, 

d  (})  “  J  “  ^7  “  (J. 8.144) 

Consequently 

sign(RkVR  -  R^vr)  -  -sqR  (J.8.145) 

Thus 

-sqk  slgn(ak)  Qk  «  (o,*)  (J.8.146) 

Now  an  Inspection  of  equation  (J.8.138)  shows  that  Qr  t(0,*). 

Consequently  we  see  that  no  phase  wrap  is  possible,  and  that  r.  -  0  and 

Qk  m  Qk  (J. 8,147) 

Multiplying  both  arguments  of  Qk  by  (Rk+Vk~  +  Rk_vk*)»  we  ^nd  ’hat 

Qk  ■  Qk  *  ph(X.Y)  (J.8.148) 
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oX  »  Rk+vk+(h2vk'2  +  ak2Rk-2)  +  Rk-vk“(h2vk+2  +  ak2Rk+2) 

Y  -  I h I  ak  s1gn(Rk+vk~  +  Rk“vk^) ( sqg2 ) ( vjt“2Vk4'2 )  (J.8.149) 

Now, 

s1gn(R+v_  ♦  R~v+)  ■  -sq  s1gn((R+v)2  -  (R-v+)2) 

p  p 

-  -sq(sq)  sign(v-  -  v  ) 

P  2 

-  s1gn(v+  -  v"  ) 

-  s1gn(v+  *  v")  (J. 8.150) 

Consequently,  Y  Is  given  by 

Y  .  -ak  |h|  g2  |a(R2)|  (J.8.151) 


Next,  we  examine  X.  First,  note  that 

h2v2  +  a2R2  -  (h2  +  qa2)(v2  +  rsa2)  -  rqg2(v2  +  rsh2) 

-  rg2(qv2  +  rsq)  -  rg2(R2  -  rsh2)  (J.8.152) 


Consequently  oX  - 

(Rk+vk+(Rk-2  -  rsh2)  +  Rk"vk-(Rk+2  -  rsh2))  rg2  (J.8.153) 

Comparing  (J.8.152)  and  (J.8.153)  we  see  that  they  contain  a  common  factor  of 
g2.  We  remova  tMs  common  factor  to  obtain  the  rationalized  expression 
for  Qk 

Qk  .  -ph(o[Rk+  vk+(Rk-2  -  rsh2)  +  Rk-  vk'(Rk+2  -  rsh2)],  Tak |h| I a(R2) I  ) 

(J  8.154) 

This  Is  the  basic  formula  we  use  to  compute  Qk  for  subsequent  substitution 
Into  equation  (J.8.130)  for  J*.  The  arguments  for  the  expression  (J.8.154) 
may  be  computed  In  the  obvious  fashion  using  the  relations  found  In  Section 
(J.7.2). 


We  can  now  evaluate  J'  if  |h|  -  0.  In  doing  this,  we  use  the  following 
formula  for  J'  (cf.  J. 8. 109-110) 

J'  -  r%  (2*  -  Z  *  +  E  ph(-h2rs  <rk,  tk+i>  -  rakak+2,  ihl  Rk+tk  •  tk+i)) 

E  c 

(J.8.155) 
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(0.8. 156) 


Setting  Ihl  ■  0  we  find 

O'  |  h  »0  “  rs(2*  "  g  "  +  g  pht-ra^aif+j,  0+)) 

Since  >  0  for  all  k,  we  then  obtain 

O'  I  h  .0  “  ri{2'  ~  I  *  +iT:i  c  w)  (0.8.157) 

We  can  now  examine  the  three  special  cases  described  by  Figure  J.30.  First, 
consider  s  ■  1.  Then  r  -  +1  and  the  number  of  corners  In  the  domain  of 
dependence  equals  the  nunber  of  edges  («n,  say).  Thus 

t  it  m  n*,  £  »  ■  nit 
E  c 

and 

J1  |  h  „0  -  2*  (J.8.158) 


Next,  suppose  rs  -  -1.  Then  r  -  +1,  s  -  -1  and  the  number  of  straight  edges 
of  g'  exceeds  the  number  of  Interior  corners  by  1.  Hence 

£  *  «  (m  +  1)  * 

t  *  .  m*  (J.8.159) 

C 


and 


J' 


h  -0  " 


-» 


(0.8.160) 


Finally,  suppose  r  -  -1. 
or  corners.  Hence 


Summarizing,  for  c  field 


Here,  r  -  -1,  s  -  -1  and 

2  w 

point  lying  on  the  panel 
2*rs  If  rs  -  1 
wrs  If  rs  ■  -1 


O'  has  no  straight  edges 
(J.8.161) 

(J.8.162) 


In  general  we  write 


J’  I  h  -0  *  ?{rs  +  3) 


(J.8.163) 
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Of  additional  Interest  Is  the  jump  In  J  and  the  average  value  of  J.  In 
order  that  we  might  define  the  jump  In  J  we  must  define  It  by 

[J]  -  [J(P  +  *n)  -  J(P"-  «n)]  (J.8.164) 

The  average  value,  ttie  average  of  these  two  quantities.  First  let 

s  -  1.  Here 


[J]  ■  -2  IT  -  (2»)  “  — 4  TT 

(J)Av  -  ^(-2*  +  2«)  -  0  (J.8.165) 


Next,  considet  rs  -  -1.  Here 
[J]  -  2. 

(J)Av  -  0  (J.8.166) 

Finally  let  r  «  -1.  Here  we  must  proceed  very  carefully.  First  we  must 
recall  that  a  panel  may  Influence  a  point  only  when 

slgn(h)  s1gn(n,c0)  -  1  (J.8.167) 


Next,  we  must  compute  the  sign  of  h  for  field  points  lying  just  above  the 
panel  (*  +  *n)  and  for  points  just  below  the  panel.  Now 

s1gn(h(P>  +  ci))  -  +  1  (J. 8.168) 


Thus, 

[J]  .  it  s  ign(n,c0) 

( J ) Av  *  J  (J.8.169) 
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J.9  Far  Field  PIC's 

Ir,  this  section  we  discuss  the  computation  of  PIC  matrices  under  the 
assumption  that  the  control  point  P  is  sufficiently  far  from  the  panel  center 


Q0  that 

R-CP-Q.P-Q]* 

(J.9. 1 ) 

may  be  expressed  as  a  power  series  in  entries  of 

a?  ■  Q  -  Qo 

(J.9. 2) 

where  Q 

Is  a  point  of  integration. 

J.9. 1 

The  Basic  Principle 

Without  any  loss  of  gener-al  1  ty ,  we  may  assume  the  panel  center 
at  the  origin  of  the  coordinate  system,  and  then  define 

Qo  lies 

1  ^  1 

P  -  [P  -  Qo.  P  -  Qor  ■  [P,  P]? 

(J.9. 3) 

and 

Q  -  [C]  (Q  -  Q0)  -CO 

(J.9. 4) 

Then 

1  -*■  Jl 

J-  -  [P  -  Q.  p  -  Q]^  - 

(J.9. 5) 

(CP,  P]  -  2CP,  Q]  ♦  CO.  Q1  )T 

(J.9. 6) 

.  :t,  ,j4  (1 .  a^_ai  . 

(J.9. 7) 

-  \ « -  V  *  v>4 

(J.9. 8) 

Applying 
terms  in 

the  binomial  theorem  and  retaining  only  the  quadratic  and 

l5l  /p. 

lower  order 

(J.9. 9) 

J.9-1 


% 


/ 


■hr-j£-i  V‘| 

(J.9.10) 

We  note  that 

Q  •>  [C-l]  Q 

(0.9.11) 

and  thus 

0 '  o  -  5  Oi  tc-^u  Oj 

(J.9.12) 

Thus  (J.9.10)  becomes 

■  G(0)+  \  G1{l)4l  ♦  I  G1j(2)Q1QJ 

(J.9.13) 

where 

g(o)-  J. 

(J.9.14) 

is  a  constant, 

ca>4 

(0.9.15) 

is  a  vector  of  length  3,  and  g(Z)  is  the  3x3  matrix 

^ 

(J.9.16) 

But  substituting  (J.9.13)  Into 

Hs.-if/Jas 

(J.9.17) 

we  see  that 

<*s  -  -6(0)  $i  odS  -Z  6l(D  if  ,  Q<  dS 

“  Gij{2)  Si  a  QiQj  dS 

(J.9.13) 
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But  the  integrals  depend  only  on  the  pane!  and  not  on  the  control  point.  In 
fact,  the  integrals  are  defined  by  the  far  field  moment  matrices  (cf (1. 4. 3-5)) 


i  1/  n  dS  =  l^MiSj 


|  c  Q  dS  -  [fFM^ 


^1 

04 

°9 


04 

09 


(J.9.19) 


(J.9.20) 


and 


r  ^ 

°1 


\K  //  a  Q-jQj  dS  -  £  (FFM3S,0)  ijt  \  • 


Now,  by  definition, 

*S  -  [picsi.J 


/  ^ 
°1 

i. 

09 


and  so 


[P!CS]lf1  .  -G^FFM^, 


(0.9.21) 


(J.9,22) 


,  -  J  G^)  [FFM2S]n  _  E  {FFM3G1O)  ^ ,  ( J.9.23) 

> 

* 

Thus,  based  on  the  assumption  that  1/R  may  be  approximated  by  a  power  series 
in  Q,  we  have  computed  the  source  potential  PIC  as  a  sum  of  matrix 
multiplications. 


J.9-3 


J.9.2  Computation  of  the  Gradient 

In  this  section  we  compute  a  power  series  expression  forVpfl/P).  We 
write  xi  for  the  1th  component  of  location.  Then 


4  (if>  •  r;;  [T-o. 


-  -  f  [P  -  Q,  p*-  Q]  7  ;J-  [P  -  Q,  r.  Q] 


,  ^-3  _ 

~2  [P  -  Q,  p“-  Q]  7  (CP.  P]  -  2 [IP,  Q]) 


'  -  ^  5k)  ll  f)  *  (>  '  ^  *  [f^)  ? 


( J.9.24 ) 

(J.9.25) 

( J.9.26 ) 
(J.9.27) 


where  P  -  [C]  P 

Applying  the  binomial  theorem  and  retaining  quadr^tir  and  lower  order  terms, 

fxiT  W  ‘ 

^)2 


-(Pv-  Qk)  (  p-j  ”  '7,?T 

We  now  note  tnat 

l  r i, 


i  *  lilll  _  1LM.1  *  li&jQi 


2pT 


2p/ 


(J.9.28) 


( J.9.29) 


Qk  ”  QikQk 


and 


Thus 


[Q.  Q]  «  ^  0 i 0 1  *  t  tjQiQj 

3,1.  -Pk  +  i  n  ,Cik  3*plPk. 

»«•?  V-p7‘  iQllp-J'  •  >T-I 

*  f  ,J  Vf1  ,3flCik  *  3fkCU  *  »jOk  •  15  -’-[4-1 


(J.9.30) 


(0.3.31) 


J.9-4 
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We  no#  apply  -c~l  and  note  that 


£  piQi  -  ^  PjQi 


(0.9.32) 


to  obtain 


{-  '{'))  k  - 


k  .  L  pr  »  3  P •< P l 

P7  i  Oj(-[C'l]u  * 

•  7  fj  7?1  *  JPkCC-ljy  .  31-jtC-l],,  .  ‘4  P|Pj 


fipjpk) 


It  #e  define  a  3x3x3  tensor 
-  3 


ij* 


75  (PsCc-Mjv.  -  pjCc-^ik  *  Pktc-ijij)  ♦  is  PiP ^ 


(J.9.33) 

(J.9.34) 


#e  obtain 

J-C-iv0(^)J  k  „  Gkfl)  *  z  Q j  g42)*  l  Q^Qj  g^J) 

1 J 

J.9.3  Source  Velocity 

ve’ocit^6  "0W  ^  position  t0  cofflP^«  *  far  field  expression  for  >our=e 


(0.9.35) 


Since 


S'  r  *  H  «Vp(|)  dS 


C-lvs  -  1  J/0[-C-Ivp(J)]  dS 

So>  (c_1  vs]  k  * 

G|c(i>  ’  ~  SS  0  dS  ♦  I  fijjP  .1  )'S  c  Qi  dS 
*  ?  tj  *  r  K  ®  QiQj  dS 


(J.9.39) 

(0.9.37) 


(0.9.38) 


0.9-5 


-v-tut  r*  - 


* 
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Applying  the  definitions  (J. 9. 19-21)  of  the  source  far  field  moments, 

Z.  [C^lki  [PICVi.il  «  41] 

+  z  W  [FPM2S]n  +£  6(}{  |FFM^*0j  ij,  (J.9.39) 

Note  that  the  ( i  +  1 ) th  row  of  [PICS]  defines  the  ith  component  of  the 
source  velocity. 


J.9.4  Doublet  Potential 
We  have 

#d  »  i  ft  Mh  -Vg(J-)  dS  ( J.9.40) 

8jt  ..  ^ 

n  •  Vg  •>.  n  •  Vg  «  n  •  (-  Vp)  ■ 

-nT[B]vp-  ( J.9.41 ) 

(applying  (F.2.9)) 

-nT  [ss^C-l]  Vp  «  S82  n  •  (-C^Vp)  (J.9.42) 


Thus 


<g  «  //  wh  •  (-C-^  Vp(jj-) )  dS 


(J.9.43) 


ui1' 

k  K 


#  u  nk  dS 


*  1Ek  Gif1  f  ft  u  Qihk  ^ 


ijk  IV  ft  u  Wj  ’  dS) 


(J.9.44) 


Recalling  the  definitions  (1.4.14  16)  of  the  un symmetrized  doublet 
potential  far  field  merits  we  see  that 

Q0  .  £  gJ11  [FFMj Jkl  u,  ♦ 


|kl  G(il  (FFM2D.O)  1k1  U1  ♦ 

L,  6$  (FFM2°’°>  ijkl  “1 


( J.9.45) 


% 


0 


velocity  far  field  moments,  we  have 

"d  -  \  (G(1))  x  CFFM4D1.,1  Ml 

♦  (G(.?j)  x  (FFMgO)  <t1J  ul 

*  ,  (6.!1!j)  *  (FFM60,°)  . ,  1 , j ,  1  mi  (J.9.51) 

Thus  £  [C*^]|<i  [PICD]-|+iti  Is  the  kth  entry  of 

G(1)  x  [FTM4^]>t i 

^  (6(5!)  x  (FFM50)  .(1>1 

+  1J.1  X  ^FFMg°*0)  .jj,!  (0.9.52) 

J.9.6  Symmet>-;zation 

mlt  Is  easy  to  see  (cf. (0.9.14-16)  and  (0.9.34))  that  the  tensors 
G  ,  1  «  1,2,4,  are  symmetric.  This  leads  to  a  potential 
computational  saving  in  computing  far  field  PIC's.  For  we  may  symmetrize  the 
far  field  moments  and  multiply  them  by  the  symmetric  portion  of  the  tensors 

g  . 

For  instance, 

ill  l  W  (FF"*D'0)  .M  ' 

1  V!  g\Vi  (FFM2D.O)  1kl  *  (FFM2D.°)  kil)  +Gi?}  (FFM2D.°)  in 

1*1  K*I 

(0.9.53) 

(2) 

Thus  our  summation  requires  only  6  entries  of  G. 

He  now  discuss  the  symmetri zation  in  a  systematic  manner. 


0.9-8 


v 
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Source  Potential 

Let  3M  be  the  vector-  of  length  s. 

■  Gk| 

.  (2}  (?)  k  * 

5k^  =  ®i(k],j{k) 

where 

H*<)  =  k  ( mod  3)  +  i 
j(k)  *  (k  +  2) (mod  3]  +  I 

Then,  from  the  definition  M  4  o)  nt  e  . 

yields  u  ,v>  of  £he  symmetric  ion  of  a  matrix 


( J.9.54) 


(0.9. 55 ) 
(J.9.23J 


(PIC5JlJ  *  50  l  +  Gj(1)[fFM2S]n 
+  ii  g*!2)  ^^kl 

J.9.6.2  Source  Velocity 

Let  us  define  [G]^  as  the  6x3  matrix: 

&kii4)  -  Guilin 

Gk^!n  -  J(k),n 

Then  (J.9,39)  becomes 

^  C^'^Jki  CPICSj+1j]  . 

*  *W>  [""3s]  t, 


(J.9,56) 


(0.9.57) 


1-3.9.58) 


*> 

■' 


J.9-9 


.  -v^n  .,wii<iiV» 


J.9.6.3  Doublet  Potential 

;(4) 


Let  us  define  G  as  the  vector  of  length  10: 

k  =  1,2,3 


^4|  -  48 


+3  =  Gi(k) ,J(k),k 

Mo5  -  2(2] 

Then  (J.9.46)  becomes 

[PIC°]i(i  » 

Jal  fii1}  CFFMlD]k  ♦  Jt:  3k(2)  [FFM20]kl 

+  kfl  ^4)  [FFM30^1 

J.9.6.4  Doublet  Velocity 
Finally  (J.9.52)  becomes 


3 


l.  CC-l]ki  [PIC°]i+i ,1  -  the  kth  entry  of 
«1  ’ 


(G(1))  x 


[FFM4°]>ti  ♦  i  i  k)  x  (FFM5O)  >fJ 


+  &  x  (FFMfiO)  1fJ 


(J.9.59) 


(J.9.60) 


1 

( J.9.61 ) 


J . 9—10 


J.  10 


Line  Vortex  PIC's 


The  line  vortex  term  of  the  velocity  is  given  by  (cf . (B.3.55)} 

V  -  h  J  u  v(r)  *  tJ.10.1) 

<  ssnop  K 

Differentiating  in  compressibility  coordinates  yields 

V(jj-)  -  -SB2  (Q  -  ?)  /R3  (J'  10.2) 


and  thus 

VQ*  -  /  h  (Oo-Po)  x*l  (J.  10.3) 

*  aSnDp  P4 

In  general,  the  doublet  strength  is  assumed  to  be  continuous  everywhere, 
and  thus  the  line  vortex  contribution  to  the  velocity  cancels  and  may  be 
ignored.  In  addition,  evaluation  of  this  Integral  Is  not  possible  In 
supersonic  flow  without  additional  assumptions. 

In  subsonic  flow,  however,  the  Inclusion  of  a  "line  vortex"  corresponding 
to  a  discontinuity  in  doublet  strength  may  be  meaningful  (see  Appendix  B). 

The  option  Is  not  available  in  version  1.0  of  Pan  Air,  but  the  theory  is 
Included  here  as  background  material.  In  this  section,  we  compute  the  3x3 
matrix  which  gives  vq  In  terms  of  u  ,  up,  and  u+,  the  values  of 
doublet  strength  at  the  Initial  point,  center  point,  and  endpoint  of  a  line 
segment,  such  as  a  panel  edge. 

J.10.1  Computation  of  vq 

Now  along  a  straight  segment  of  it  0,  we  have 

&0  -  t0  ds0  ( J.  10.4) 

where  t0  denotes  the  unit  edge  tangent  in  reference  coordinates  and  d$n 
denotes  the  element  of  arc  length.  Also,  as  one  moves  along  such  an  edge,  the 
point  of  integration  Q0  varies  according  to  the  rule 

Qo  -  Qo  (o)+  |  d$  ( J. 10.5) 


V(j-)  x  &0  -  -SB2  Jf  (tfo(o)  "  *o>  x  ( J.  10.6 ) 


J.10-1 


Substituting  this  into  equation  (J.10.3)  we  obtain  the  line  vortex  velocity 
due  to  a  straight  segment  of  edge  E 


V  ■  -V-2-  (Qo(°>  -  P.)  «  to)  1  "  ■■ 


ds0 


( J. 10.7) 


This  equation  motivates  us  to  define  the  Integral 
f  u  ds0 

Ul  »  J - 1  •  • 

E  R3 


:  j. 10.8) 


so  that  v[)  is  given  by 


V 


=2~  ((Q0(o)  -  P0)  x  t0)  « 


( J.10.9) 


Thus  V0  Is  a  constant  vector  times  the  integral  u>.  We  evaluate  u  by 
applying  a  coordinate  transformation  from  the  reference  system  X0  to  a  local 
coordinate  system  X'  such  that  in  X',  the  element  of  arc  length  along  the  edge 
Image  is  ds'l  *.  sqdx'.  Our  new  coordinate  system  Is  defined  by 

I  edge 

the  transformations 


X0  >  X  >  X  *  A  »  X' 


( J. 10. 10) 


The  transformation  r  is  discussed  In  Appendix  E.  The  coordinates  X  are 
compressibility  coordinates,  while  E  is  a  scaling  transformation, 


1 


(J.10.11) 


We  define 


|(t,t)ji/2 


fstx  a  0 

"l  0  0 

1  -So  stx  0 

0  ty/ ci  1 2  /  01 

1 - 

O 

o 

-Q 

1  _ 

_0  /*  ^y/ ®  - 

(J. 10.12) 


where 


t  .  E  r  t0 

a3  -  tx3  +  ly2 
q  -  sign  [t,  t] 


(J. 10.13) 


Before  proceeding  further,  we  noU  In  passing  that  when  t0  is  chosen  to  have 
the  normalization 


[to*  *0]  *  d  ■  *1 


(J.  10. M) 


J . 10-2 


then  t,  t,  and  t',  defined  by 


t  *  £  t 
t  *  A  t 


retain  th>s  normal  1 zation 

[t,  t]x  *  [t,  t]j  *  [t'(  'H'lx1  *  5 


Because  of  this  nice  property,  we  will  assume  that  tq  has  the 
normalization  (J.10.14).  We  can  now  prove  the  two  Identities 

ds0  -  |£0|  ds • 

ds'  «  sq  dx ' 


The  first  Identity  is  proved  by  the  calculation 

(ds1)2  -  (?'  ds')  •  (t1  ds')  -  t  cTx ' )  •  (8x ' ) 
.  (ffi  r  3x0)  •  (AE  r  dx0)  - 
(AE  r  t0  ds0)  •  (At  r  t0  ds0)  - 
(ds0)  2  | AE  f  t0|  2 

New  since  t0  -  t0/|t0|  *  find 

ids')2  -  (ds0)2  | AE  r  t0|  2/|t0|2 
-  (ds0)2  |t'|2/|t0l2 

where  we  have  used  equation  ( J.  10. 15)  to  notice  that 
t'  -  AE  r  t0  .  S  t 


The  quantity  A  t  <s  readily  computed: 


A  t 


‘  W2 


sq  m,  V\ 


( J. 10. 15) 

( J. 10. 16) 

(J.10.17) 
( J. 10. 18) 

( J. 10. 19) 

(J. 10.20) 

(J. 10.21) 

(J. 10.22) 

(J. 10.23) 

J. 10-3 


>  -VIJr.UM  -L- 


Invoking  the  normal  1 zation  condition  (J.10.16)  we  then  find  thjL 


A  t  -  sq 


s]  • 


|  A  1 1  ■  1 


(J. 10.24) 


Using  this  In  equations  (J. 10. 21-22)  then  yields  the  required  identity 

|t0|  ds1  -  ds0  (J. 10.25) 


The  second  Identity  (J.10.18)  can  be  proved  by  noticing  that 


t' 


t1 


“  V-T 


t sq 


(J. 10.26) 


The  identity  dx'  ■  t’ds'  then  provides  the  desired  result  as  follows 

-  *  f  sql 

dx*  -  t'ds'  -  |0  }  ds'  (J. 10.27) 

0 


i 

* 


It  should  be  noted  that  the  ratio  of  arc  elements,  |t0|  (cf . ( J. 10. 17) .  is 
closely  related  to  the  quantity  t  defined  by 


T2  .  |[t0,  t0]| 


To  see  this  relationship  note  that 


t0  -  — 


(J. 10.28) 


(J. 10.29) 


Ifto.  V#/2  T 

Taking  norms  and  remembering  that  |t0|  ■  1,  we  find 

l?oi  (J.10  30) 

The  next  piece  of  information  we  will  need  is  the_form  of  the  function  R 
in  the  coordinate  system  X'.  Using  the  fact  that  in  X,  R^  is  given  by 

R2  -  U  -  x)2  ♦  s(n  -  y)2  ♦  s(;  -  z)2  (J.10.31) 

one  may  then  use  the  definition  (J.10.12)  of  A  to  compute  R2  in  X'.  One 
quickly  finds  that 

-  -r)2-xc  -«■)*  |J  10  32) 


J . 10—4 


_  ■—  r-1-*  —  »• 


If  we  now  define  the  edge  variable  v  and  the  edge  parameter  g  by 


(•J. 10.33) 
(J. 10.34) 


V  •  £'  -  X  1 

sqg2  -  sq ( n '  -  y'  )2  *  s( -  z'  )2 

one  quickly  obtains  the  necessary  expression  for  R? 

r2  ■  qv2  +  sq  g2  (J.10.35) 


We  may  now  write  the  integral  w  in  the  concise  form 


[  It0|  ds 1 

■  {  M  R?  ' ' ' 


S£  J _ M  jl  V _ 

*  E  ^  qv?  V  sqg^  ^ 


(J. 10.36) 


Now  on  a  given  edge  E,  u  is  assumed  to  be  a  quadratic  function,  completely 
determined  by  Its  values  at  the  lower  and  upper  endpoints  v_  and  v+  and 
at  the  midpoint  vq  «  1/2  (v.  ♦  v+).  The  corresponding  values  of  u  are 
denoted  u_,  u+,  u0.  As  a  function  of  v,  u  may  be  written 


U  -  w(v)  «  M-  f-  (v)  +  U0  f0  (v)  *  V*  ( v ) 

(M 

-  ,_U-  U0  U+J  {  f0 

lf*J 


(J.10.37) 


where  the  functions  f  are  defined 


f_  fv) 

<v) 

U  (v) 


(v  -_v0)(v  - 
(v'_" VoTfvV  -  v+T 

(v  -  v_)(v  -  v+) 

(V0  -*  V.T(V0'  '“v+T 

(v  -  V  — ) ( V  -  Vq ) 

rvV-v;)TvV“voT 


(J. 10.38) 


If  we  Introduce  the  basis  functions  t0  (v),  (v),  #2  (v)  by  the 

definitions 


Av  ■  v+  -  v_  ( J. 10. 39) 

#0  (v)  ■  1 


J. 10-5 


V  - 

*l(v)  *  - 

7  4V 


*  1 - , 

7  (av)2 


)2 


-  1 


(J. 10.40) 


we  see  that  the  f  functions  can  be  written 


rl 
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r 

,  % 

7 
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*0 
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*  m 
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0 

-i 

< 

*1 

f* 

k 

0 

mm 

1 

7 

i 

7- 

*2 

(J.10.41) 

Substituting  (J. 10.40)  into  ( J. 10. 36)  and  thence  into  (J.10.35)  we  obtain  for  w 
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-  LU-Uou^j 
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0 
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~7 

0 

1 

7 

-1 

1 

W  1 

7 

7 

7j 

l 

[tf 

l*2  J 


dv 

rJ 


ri  i  ll 

f  X 

7  T  7 

“ol 

0  0-1 

« 

"1  f 

1  1  1 

.7  7  7a 

l“2  J 

where  u)  are  defined  by 
“i 


hJ  *4v 

T  r  R3 


(J.10.42) 


(J. 10.43) 


The  functions  uj  can  be  computed  by  repeated  integration  by  parts.  In  doing 
this,  we  treat  the  general  case  of  a  quadratic  basis  function  4.  We 
consider  then 


.<*>  ■  f  S  -rrrH 

y  qv‘  ♦  sqg^ 


<  J. 10. 44 ) 


U  .  4 


dV 


dv 


^qvz  +  sqg‘ 


dli  ■  4'  (v)  dv 


sqg 


sm 


(J. 10.45) 


J. 10-6 


Again  integrating  by  parts,  let 

u-#'(w)  dv .  yx 

dU  { v )  dv  v  .  qR 

Thus, 

“(4)  “  rT  -  •'**  *  **"  J  Rdv] 

Now,  note  that 

ji(«R)  .  r  *  Iji  -  r  .  “T^sqsi 

Consequently 

/Rdv  »  y  [vR  ♦  Sqg2  Jdv/R] 
and  we  obtain  for  <*(#). 


jf<1  '  7^7  *  #dR  *  ar~  (*R  ♦  sqg^I (4#)] 


v+ 


where,  of  course,  I(i|l)  is  given  by 

!(♦) 


.  fp.  .  ?,og  Ht 

3  *  -ph  { v ,  R ) 

► 


q  -  ♦! 
q  -  -1 


(J. 10.47) 


(J. 10.48) 


(J. 10.49) 

(J. 10.50) 

(J.10.51) 


(J. 10.52) 


J. 10-7 


■  -fluua/mam 


We  now  apply  the  formula  (J. 10.50)  to  the  evaluation  of  jj,  i  *  0,  1,  ?. 


First  M0.  j.  r .  l«l/t  (!j . 

engc  *  |  sqg*-  *  " 

R_v*  -  R»v.  R_v*  *  R+v_ 

*  iqg7  — *'+*: —  o;*i^r 

( J. 10.53) 

sq/T  sqg2(vt.2  -  v.2) 

‘  ^qgT‘  (rjcnr.v* 

(J. 10.54) 

19.  24v  v° 

*  T  OVflT.vV  ♦'T+V.T 

; J. 10.55) 

where 

v0  •  y(V.  ♦  v* ) 

(J. 10.56) 

In  perpfrmfna  this  evaluation,  we  have  tak.en  special  care  that 
that  g2  a  0  not  cause  any  difficulty. 

the  possibility 

Next,  we  consider  «j,  which  corresponds  to 

♦l(vj  -  -1 

♦  l(v)  -  -1 

#l‘  -  -21 av 

( J.10.57) 

Using  equation  ( J. 10.50)  we  find 

“1  "  C**'  *  *C  '  i?(R*  ‘  RJ] 

(J. 10.58) 

After  considerable  manipulation,  one  then  finds 

“1  ■  -  i  ]2  — S — 

trv7Trr 

where  the  overscore  denotes  the  average  value  of  the  quantity 
upper  endpoints.  Finally  we  compute  *2,  which  corresponds  to 

(J. 10.59) 

at  the  lower  and 

#2<v+)  “  *2(0  -  0 

#2'  (vt.)  ■  -#2‘  (v.)  - 

#2"  -  — ®— « 

2  UO* 

(J. 10.60) 

J.10-8 


0.10-9 


* 


:•  -MV*  *■  '•*— 


J.  11 


Singular  Behavior  of  Integrals 


In  this  section  we  will  examine  the  behavior  of  the  perturbation  potential 
and  velocity  induced  by  a  discontinuous  source  strength,  a  discontinuous 
doublet  strength,  or  a  discontinuous  doublet  gradient.  It  can  be  seen  that  no 
generality  is  lost  by  examining  the  potential  and  velocity  induced  by  various 
non-zero  source  and  doublet  distributions  on  the  triangular  region  in  figure 


J.31. 


We  will  consider  the  cases  of  discontinuous  singluarity  strength  or 
gradient  across  edges  in  subsonic  flow,  and  subsonic,  supersonic,  or  nearly 
sonic  edges  in  supersonic  flow.  The  case  of  t  -  0,  Mw  »  0  wi 11  be  of 
sufficient  generality  In  subsonic  flow,  For  supersonic  flow,  the  cases  of 
subsonic  and  supersonic  edges  may  be  treated  by  considering  edge  3,  and  e  a 
small  positive  or  negative  real  number  Finally,  the  compressibil ity 
direction  may  always  be  taken  to  be  the  x-direction,  except  when  considering 
the  case  of  a  superinclined  panel.  Thus  with  the  exception  of  this  last  case, 
the  reference  to  local  transformation  (cf.(E.O.l))  is  the  identity. 


In  the  sections  which  follow,  we  will  first  compute  the  potential  and 
velocity  Induced  by  the  three  discontinuities  in  singularity  strength  or 
gradient  in  terms  of  edge  and  panel  functions.  We  will  then  evaluate  the 
computed  expressions  for  each  of  the  flow  regimes.  We  will  borrow  heavily 
from  the  notation  of  Section  0.6,  especially  0.6. 1.4  and  0.6.5. 


0.11.1  Piscontinuous  Source  Strength 

The  source  strength  may  be  discontinuous  across  a  panel  edge  in  such  a 
fashion  that  the  discontinuity  retains  the  same  magnitude  along  the  entire 
edge,  in  which  case  the  tangential  derivative  of  source  strength  is 
continuous.  On  the  other  hand,  the  magnitude  may  vary,  in  which  case  the 
tangential  derivative  is  discontinuous.  The  two  representati ve  cases  are  the 
constant  source  strength 

ai(x,y)  -  1  (0.11.1) 


and  the  linearly  varying  strength 
o2(x,y)  -  1 


(0.11.2) 


We  will  now  consider  the  potential  and  velocity  induced  by  oi  and  o2. 


0.11-1 


We  recall  the  definition  of  [S01 


Applying  (0.6.25),  we  have 


and 


bi  +  bd\  -  b2  -  bdg 

ai^l  *  Bll  -  *1^*2  -  012 

92^1  +  021  -  *2^2  -  022 

ad\  -  hr  ( Ga ) i  -  a?2  +  hr  (G$)2 


where  ?,  b,  a,  1),  and  B  are  the  fundamental  integrals  of  Section  0 


the  local  coordinate  value  of  the  field  point. 


(0.11.3) 

(0.11.4) 

(0.11.5) 

(0.11.6) 

(0.11.7) 
6.5,  and 

(0.11.8) 


0.11-2 


We  first  consider  the  potential  and  velocity  Induced  by  the  source 
distribution  gj. 


We  have  (cf.  J.6.179) 


r  /  r  *k *  \ 

S  Rd#  -  2«|h|  C0) 

*k" 


(cf(J.7.5)) 


T  fjk(X) 

-  (cf (J.7.3),  (J.7.12),  (0.7.27),  (0.7.34)) 

^  E  *kdk^k 

when  ( cf  (J.7.3)) 

J  -  E  h  Jk(\|>)  -  2n  slgn(h)  C0 

Is  the  panel  function  and  Ik  Is  the  edge  function.  Ik  and  Jk  are 
defined  by  (J.7.1)  and  (J.7.2)  respectively. 

Next,  we  have  (cf(J.6.174)) 

a  “  T  J 


(J.11.9) 


(J. 11  - 10) 


(J.ll.ll) 


( J.11.12) 


( J.11.13) 


and  ( cf ( J .6 . 185 ) ) 


Thus  we  have 


a  “  k  k  ^kdkJk 


*s,l  ■  b  *  0  -  jj  £  akdk^k 

(v*,l)  x,y  ■  ^  <  ^^kdk^k 

Ns,l)  z  -  *  -  -jf  J 


(0.11.14) 

( J. 11 .15) 
(J.11.16) 
(0.11. 17) 


0.11-3 


Next  we  -.onsHar  the  potential  and  velocity  induced  by  the 
distribution,  We  have  (cf (J.6.195)) 

j<  'JkQk  A^Rv*  "  ^  k  *k^k2  +  qkh?)  Ik 

Thus 

i s 1 2  ■  -  fig  +  b(?i  -  $2)  “ 

'  h  J  (%1  -  *k,2)  «k  *(*')  -  2<  J  «k,l  “  vk,2)  (ak2  • 
+  *s,l  (*o‘  -  yo1) 

Next,  by  (J.6.201) 

[B]  -  b  I  +  E  f^akvkT  Ik  *  ^  £  Qk^kV^R 

Thus 

^s,2,x  -  -  4)  +  BU  -  B12  ■ 

Vs.l.x  (x0‘  -  y0')  +  *s,l  * 

T  J  *k,l  *k<^k,2  -  3k, l)  Ik  + 

£  k  qk  "M(*k,l  *  ^k,z) 

Similarly,  ^ 

vs,2,y  ■  *2^1  -  °2>  *  b21  -  B22 
-  vS,l,y(V  -  y0')  -  *s,l 

+  T  £  "k,2  ak(^k,l  -  'Ik, 2)  Ik 

+  £  £  <!k*k,2(*k,l  -  ?k,2)  *R 

Finally,  . 

vs,2,z  -  »(?1  -  h)  ~  hr((6*)i  -  (G#)2) 


second  source 

( J. 11. 18) 

qkh2)  Ik 

(J.11.19) 

(J. 11.20) 


(J. 11.22) 

(J.11.23) 

(J.11.24) 

(J.11.25) 


J . 11—4 


/ 


* 


/ 


Now, 


Gn  ■  0 


CJ.ll.26) 


and  so 

vs, 2, z  -  vs,t,i(x0'  -  yo') 

-~-l  (*k,l  -  nk,2)  <?k>k  (J.  11.27) 


J. 11.2  Discontinuous  Doublet  Strength 

A  complete  discussion  of  the  potential  and  velocity  induced  by  a 
discontinuous  doublet  strength  would  require  consideration  of  a  varying 
doublet  distribution  as  well  *s  a  constant  one,  in  parallel  with  the 
discussion  on  discontinuous  source  strength.  This  process  would  be  lengthy, 
however,  and  not  contribute  any  additional  insight,  and  so  will  be  neglected. 
We  thus  consider  a  panel  with  constant  doublet  strength  u  *  1  only. 


J. 11. 2.1  Doublet  Potential 
Ue  have 


1x10 

*0  -  C°oh,. 


UnnJ 


(0.11.28) 


where  0o  is  given  by  (0.6.253),  and  u0  -  1,  while  all  other  coefficients 
are  2ero. 


Thus 

^0  ■  ra  ■  0 


(0.11.29) 


.=£(£»>  0(4*)  -  2w  sign(h)  C0) 


(J.11.30) 


J. 11.2.2  Doublet  Velocity 

To  compute  the  velocity  indeuced  by  a  discontinuous  doublet  strength,  we 
must  use  the  results  of  Section  J.10.  We  consider  (J, 10.41)  in  light  of  the 
fact  that  v  ■  1  on  the  entire  panel.  Thus 

Ml  »  vq  ■  m+  "  1 


r 


m- 


J. 11-5 


4 


and 


(J.11.32) 


Combining  (J.10.9)  and  (0,11.32) 

^D?edge  ■  ((Qo  ~  Po)  *  t0)  “o  (0.11.33) 

where  Q0  Is  any  point  on  the  edge.  From  (0.10.52), 

•0  "  Tp  $  ’  5?  (0.11.34) 

and  thus 

^otedge  •  “  ft)  •  ^o)  x  to  (0.11.35) 

0.11.3  Olscontlnultltes  In  Doublet  Gradient 

Since  a  discontinuity  In  the  tangential  derivative  of  doublet  gradient 
produces  a  doublet  discontinuity  of  the  type  we  are  neglecting  to  consider,  we 
need  only  consider  a  discontinuity  in  the  normal  derivative  of  the  doublet 
gradient  across  a  panel  edge.  It  Is  clearly  not  possible  to  find  a  panel  with 
a  quadratic  doublet  distribution  which  has  zero  doublet  strength  on  Its 
perimeter  without  being  Identically  the  zero  distribution.  Thus  we  look  at 
the  effect  of  a  discontinuous  doublet  gradient  across  a  single  edge  of  the 
panel.  We  must  later  consider  the  possibility  that  some  '  the  singular 
behavior  of  the  Induced  potential  or  velocity  Is  artificial,  resulting  from 
the  Isolation  of  a  single  edge.  That  Is,  the  contrluutlon  from  a  neighboring 
panel  may  cancel  the  contribution  from  this  panel  edge. 

We  thus  assume  that  the  coordinate  system  Is  translated  so  that  it  lies  on 
the  kth  edge  of  our  triangular  region,  k  ■  1,  2,  3,  aid  that  the  doublet 
strength  on  the  panel  Is  given  by 

uk  (Q)  *  tf  •  "k 

where 

nk- Tit*  (4.11. 36) 


and  ltk  Is  the  outward  pointing  edge  normal,  normalized  by  (J.6.43)  and 
(J.u.45).  Thus  u  ■  0  on  the  kth  edge,  while  the  normal  derlvatrlve  of  u  jumps 
by  2  on  the  edge. 


J.  11-6 


/ 


Thus,  applying  (J.6.240)  and  (J.6.253),  the  potential  and  velocity  induced 
by  uk  is 

1  2 


'  A 

1 

ra  |  ra3T  -  h  (Ga)T  “ 

’  0  ' 

.  2 

► 

O'  ra  I 

1 

4 

— 

k  1 

_0  'i-(Gi)  T 

.  «ic  . 

(J.ll.37) 


We  now  recall  that  reference  and  local  coordinates  are  Identical.  Thus 
(cf (0.6.39)  and  (J.6.46)) 


¥ 

if 

4  a  1  -i 

*k  -  •  nk  -  -  f  d  •  nk 

(0.11.38) 

and  (cf (J.6.44),  (J. 6. 49-50),  and  (0.6.55)) 

(G  nk)-  nk  -  t)k  •  ffk  .  qkrT 

(0.11.39) 

f 

Thus, 

d  -j  ra  cJT  nk  -  h  (Ga)  T  nk 

A 

*  -ra  Tak  -  h  (Ga)  T  nk 

(0.11.40) 

Thus, 

by  (J. 11. 13-14),  and  (0.11.39)  the  contribution  due 

to  the  kth  edge  Is 

f 

1 

h  •  Jk-k  -  r^  -  h 

(0.11.41) 

Next, 

'■f&J 

(0.11.42) 

Thus 

vk,x,y  ■  Jk  ^k 

(0.11.43) 

while 

j4  -rs  , 

vk,z  "  —  Ik 

(0.11.44) 

This  concludes  our  reduction  to  fundamental  Integrals  f  the  potential  and 
velocity  due  to  discontinuous  singularity  strength  or  gradient.  We  now 
consider  the  behavior  of  the  panel  function  J. 


J. 11-7 


i 


A.  _ 


/ 


J.11.4  Singularities  of  the  Panel 
The  panel  function  J  Is  defined 


Function 

by  (J.11.12)  where  (cf  Section  J.7) 


JkW 


-1 

IT 


ph { hr ,aR) 


(J. 11.45) 


We  also  have 
J  - 


(cf.J. 8. 105-106) 

-sign(h)rs  2*  -  E 
edges 


+  Z 
corners 


Ph(xk,k+1»  Yk,k+l) 


(J. 11.46) 


where 

xk,k+l 

Yk,k+1 

J. 11. 4.1  The  Plane  h 


-h2r$  <tk,  tk+i>  -  rakak+i 
R|h!  |tkxtk+l| 

0 


(J.11.47) 


We  see  that  a  possible  region  of  discontinuity  for  J  is  the  plane  h  -  0. 
On  this  plane, 


■V 


b. 


xk,k+l  -  -rakak+i 

Vk,k+1  -  0  (J.11.48) 


Thus  J  is  not  readily  defined  on  the  h  ■  0  piane  whenever  a  -  0  for  some  edge, 
that  is,  whenever  the  field  point  lies  on  the  line  containing  the  edge.  In 
addition,  on  all  Mach  lines  downstreasm  from  the  panel  corners,  the  number  of 
edges  or  number  of  corners  In  D«  may  change,  and  thus  J  may  experience  a 
jump.  In  figure  J.32,  we  Illustrate  potential  lines  of  discontinuity  for  the 
expression 


°+  "  J  "  'rs(2v  -  +  l  ph(-rakak+i»  0V})  (J. 11.49) 

These  lines  Include  some  which  are  upstream  of  the  panel  and  thus  apply  only 
in  subsonic  flow. 


We  now  claim  that  J+  has  a  constant  value  on  the  exterior  of  the  panel 
and  a  (perhaps  different)  constant  value  on  the  interior  of  the  panel.  This 
assertion  may  be  proved  by  careful  examination  of  the  behavior  of  J+  in  the 
vicinity  of  a  Mach  line  or  a  panel  edge  extension.  In  any  region  which  does 
not  contain  such  a  line,  the  number  of  corners  and  edges  in  Dp  is  a 
constant,  while  in  addition  akak+i  never  changes  sign,  and  thus  J+  is  a 
constant. 


J. 11-8 


.1 


**«*■** 


ASS&ifo.*’ 


Now,  careful  examination  of  figure  J.32  makes  it  clear  how  J+  changes 
when  an  extension  of  a  panel  edge  (though  not  part  of  the  panel  edge)  is 
crossed.  If  the  panel  is  superlncl ined  it  has  no  influence  on  the  field  point 
since  h  ■  0.  If  the  flow  is  subsonic,  a^  changes  sign,  for  some  edge  E|<, 
while  all  the  a^,  i  -  k,  have  unchanged  sign.  Thus  a^a^  and 
akak+l  both  change  sign,  and  so  two  of  the  phase  functions  change  in 
value,  one  from  zero  to  n,  the  other  from  *  to  zero.  Thus  J+  remains 
unchanged. 

Next,  when  tne  extension  of  the  edge  of  a  subinclined  panel  in 
supersonic  flow  is  crossed,  then  either  both  the  (k-1)  and  kth  corners  lie  in 
Dp  or  neither  does.  In  the  former  case,  the  value  of  J+  remains  unchanged 
for  the  same  reasons  as  in  subsonic  flow.  In  the  latter  case,  none  of  term; 
of  J  changes,  since  the  summation  over  corners  includes  only  those  In  Dp. 

Next  we  consider  the  behavior  of  J+  as  Mach  lines  are  crossed.  Here  we 
need  only  consider  subinclined  panel  in  supersonic  flow,  since  for 
superlnclined  panels  the  Mach  cones  from  panel  corners  Intersect  the  h  ■  0 
plane  only  at  the  corner  Itself,  careful  consideration  of  figure  J.33  yields 
the  following  conclusions. 


First,  suppose  sign  ( a|cajc+i )  *  Then  as  the  field  point  P  moves 
such  that  the  kth  corner  moves  Into  Dp,  the  number  of  edges  Intersecting 
Dp  increases  by  one.  On  the  other  hand,  if  sign  (aka)(+1)  ■  -1.  then  as 
the  kth  corner  moves  into  Dp,  the  number  of  edges  intersecting  Dp 
Increases  by  zero  (if  the  panel  already  Intersected  Dp)  or  by  two  (If  the 
panel  did  not  previously  Intersect  Dp). 


Thus  in  the  first  case,  as  the  corner  enters  Dp,  the  sum  in  (J.11.49) 
over  edges  decreases  by  »  while  the  sum  over  corners  increases  by  »,  and  so  J 
remains  constant.  In  the  second  case  (Figure  J.33b)  the  sum  over  edges  is 
unchanged,  but  -ra|<a|<+i  >  0,  and  so  the  sum  over  corners  Is  changed  by 

ph(l,  0*)  -  0  (J.11.50) 


In  the  third  case,  J+  is  zero  when  the  corner  is  outside  Dp  since  by 
convexity,  the  entire  panel  is  outside  Dp  (note  that  (J. 11:49)  is  not  valid 
when  the  entire  panel  is  outside  Dp).  Now,  when  the  corner  enters  Dp, 

0+  becomes 


J+  *  -rs(2»  -  £  i  +  E  ph (1,0))  ■  0 
E  1  corner 


(0.11.51) 


Thus  in  all  cases,  J+  remains  constant  across  Mach  lines,  even  if  the 
point  P0  lies  on  the  panel.  In  addition,  J*.  remain  constant  across  panel 
extensions.  Thus  In  supersonic  flow,  J+  •  0  whenever  P0  is  outside  the 
panel,  since  It  is  zero  for  a  point  P0  for  which  the  panel  lies  outside 


(J. 11.57a) 


i 


% 


# 

4 


* 


\ 


i 


where 

Jk(4<)  -  ph(hv.aR)  |  (J. 11. 57b) 


We  now  wish  to  Investigate  whether  the  discontinuity  in  C#reflects  a  true 
discontinuity  in  J.  To  do  so,  we  consider  the  formulation  (J. 11.46-47)  of  J. 
Note  that  we  need  only  consider  subsonic  flew  and  superinclined  panels.  We 
also  assume  h  -  0,  and  that  we  are  not  directly  above  a  corns'*  of  the  panel. 
Thus  v_  <  0  <  v+. 


Now  consider  Figure  J.34.  If  thi  point  PQ  is  moved  so  that  it  lies 
above  the  panel,  crossing  edge  1,  chen  a,  changes  sign,  while  h,  v,  -, 

■f  *  4.  A 

and  Rj  -  remain  essentially  unchanged.  If  R^  -  >  0,  we  have 


ph(hvj  -,  ajPj )  -  ph(sign(hv-),  t£) 

(J.11.58) 

If  we  first  consider  the  case  of  h  -  0,  aj  >  0  we  have 

ph(hv)>aiRi)J*  -  ph(l,0+)  -  ph(-1.0*)  - 

( J. 11 .59) 

If  h  -  0,  <  0,  we  have 

|  4- 

ph(hvi,  aiRi)  «  ph(l,0“)  -  ph(-l.O-)  -  * 

(J. 11.60) 

Thus  as  P0  moves  from  being  not  above  the  panel  (a  >  0) 
it  (a  <  0), 

|  ♦ 

ph(hv,  aiRi )] 

to  being  above 

jumps  by  2*.  In  general,  by  considering  h  <  0,  we  find 

Jl(4»)outer  -  dlWinner  ■  2*  sign(h) 

( J.11.61) 

On  the  other  hand,  when  we  consider  any  other  edge,  we 
change  in  point  location  has  no  effect  on  ).  That 

find  that  the  small 

Is, 

^Wouter  -  JkWlnner  ■  0 

If  k  *  \ 

(J. 11.62) 

If  we  combine  (J.11.56)  with  (J. 11. 61-62),  we  find 

douter  -  dinner  ■  0 

(J. 11.63) 

Thus  under  the  assumptions  vA  4  0,  R  >0,  the  function  J  has  no 
discontinuity  where  C*  does. 


J.ll-11 


These  are  not  regions  of  discontinuity  either,  however.  The  lines 
-  0  cannot  be  regions  where  a  .lump  of  2»  occurs,  since  jui.ips  in  a 
function  can  cnly  occur  across  a  surface.  The  problem  of  R  -  0  may  be  handles 
by  redefining 

J|( (4>)  -  11m  ph{hv+,  a({R) 

R>R+ 


-  lim  ph(hv-,  a|(R)  (J.11.64) 

R>R" 

Summarizing,  we  find  that  the  discontinuity  In  C®  is  exactly  matched  by  a 
corresponding  discontinuity  In  J|<(i|i). 

J.ll.4.3  Discontinuities  in  (4>) 

Wo  note  that  the  function 

f(x,y)  .  ph(x.y)  (J.11.65) 

may  be  discontinuous  If 

x  <  0  and  y  a  0 
or 

x  s  0  and  y  a  0  (J.11.66) 

We  have  already  noted  that  if  h  n  0,  a  discontinuity  in  J|<(4i)  due  to  a^ 
changing  sign  is  matched  by  a  corresponding  discontinuity  in  C«,  provided  that 
Pq  lies  directly  above  the  panel.  We  now  consider  the  case  where  au 
changes  sign,  while  Pq  is  not  directly  above  the  panel.  Then  defining 

I  aioO^  -  a^g)  ( J.  11 .67) 

aJ^  -  ph(hv+,  C+)  -  ph(hv~,  0+) 

-  (ph{hv+,  0~)  -  ph(hv-,  0“))  { J. 11 -68) 

■  ph(hv+,  0+)  -  ph(hv+,  0“) 

-  (ph(hv~,  0*)  -  ph(hv~,  0“))  (J.11.69) 


J. 11-12 


Def  Ining 


+  4 

s-  •  0  if  hv—  >  0 

*1  if  hv-  <  0 

(J.U. 70) 

aOk  ■  2»s*  -  2n %- 

(J, 11.71) 

since 

ph(-l.O^)  -  pnf-1,0-)  >  u 


(J.11.7?) 


flow  In'f  1gurertJ,34  we  seethe?  if”/ *fh!inS|»t‘3<  *nd  d‘*5,  with  Sut>S0n1 

»„•»« th'  "  « > ass?  ^Z^'t ts*,!*: 


6  u  0 


(J.U.73) 


So,  we  conclude  that  If  .  .  0.  h  .  o.  then  0  „  ,  continuous  function. 

'«W5.*'*S.  (iilSce"»l  2LaS.X  «“ld,n 


v+  a  o 

R  ~  0 
Ifl!  >  0 
Ihl  >  0 


(Jell. 74) 


Now,  by  (J.6.59), 


■  rsqa2  +  qv2  +  rsh2  >  g 

(J.U,  75 ) 

Thus  (J. 11,74)  can  only  be  satisfied  If 

rsqa2  +  rsh2  =  0 

(J.U. 76) 

that  is,  If 

sign(rsq)  »  slgn(rs) 

(J .11.77) 

But  this  Is  equivalent  to 

q  -  -1 

(J.U. 78) 
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across  the  panel. 


In  aHdition,  J  experiences  a  jump 


J+  -  J_  »  _n  sign(h)  slgn(ak) 


(J. 11.86) 


across  a  portion  of  the  boundary  "Mach  wedge"  emanating  downstream  from  any 
supersonic  edge.  We  Illustrate  such  a  Mach  wedge  In  cross-section  in  figure 
J.37a,  where  the  plane  of  the  paper  Is  a  plane  downstream  from  the  edge  and 
perpendicular  to  the  flow  direction.  If  the  panel  Is  sublncllned,  It  is  a 
olane  of  constant  a^,  while  if  superincllned,  It  Is  a  plane  of  constant  h. 

.n  figure  .1.37b,  we  Illustrate  a  Mach  wedge  in  three  dimension*. 


Finally,  there  are  certain  lines  In  space  along  which  J  takes  infinitely 
many  values  over  a  range  of  2*  as  a  point  on  the  line  is  approached  from 
different  directions.  These  lines  are  the  panel  edges  and  tue  lines  emanating 
from  a  supersonic  panel  edge  along  which  v  ■  0  and  R  ■  0  (see  figure  J. 37a) . 


J.11.5  Singularities  of  the  Edge  Function 
By  (J.7.35) 

+ 


I|<(||0  -  \  log 


If  qi<  .  +1 


.  -ph(v,R)|  if  qk  -  -1 


(J.11.87) 


J. 11.5.1  Supersonic  Edges 


We  first  consider  the  behavior  of  the  edge  function  for  a  supersonic 
edge.  Defining 


Ik*  -  -ph(v\  R*)  (J.11.88) 

we  see  that  Ik  *  is  continuous  If  v*  -  0,  since  If  v4  <  0  and  R4  -  0, 

Ik*  -  -11m  ph(v*  ,R)  -  — ph ( — 1 ,0)  -  -it  (J.11.89) 

R»0+ 

But  by  (J.6.59),  for  supersonic  edges, 

R2  -  r(a2  -  h*)  -  v2  (J.11.90) 
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Thus 

R  *  v  ~  0 

lal  a  Ihl  (J.11.91) 


We  therefore  see  that  I|<  is  discontinuous  along  the  lines  defined  by  the 
intersection  of  the  Mach  cones  with  the  planes  v*  *  0  (cf.  figure  0.37).  the 
same  lines  along  which  Ok  is  discontinuous. 

Even-when  Pq  approaches  the  panel  edge  (except  at  its  endpoints),  Ik 
is  continuous  provided  the  limit  is  taken  such  that  the  edge  intersects  D„. 
For  then 


*  |cj  t  *  0 

R*  -  0  (0.11.92) 


Thus  1|<  - 


-ph(v.R) 


—phi (  id  ,  OM  +  ph(-  |*|  ,  0+) 


(J.11.93) 


regardless  of  the  direction  from  which  the  point  approaches  the  edge,  unless 
the  edge  Is  approached  so  that  it  does  not  lie  In  Dp,  in  which  case  the 
limit  is  zero. 


0.11.5.2  Subsonic  Edges 

By  (0.11,87)  we  see  that  Ik  is  continuous  unless 
I  R*l  -  lv*l 

or  R*2  .  v*2  «  o  (0.11.94) 

By  (0.6.59)  we  have,  since  r  «  q  ■  1, 

r2  -  v2  +  s(a2  +  h2)  (0.11.95) 


Thus  Ik  may  be  singular  when 

|  r*2  .  v*2  U  ls(a2  +  h2)|  -  gZ  -  0  (0.11.96) 


that  is,  whenever  the  field  point  Pq  lies  on  the  line  containing  the  panel 
edge.  Now,  if  Pq  Hes  on  an  extension  of  the  edge,  v*  and  v“  have  the 
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same  sign,  and  are  non-zero.  Applying  the  rationalization  (J. 8. 35-36) 


lk  .  \  log  (0.11.97) 

(v+  -  v_)(v+  +  v_) 

1  -  —  v+7;txvT"” 


v+2  -  v_2 

(v+2  +  v_2)  s1gn(v+)  (J.11.98) 

we  see  that  Izl  <  1.  Thus  Ik  Is  a  continuous  function  In  this  case. 


Next,  suppose  Po  lies  very  near  the  panel  edge.  If  the  flow  Is 
supersonic,  this  means  R~  -  0,  and  thus  by  (J.8.27) 


z 


v+2  _  v_2 
K+v+ 


( J. 11 .90) 


As  long  as  the  point  Is  away  from  the  edge,  v+  <  R+  ,  v|  >  o,  and  so 
|z|<  1  ,  making  Ik  continuous.  But  as  Pq  approaches  the  edge,  v+ 
approaches  R+  ,  v_  approaches  zero,  and  so  |z|  approaches  1.  i>'S  Ik 
becomes  Infinite  as  the  point  approaches  the  panel  edge. 


For  subsonic  flow,  if  Pq  approaches  the  panel  edge,  v  changes  sign  along 
the  edge  and  we  thus  use  the  rationalization  (J.8.40-41)) 


lk 


,  (R+  +  v+)(R_  + 

log - 

r 


(J. 11, 100) 


The  denominator  Is  non-zero,  and  thus  we  see  that  is  both  subsonic  and 
supersonic  flow,  the  edge  function  Ik  becomes  logarithmically  Infinite  when 
the  field  point  approaches  the  edge. 


J.ll.5.3  Subsonic  Nearly  Sonic  Edges 

The  same  arguments  used  for  subsonic  edges  show  that  the  only  potential 
singularity  occurs  when  v  -  R,  that  Is,  when  the  point  Pq  Is  on  the  line 
extending  the  subsonic  edge.  This  situation  Is  Illustrated  In  figure  J.33. 


Defining  a  unit  edge  tangent 


t-t 


(J.11.101) 
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ft 


we  see  that 


■  [0*  -  Pq,  Q*  -  Pq] 


-  Ip*  -  Pol2  Ct0,  t0] 

-  T2  | 

0*  - 

P0I2 

(J. 11. 102) 

while 

v* 

*  t^o>  Q±  ~  Pq]  *  Q± 

-  p0 

-  R* 

(J. 11. 103) 

Applying  (J. 

11.97 

-98) 

Ik 

-  j  log 

(J. 11. 104) 

where 

>  _ 

lo* 

°L* 

ro 

i 

l 

no 

(So  + 

as)2 

-  s02 

4  ■ 

ToV 

-  poF ♦lQ“r>;*|?  ■ 

Ts0  + 

as)? 

“so? 

(J. 11. 105) 

where  we  heve 

s  used  the  notation  of  figure  J.38, 

» 

So, 

,2I  j 

__  2s04S  ♦  AS2  j 

1 

|z|  ■ 

1 

2Sq2  +  2s0as  +  as2!  < 

(0.11.106) 

whenever  s0  > 

0. 

But  as  s0  approaches  zero,  z 

approaches  1. 

In  fact 

lim  Ik  -  i  Hm  log  i-t-2. 
so*0  2  s0*0  y  I  -  z 


4 .9 
>.  •>  " 


i  Jtm  Tog  ll  - 
s0+0  \  2s02  *  2s0as  +  aT? 


i  11m  log 

7  so*0  2$0? 


7  Urn  log 
*  S0*0  iJ 


(J. 11. 107) 
(J. 11. 108) 

(J. 11. 109) 


I!$n"  P  ‘E*  endpo1?t  of  the  ed9«.  Ik  becomes  logarithmically 

Infinite.  Otherwise,  however,  Ik  ls  continuous.  y 


0.11-18 


J.ll.5.4  Supersonic  Nearly  Sonic  Edges 


We  have  seen  that  v  -  R  only  when  the  point  P0  lies  on  the  line 
containing  the  edge.  But  a  supersonic  edge  has  the  property  that  no  point  on 
the  edge  lies  in  the  domain  of  dependence  of  any  point  on  the  line  containing 
the  edge.  Thus,  if  v  «  R,  the  edge  does  not  influence  P0.  Thus  I|<  is 
continuous  everywhere  except  along  the  edge  itself. 

<1.11.5.5  Essentially  Sonic  Edges 

Combining  (J.3.13)  and  (J.8.72),  we  see  that  for  essentially  sonic  edges 


Now, 


IkW 


llffl  qtl 
1*0 


1  im 
T*0 


qtaR 

"  T~ 


T  1  2 


(J. 11.110) 


(J. 11. Ill) 


But  v  can  not  change  sign  for  an  essentially  sonic  edge,  in  fact,  both  v+ 
and  v_  will  be  very  large  numbers  (of  order  1/T)  of  the  same  sign,  unless 
P0  lies  very  near  to  the  edge  itself.  We  thus  find  that  I ^  is  not  only 
continuous,  but  of  order  t,  everywhere  except  at  the  edge. 


J.11.6  Singularities  in  Subsonic  Flow 

In  this  section,  we  consider  the  effect  of  a  continuous  source  strength, 
doublet  strength,  or  doublet  gradient  on  the  potential  or  velocity  in  subsonic 
flow.  We  illustrate  the  distances  h,v,a,g  and  R  for  subsonic  flow  in  Figure 
J.39. 


J. 11. 6.1  Discontinuous  Source  Strength 

We  see  by  (J.11.15)  that  the  potential  due  to  a  panel  wit*’  source  strength 

1  is 


*s, 1  -  nr  J  -  |  EWklk  (J. 11. 112) 

But  by  Section  J.ll.4.4,  J  is  continuous  in  subsonic  flow  except  for  a 
jump  by  4w  across  the  panel.  Thus  hj  is  continuous  everywhere  in  subsonic 
flow  except  near  the  panel  edge,  where 

Ik  .  log  (.cgistant.)  (J. 11. 113) 

Sr 

«  constant  -  2  log  jg| 
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But  ♦  h^ 


or  igi  >  |a|  (J.  11. 114) 


and  thus  a^Ife  Is  continuous  and  bounded  everywhere.  We  thus  see  that  in 
subsonic  flow  the  potential  due  to  a  constant  strength  source  panel  is 
continuous  everywhere. 


Next  we  consider  the  velocity  due  to  the  constant  source  distribution.  By 
(J.11.6) 


(J. 11.115) 


where 


a  «  —•  J  (J. 11. 116) 

We  thus  see  that  the  component  of  the  source  velocity  perpendicular  to  the 
edge  becomes  logarithmically  infinite  as  we  approach  the  panel  edge. 


That  is,  ^ 

■vs.x.y  .  bounded  terms  -  n^  log(g) 

as  P0  approaches  the  kth  panel  edge. 


(J. It. 117) 


In  addition,  the  z  component  of  velocity  jumps  as  the  panel  is  crossed, 
wnicn  i:  to  be  expected  In  light  of  the  definition  of  source  strength  as  the 
Jump  in  normal  mass  flux  (or  normal  velocity  at  Mach  zero). 


We  will  leave  consideration  of  the  varying  source  distribution 
(cf . (J ,11 .5))  to  the  reader.  We  do  note,  howe.ei ,  that  no  new  discontinuities 
or  singularities  appear. 


J.11.6. 2  Discontinuous  Doublet  Strength 

By  (J. 11.25)  the  potential  Induced  by  a  constant  strength  doublet  panel  in 
subsonic  flow  Is 

-  ra  -  |  J  (J. 11. 118) 
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* 

■t 


A. 


I 


This  function  Is  continuous  In  subsonic  flow  except  for  a  jump  across  the 
panel,  which  Is  to  be  expected  since  the  doublet  strength  Is  defined  as  the 
jump  in  DOtentlal. 

Next,  the  line  vortex  teriii  of  the  doublet  velocity  Is  given  by 
(cf.(J.ll.oo)) 


vD?edge  "  — rt)  (Qo  "  no)  x  fco 


(J. 11. 119) 


Thus  In  subsonic  flow  this  velocity  Is  continuous  whenever  g  -  0.  Applying 
the  rationalization  (J.10.54)  for  the  case  g  »  0, 


*  _#2  av(v+  +  v_)  f-  ■*  ; 

vD,edge  ■ -gf  lOCfCvr*  TGvJ  Uo  “  Pq)  x 

we  see  that  If 

R_v+  +  R+v_  *  0 


(J. 11. 120) 


(J. 11. 121) 


the  velocity  Is  again  well-behaved,  since  (J. 11. 120)  cannot  occur  whenever 
R+  or  R_  Is  zero.  8ut  If  g  ■  0 


R_2  -  v_2 
R+2 


and  so 


■  v+e 


R_v+  +  R+v_  -  0 
R+  «  v+ 

-R-  - 


( J.il.122) 


(J. 11. 123) 


That  Is,  v+  and  v_  have  opposite  sign  unless  one  of  them  Is  zero.  Thus, 
tne  point  P0  lies  on  the  panel  edge.  So,  the  velocity  Is  well-behaved  for 
all  points  which  do  not  lie  on  the  panel  edge. 

We  now  consider  the  limiting  value  of  the  velocity  as  P0  approaches  the 
panel  edge.  By  (J. 11. 122) 


v_ 

IT?  '  fC 


.  2 


(J. 11. 124) 


except  perhaps  at  the  endpoints  of  the  edge.  Further,  It  Is  easy  to  see  that 
|  Wo  -  To)  X  to  |  -  9  (J. 11 .125) 
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and  thus 


B  11m 
P0>edge 


vo 


zg£ 

"  <9 


(J. 11. 126) 


That  is,  the  velocity  has  a  magnitude  proportional  to  the  inverse  of  the 
distance  from  the  point  to  the  edge. 


J. 11.6.3  Discontinuous  Doublet  Gradient 


We  have  seen  that  the  potential  due  to  a  discontinuity  in  the  normal 
component  of  doublet  gradient  is  (cf (J.11.41)) 


«k  ■  — Ok  *  ^  Ik 


(J. 11. 127) 


Examination  of  section  J.11.4  shows  that  the  panel  function  contribution  to 
the  potential  Is  continuous  except  on  the  panel  surface.  On  the  other  hand, 
(J. 11. 100)  describes  the  edge  function  behavior  in  subsonic  flow.  We  thus  see 
that  the  potential  becomes  infinite  in  the  neighborhood  of  a  panel  edge,  and 
is  proportional  to  the  logarithm  of  the  distance  from  the  edge. 


J.11.7  Dlsacontlnuous  Source  Strength  in  Supersonic  Flow 


J. 11. 7.1  Source  Potential 

We  recall  from  (J.11.15)  that  the  potential  due  to  a  constant  source 
panel  Is 


*s  “  nr  J  -  I  Eak<1k  Ik  (J.  11. 128) 

An  examination  of  the  results  of  Sections  J.11.4  and  J.11.5  show  that  hJ  and 
are  continuous  with  several  except  ons.  One  exception  for  J  is  that  if  the 
kth  edge  is  supersonic,  and  a  ■  h,  R*  -  v*  ■  0,  J|<  may  take  on  any 
value  (cf.  Section  J.11.4. 3).  Also,  if  R+  ■  0  -  R_,  h  ■  a  ,  then  Jv 
undergoes  a  jump  across  the  "Mach  wedge"  located  there.  On  the  other  hand 
(cf.  Section  J. 11.5.1)  I  has  dlscontinulutes  at  the  same  locations. 
Consideration  of  (J. 11.82)  and  (J. 11.88)  shows  that  if  h  -  a 

-h  Jfc  -  -sign(h)  slgn(a)  I|<  (J. 11. 129) 


Thus 


s«k  . 

"IT  !k 


0 


(J. 11. 130) 
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when  Ihl  -  • a  I .  So,  while  J|<  and  1^  are  discontinuous  away  from  the 
panel,  the  sum  4S  is  continuous  everywhere  except  on  the  panel. 

J. 11.7.2  Source  Velocity 


By  (J. 11. 16-17) 


e  ^ 


|  J  "k<lklk 


(J. 11. 131) 


Thus  the  z-component  of  the  velocity  Is  always  finite,  though  It  Is 
discontinuous  on  the  panel  and  on  the  Mach  wedges  emanating  from  supersonic 
edges.  On  the  other  hand,  by  Section  J.11.5,  the  tangential  component  of 
becomes  logarithmically  Infinite  as  the  point  P0  approaches  a  subsonic  or 
sonic  edge  and  Is  discontinuous  as  P0  approaches  a  supersonic  edge. 


Now,  for  nearly  sonic  edges,  I|<  remains  bounded  but  non-zero.  Since 
nt  -  ri^/T  Is  of  order  1/a ,  the  velocity  In  a  very  small  region  (that  Is, 
along  the  extension  of  the  edge)  Is  of  order  1/t.  This  Is  not  a  singularity 
«  since  for  any  particular  nearly  sonic  edge  the  resulting  velocity  Is  bounded. 


Finally,  for  essentially  sonic  edges,  the  edge  function 
everywhere  except  at  the  edge,  and  thus  the  source  velocity 


Is  of  order  T 
remains  bounded. 


J.11.8  Discontinuous  Doublet  Strength  In  Supersonic  Flow 

By  (J. 11. 29-30),  the  potential  due  to  a  panel  with  unit  doublet  strength  Is 


(J. 11. 132) 

Thus  the  singularities  of  the  doublet  potential  are  exactly  those  of  the 
panel  function.  That  Is  { cf  Section  J. 11.4.4)  the  potential  has  a  jump  across 
the  panel,  snd  across  the  Mach  wedge  emanating  from  any  supersonic  edge,  and 
Is  discontinuous  with  multiple  limiting  values  at  panel  edges  and  the  lines 
R+  ■  v+  ■  0. 


r 
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Next,  we  consider  the  doublet  velocity.  By  (J. 11.35) 


VD 


-SB 

g 


2  v+  v 

(]<V  ~  Ip ^  (Qo  -  po)  x  ^o 


(J. 11.133) 


We  state  nere  without  proof  that  a  "finite  part"  of  the  doublet  velocity 
line  vortex  term  may  be  computed  as 


vD?f1n1te  "  -—jr  (Qo  -  Po)  x  *o 


“VS 


vertices 


^  slgn(vertex) J 


(J. 11. 134) 


Using  (J. 11. 134),  It  Is  straightforward  to  show  that  v  Is  bounded  over  any 
region  of  space  which  does  not  Include  the  Mach  cone  emanatlong  downstream 
from  the  vertices  of  the  edge.  In  the  vicinity  of  these  cones,  v"  Is  of  order 
(1/R). 


J.11.9  Discontinuous  Doublet  Gradient  In  Supersonic  Flow 

By  (J. 11.41),  a  discontinuous  doublet  gradient  along  an  edge  yields  a 
potential 

h  -  nr-Vk  "-Tr^k  (j. ii.  135) 

It  can  easily  be  seen  that  this  function  is  continuous  along  panel  edges, 
since  h  and  au  are  zero  there.  In  addition,  the  discontinuities  of  and 
I|<  on  the  surface  l h  1  «  lal  cancel  (cf ( J.  11 . 129) ) .  Thus  the  potential  due 
to  a  discontinuity  In  doublet  gradient  Is  continuous  away  from  the  panel. 


Next  (cf ( J. 11 .43) ) , 


vk,x,y  *  ^knk  (J. 11. 136) 

and  so  Is  discontinuous  on  the  Mach  wedge  emanating  from  a  supersonic  panel 
edge.  Finally  (wf ( J. 11 .44) ) 

"k,z«^Tlk  (J.  11. 137) 

and  so  the  normal  velocity  Is  logarithmically  infinite  In  the  neighborhood  of 
subsonic  edges,  and  discontinuous  on  the  Mach  wedge  emanating  from  a 
supersonic  edge. 
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Notation 


W 

ty 


p 

Q 


unit  compressibilty  vector 

•vjtrlc  matrix 

C.  *  sB2I  *  (1-sB2)  £n 
0  0  c 

positive  definite  metric  matrix 

«  2  *  *  /i  ^2 \  a  a  T 
c0  -  0  I  +  (1-0  )  C0  Cq 

domain  of  dependence 
dual  metric  matrix 

B0  "  I  +  (sS2-l)  *0  V 

control  point  or  field  point 
point  or  panel,  point  of  Integration 


Q0  panel  center 

Qj,  1*1,.. .,9  panel  defining  points 

[  t  ]  compressible  inner  product, 

corresponding  to  [c0] 

{  ,  )  dual  inner  product,  corresponding  to  [BqJ 


nQ  subpanel  unit  normal  vector 

unit  edge  tangent 

Aq  reference  to  local  transformation 

reference  to  local  transformation  for  i^*1  region 


Figure  J.3- Notation  used  frequently  in  Appendix  J 


<b>  (c) 


lp+i  <  *  <*es)  lal  <  R  (yes)  fa)  <  h  (no) 

and  oc  [v-,  v+]  and  0  4[v-,  v+] 


Figure  J.17  -  Determining  If  an  edge  of  V  Is  an  edge  of  £'n  Ch 
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Figure  J.20  -  Transformation  to  (s,t)  variables  and  region  of  Integration 


Figure  J.21  -  Numbering  of  edges  of  E'n 


Figure  J.22  -  A  region  £‘  with  edge  E,  oriented 
tangent  t  and  outward  edge  normal  n. 


Figure  J.23  -  An  edge  E  and  Its  Image  E  In  the  s  - 
coordinate  system  (subsonic  edge) 
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Figure  J.27  -  Illustration  of  supersonic,  nearly  sonic 
edges  on  which  v  changes  sign 


Figure  J.28  -  An  example  of  a  superlncllned  panel 
with  g^  ■  h^-a^  »  0 


a.  subsonic  edge,  entering 


c.  supersonic  edge,  up 


e.  superlncl  Ined  pane', 
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Figure  J.29  -  Evaluating  v  on  the  boundary  of  D  ;  the 
various  special  cases 


0 


Figure  J.31  -  Region  with  nearly  sonic  edge 
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Figure  J.32  -  Potential  lines  of  discontinuity  In  J 
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Figure  J.33  -  Panel  corners  on  Mach  lines 
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Figure  J.36  -  Edge  barely  intersects  Dp 


ihl«  I  |  a  boundary  of  Mach  wedge 


Figure  J.37a  -  The  Mach  wedge  In  cross-section 
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K.O  Matrix  Assembly 


The  assembly  of  panel  influence  coefficient  matrices  to  obtain  an 
aerodynamic  influence  coefficient  matrix  is  discussed  briefly  in  Section  5.7. 
The  primary  purpose  of  this  appendix  is  to  discuss  those  details  of  the  matrix 
assembly  procedure  which  were  omitted  in  section  5.7. 

One  item  of  complexity  dealt  with  briefly  in  section  5.7  is  that  of 
symmetry  planes.  While  the  principle  of  symmetry  is  simple.  implementaMon 
pervades  almost  the  entire  PAN  AIR  program.  We  will  discuss  symmetry  in 
section  K.l. 

The  identification  of  known  singularity  parameters  is  another  measure 
undertaken  for  efficiency  purposes.  Implementation  of  this  measure,  however, 
is  quite  straightforward,  and  affects  very  little  of  the  PAN  AIR  program.  In 
section  K.2  we  will  briefly  identify  the  conditions  under  which  a  singularity 
parameter  becomes  "known." 

The  transformation  of  panel  influence  coefficient  matrices  [PIC$]  and 
[PIC°]  into  a  >-ow  of  the  aerodynamic  influence  coefficient  matrix  is 
straightforward  to  descrihe  in  engineering  terms  (see  equation  (5.7.1)),  but 
poses  considerable  data  manipulation  problems.  We  outline  briefly  a  solution 
to  these  problems  in  section  K.3.  In  addition,  we  elaborate  briefly  on 
(5.7.1). 


In  appendices  C  and  H  we  discussed  the  purpose  and  formulation  of  the 
closure  boundary  condition.  In  section  K.4,  we  discuss  the  implementation  of 
this  boundary  condition  as  a  row  of  the  aerodynamic  Influence  coefficient 
matrix. 

In  appendix  F,  we  discussed  the  assignment  of  matching  boundary  conditions 
at  control  points.  The  implementation  of  these  boundary  conditions  is 
straightforward,  except  when  the  control  point  is  located  at  a  plane  of 
symmetry.  This  special  case  is  discussed  in  section  K.5. 

Finally,  the  implementation  of  the  update  capability  in  the  construction 
of  the  A I C  matrix  is  discussed  ir.  section  K.6.  This  capability  permits  a 
program  user  to  perturb  the  geometry  of  a  portion  of  a  configuration  and 
thereupon  analyze  the  perturbed  configuration,  without  the  program  recomputing 
the  entire  influence  coefficient  matrix  for  the  second  analysis. 
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K.l  Symmetry  Planes 


K.1.1  One  Plane  of  Geometric  Symmetry 


The  basic  principle  of  symmetry  is  that  the  perturbation  potential  induced 
by  a  panel  on  a  control  point  is  equal  to  the  potential  induced  by  the 
reflected  image  of  the  panel  on  the  reflected  image  of  the  control  point  (see 
figure  5.20).  It  is  this  principle  which  permits  the  partition  of  the  AIC 
matrix  into  portions  which  are  identical. 


For,  using  primes  to  designate  the  singularity  parameters  and  right  hand 
side  entries  of  the  image  portion  of  the  configuration,  the  fundamental  system 
of  linear  equations  (5.7.4)  becomes 
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Now,  it  follows  from  the  basic  symmetry  principle  that 
[AICnJ  -  [AIC22] 

[AIC2ll  -  [ A I C 12 j 


(K.1.1) 


(K.l. 2) 


and  thus  the  program  need  only  compute  those  matrices  which  are  distinct. 
This  means  that  the  user  need  only  define  the  "real"  half  of  the 
configuration,  from  which  the  program  may  cc.,)ule  the  matrices  [AlCnl  and 
[AICi?],  which  we  will  henceforth  label  [AIC,]  and  [AICp]  (cf. equation 
(5.7.5)). 


We  now  show  that  the  basic  symmetry  principle  is  true  under  certain 
restrictions.  Let  v  be  the  unit  normal  to  the  plane  of  symmetry.  Then,  for  a 
point  P  (see  figure  K.l),  its  reflected  image  P'  is 

P-'  »  t  -  2(0  •  (P-  P0 } ) C  (K.  1.3) 

where  P0  is  any  point  on  the  plane.  If  we  assume  that  the  plane  passes 
through  the  origin  of  the  coordinate  system,  and  take  P0  to  be  the  origin, 
we  obtain 

P'  »  P  -  2  5(5.P)  -  [I  -  2  5  0  T]  p  (K.l. 4) 
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Next  we  recall  the  fundamental  integral  equation  (5.2,8) 


HP)  -  J-  Jf  (-  +  u  n  •  9(-J-))  d5 

K  S  Dp  (K . 1.5) 

We  first  investigate  the  conditions  under  which 

R  -  (P  -  Q)t  [Cc1  fp  -  Q)  (K.1.6) 

is  invariant  under  reflection.  Equation  (K.1.4)  follows  from  (E.2.2)  and 
(E.2.3),  through  these  equations  assumed  that  all  vectors  were  written  in 
compressibility  coordinates.  In  transforming  to  reference  coordinates,  [C]  is 
replaced  by  [C0].  We  note  here  that  all  vectors  in  this  appendix  are 
written  in  reference  coordinates,  and  except  for  [C0]  we  delete  the 
subscript  0,  used  in  appendix  E  to  denote  reference  coordinates  for  reasons 
of  clarity. 

Here,  we  define  any  position-dependent  quantity  (vector  or  scalar)  as 
being  Invariant  or  preserved  under  reflection  if  it  remains  unchanged  when 
position  vectors  are  replaced  by  their  primed  counterparts.  For  instance,  R 
is  Invariant  under  reflection  if  it  remains  unchanged  when  P  and  Q  in  (K.1.6) 
are  replaced  by  P'  and  Q'. 

Clearly  both  R  and  1/R  will  remain  unchanged  under  reflection  exactly  when 
R2  does,  and  so  we  will  consider  R2.  Writing  V  for  (P-Q)  and  v'  for  its 
image,  we  wish  to  determine  the  conditions  under  which 

■VT  [C0]  V  -  V'T  [C0]  V«  (K.1.7) 

for  all  possible  vectors  IT. 

Now,  by  (K.1.2), 

t'T  [C0]  V  -  VT  [I  -  2vvT]  [C0]  [I  -  2vCt]  V 

(K.1.8) 

and  thus  (K.1.7)  holds  for  all  vectors  V  whenever 

[C0]  -  [I  -  2vCT]  (C0]  [I  -  20vT]  (K. 1.9) 

or,  simplifying,  whenever 

T-2WT]  [C0]  C-20CT]  -  [20vT]  [C0]  -  [C0]  [20vT]  -  0  (K.1.10) 

Recalling  from  section  5.2  or  (E.3.9)  that 

[C0J  -  ss2  I  +  (1  -  SB2)  c0  £J  (K.1.11) 

and  noting  that  vT0  -  1,  we  can  easily  see  that  (K.1.10)  is  equivalent  to 
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0  -  4  SB2  V  vT  +  [W0T1  (1  -  SB2)  [c0  cj]  [200T] 

-  [?0vT]  (SB2)  -  [2vvT]  (1  -  SB2)  c0T] 

-SB2  [20CT]  -  (1  -  sb2)  [c0  c0T]  [2vvT]  (K. 1.12a) 

-  4(1  -  sb2)  [GCT  Cq  c0T  GOT] 

-2(1  -  SB2)  [CvT  C0  C0T]  -  2(1  -SB2)  [c0  C0T  vCT] 

(K. 1.12b) 

-  4(1  -  SB2)  (£0,v)2  [0  GT] 

-2(1  -  SB2)  (c0 1 v)  [c0  'vT  ♦  v  C0T]  (K. 1.12C) 

Now,  the  matrix  in  (K.1.12)  is  zero  whenever  (c„,  G)  or  (1  -  sb  )  is 

A  T  0 

zero.  Further,  every  column  of  [v  G  ]  and  every  column  of 

[v  cj]  are  multiples  of  0,  while  every  column  of  [cQ  vT]  is  a 

multiple  of  cQ.  Thus  [C  v^]  is  a  constant  multiple  of  the  matrix 

[cQ  vT  +  v  cqT]  only  If  G  and  cQ  are  multiples  (where  the  multiple  is 

±1  since  G  and  c„  are  unit  vectors)  of  each  other, 
o 

Now,  if  v  -  *  c„,  one  may  show  that  the  expression  in  (K.1.12)  is  zero, 
o  2 

So,  we  conclude  that  (K.1.12)  is  zero  (or,  equivalently,  R  Is  preserved 

under  reflection)  whenever 

sb2  -  1  «-4  M»  -  0 

or  c0-G.O  (K.1.13) 

or  c0-G  *  *  1 

Next  let  us  consider  the  n\  V(l/R)  term  of  (K.1.5).  For  any  vector  or 
dual  vector  v,  such  as  a  normal  vector,  tangent  vector,  or  gradient,  which  + 
remains  fixed  under  a  translation  of  the  coordinate  system,  its  reflection  V 
in  the  plane  defined  by  G  is,  given  by 

V'  -  [1  -  2GvT]  V  (K.1.14) 

Note  that,  because  \T  remains  fixed  under  coordinate  translation,  (K.1.14) 
holds  for  any  coordinate  system,  whereas  (K.1.2)  only  holds  if  the  origin  lies 
on  the  plane  of  symmetry. 
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(K.1.15) 


So,  n'-V-  {[I  -  2t>0T]  fSKl  -  2  vvT]y  . 

[I  _  4vv^  +  4vC^  vvT]v  =  n  •  V 

i n us  all  the  quantities  In  (K.1.5)  are  preserved  under^rej'lectjoi^,  and  so 
d(P)  is  preserved  also.  It  follows  from  (K. 1.14-15)  that  n-Vandt-v  (for  any 
tangent  vector  *v)  are  also  preserved  under  reflection.  Thus  the  quantities 

■w*n  «  n.fa 

v • n  =  n 

mJ*  mt*  -k.  -W 

and  t*v  ■  t*V# 

are  all  preserved  under  reflection.  Thus  the  left  hand  side  of  arbitrary 
boundary  condition  equation 

aA  WA  n  +  c /\  4a  +  ^A‘V/\  +  ap  a  +  cq  u  +  tQ*^  ■  b 


(K. 1.17) 


is  also  preserved. 

To  be  precise,  the  row  vector  defining  the  dependence  of  (K.1.17)  on  the 
set  of  singularity  parameters  is  preserved  under  reflection.  That  is,  let  us 
define  AIC  to  be  the  row  vector  defined  by  specifying  the  left  hand  side  of 
(K.1.17)  at  a  control  point,  and  partition  lAICj  into  portions  corresponding 
to  real  and  image  singularity  parameters: 


|AICj  t 


|AICi 


(K.1.18) 


Then  iAIC'j  ,  defining  the  left  hand  side  of  (K.1.17)  at  the  image  of  the  real 
control  point,  is  partitioned  as 

lAIC’j  -  lAIC2  AICij  (K.1.19) 

We  now  apply  (K.1.18)  to  each  "real"  control  point,  and  (K.1.19)  to  each  image 
control  point,  and  thus  obtain  the  partition  (5.7.5)  of  the  AIC  matrix.  We 
have  thus  shown  that  the  basic  symmetry  principle,  given  by  (K. 1.1-2)  or 
(5.7.5),  follows  from  the  conditions  (K.1.13).  This  concludes  our  discussion 
of  the  case  of  one  plane  of  symmetry. 


K.1.2  Two  Planes  of  Symmetry 


We  now  determine  the  restrictions  under  which  r2  and  related  quantities 
are  preserved  under  reflection  in  two  planes  of  symmetry.  We  see  immediately 
that  there  are  two  ways  to  reflect  a  point  P  in  two  planes  of  symmetry.  We 
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may  reflect  the  point  In  the  first  plane  and  then  in  the  second  plane,  or  vice 
versa.  Assuming  the  origin  lies  on  both  planes,  we  obtain  two  reflected 
points  (see  figure  K.2) : 

p(3)  ■  [I  -  2  v>2  vj]  [1  -  2  vj  v[]  P 

Pt3>*  -  [I  -  2  Ci  Of]  [I  -  2  ^2  v2]  t  (K.1.20) 

For  reflection  in  two  planes  of  symmetry  to  make  sense,  p(3)  and  p(3) ' 
must  be  the  same  point.  That  is,  the  two  matrix  products  in  (K.1.20)  must  be 
identical,  or 

I  -  2[C2  v2]  -  2[C}  v[]  +  [4v2  v|  Cl  v[] 

-  I  -  2[ Ci  -  2fC2  «J]  +  4[Ci  'J]  [v2  v|]  (K.1.21) 

Equation  (K.1.21)  holds  when 

( Ci , v2)  [Ci  v2]  -  (viv2)  [v2  v[]  (K.1.22) 

Since  every  column  of  the  first  matrix  Is  a  multiple  of  vi,  and  every  column 
of  the  second  matrix  is  a  multiple  of  v2,  equation  (K.1.22)  holds  when 


A  A 

vj  *  n>2  *  0 

or  vi  -  *  v2  (K.1.23) 


The  second  equation  above  corresponds  to  two  identical  planes  of  symmetry,  and 
thus  can  be  neglected.  So,  applying  the  first  equation  to  (K.1.20),  we  have 

[1  -  2vi  vll  [1  -  2v2  v2]  - 
[I  -  2vi  vf  -  2v2  v|] 

or  p(3)  .  P ( 3 ) '  .  [I  -  2vi  vf  -  2v2  vj]  P 

Now,  in  analogy  hi  (K.1.7),  R?  is  preserved  under  reflection  in 
planes  of  symmetry  if 


[C0]  -  [I  -  Wj  Av{  -  2C2  vj]  [Cq]  [I  -  2Cj  -  2C2  Cj] 

Now  just  as  (K.1.7)  holds  whenever  (K.1.13)  does,  (K.1.26)  also 
whenever  (K.1.13)  holds  for  both  \>i  and  v2.  Applying  (K.1.9)  and  (K.1.24) 
to  (K.1.26),  one  can  also  show  that  (K.1.13)  follows,  for  both  vj  and  v2, 
from  (K.1.26). 


(K.1.24) 

(K.1.25) 

both 

(K.1.26) 

holds 


I 
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Summarizing,  R?  is  preserved  under  reflection  In  both  planes  of 
symmetry  if 

Z\.Z2  -  0  (K. 1.27a) 

and  Oi-Co  -  0  or  *  1  1-1,2  (K. 1.27b) 

or  «  0 

It  is  now  completely  straightforward,  following  the  arguments  of  section 
K.l.l,  to  show  that  the  arbitrary  boundary  condition  expression  (K.1.17)  is 
preserved  under  two  reflections. 


The  requirements  Imposed  on  a  program  user  are  somewhat  more  stringent  than 
indicated  by  (K.1.27).  They  are; 

(Ol.v?)  -  0 

and  (Oi,S0)  -  0  i  -  1,2  (K. 1.38) 

regardless  of  Mach  number.  That  is,  the  normals  and  compressibility  vector 
are  mutually  perpendicular.  This  is  not  actually  a  restriction  at  Mach  zero, 
since  a1 1  "compressibility  directions"  are  equivalent  and  c0  is  only  defined 
to  avoid  making  M*  -  0  a  special  case  in  the  operation  of  the  program.  The 
angles  of  attack  and  sideslip  used  to  define  the  freestream  direction  (a  and  s 
in  section  B.2  of  the  User's  Manual)  may  thus  be  different  from  the  angles 
(ac  and  bc)  defining  the  compressibility  direction.  In  the  special  case 
of  Mach  zero,  this  involves  no  loss  of  accuracy. 


K.l.3  Application 


We  partition  a  configuration  with  two  planes  of  symmetry  into  four 
quadrants  as  shown  in  figure  K,2,  also  referring  to  the  real  configuration  as 
the  "first  image."  We  partition  a  row  cAlCU'j  of  the  AIC  matrix 
pertaining  to  a  real  control  point  as 


lAIC(1)j  -  lAICi  AIC?  AIC3  AIC4j 


(K. 1.29) 


where  the  1th  partition  defines  the  dependence  on  the  singularities  in  the  1th 
image. 

Now,  applying  the  results  of  section  K.l.l  to  the  first  plane,  the  >-ow 
vector  lAIC'?)j  pertaining  to  the  reflection  of  the  control  point  in  the 
first  plane,  is  given  by 


cAIC <2^  .  laic?  AICi  AIC4  AIC3j 


(K. 1.30) 
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Similarly,  lAIC(a) i  ,  pertaining  to  the  reflection  of  the  control  point  in 
the  second  plane,  is  given  by 

lAIC(4)j  *  lAIC4  AIC3  A1C2  AiCij  (K.  1.31) 

Finally,  applying  the  results  of  section  (K.1.2)  we  compute  the  row  vector 
i_AIC ( 3 /j  pertaining  to  the  reflection  of  the  control  point  in  both  planes: 


t AIC(3)j  .  LAI C3  AIC4  AICi  AIC2j 


(K. 1.32) 


How,  applying  (K.1.29-K . 1.32)  to  every  real  and  image  control  point,  the 
fundamental  system  (5.7.4)  of  linear  equations  can  be  partioned  as 


"AICj  AIC2  AIC3  AIC4" 

"bU)'| 

AIC2  AICi  AIC4  AIC3 

* 

t(2) 

►  * 

b(2)| 

AIC3  AIC4  AICi  AIC2 

t(3) 

10 

w\ 

.  AIC4  AICj  AIC2  AICi  j 

F'K 

t(A)J 

(K.133) 

where"^1)  and1>M)  are,  respectively,  the  vector  of  singularity 
parameters  and  the  vector  of  constraints  for  the  1th  image,  where  the  first 
(1-1)  image  corresponds  to  the  real  configuration. 

Now,  adding  the  four  systems  of  equations  given  by  (K.1.33)  yields 

[AICi  +  AIC2  +  AIC3  +  AIC4]  f  +  -  ["bU)+  "6(2)1 

1^(3)  ♦  *t(A) J  l+t(3)  +  4(4) J 


(K. 1.34) 


Adding  the  first  and  fourth,  subtracting  the  second  and  third,  we  get 
[AICi  ~  HC2  -  AiC 


i,c3  *  AiC, ]ft<» -tin]  .  ftm  .  twl 
l-t(3)  .t(4)J  \-tW  .  b(«)j 

Adding  the  first  and  third,  subtracting  the  second  and  fourth,  gives 
[AICi  -  AIC2  +  AIC3  -  AIC43 


(K.1.35) 


ftU)-t(2)l  . 

f  bU) 

.  b(2)' 

[4(3)  _1(4) 

14(3) 

-  "p(4) 

(K. 1 .36) 
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Finally,  adding  the  first  and  second,  subtracting  the  third  and  fourth,  gives 


* 


[AiCi  ♦  a;c2  -  aic3  -  aic4] 


'l(l)  ♦  T(2>' 

(td) 

+  b(2)1 

-1(3)  -  tW, 

l-bd) 

-  b(4)J 

(K.1.37) 


Thus  we  have  split  the  system  (K.1.33)  of  4N  equations  in  4N  variables 
into  4  Individual  systems  of  N  equations  in  N  variables.  The  resulting 
benefits  in  efficiency  are  quite  clear.  First,  we  need  only  compute  one 
fourth  ts  many  entries  of  the  AIC  matrix.  Second,  each  system  of  equations 
costs  approximately  1/64  as  much  to  solve  (since  4^  -  64),  though  there  are 
now  four  of  them.  Thus  the  equation  solution  cost  Is  cut  by  a  factor  of  16. 


Wien  flow  symmetry  occurs,  simplification  may  be  made.  For  Instance,  If 
the  flow  Is  symmetric  about  the  second  plane  of  symmetry,  "b^  «.  and 
b^  »  b^.  Thus  the  right  hand  sides  of  (K.1.36)  and  (K.1.37)  are  zero, 
and  so  we  need  not  compute  the  combinations  on  the  left  to  see  that 

t<3>  .t'z> 

t(4)  _—(l)  (K.1.36) 

Solving  (K.1.34)  and  (K.1.35)  yields  solutions  fc*'"?^  +  ‘1’^ 

-*■( 2 )  +-£(3),  and  then  (K.1.38)  m-y  be  used  to  compute  all  four  t'1' 

Individually. 


K.1.4  Networks  Lying  on  a  Plane  of  Symmetry 


Under  certain  circumstances  It  may  be  of  use  to  place  a  network  on  a  plane 
of  symmetry.  Consider  for  example  the  case  of  a  thick  vertical  tall, 
Illustrated  In  cross-section  In  figure  K.3.  One  may  wish  to  represent  this  as 
a  thin  tail,  In  which  case  a  special  procedure  must  be  undertaken. 
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The  reason  for  this  procedure  Is  the  following.  Let  us  consider  the 
configuration  in  figure  K.3  In  the  limiting  case  as  the  space  between  the 
vertical  tail  network  and  Its  reflected  image  becomes  smaller  and  smaller.  We 
see  that  along  the  horizontal  line,  the  potential  approaches  values  d  and  d' 
on  the  two  exterior  surfaces.  But  as  the  surface  and  its  image  approach  each 
other,  the  Interior  potential  d0  may  take  on  any  value. 

We  know  that,  by  definition 

u  ■  i  -  do 

u '  -  d'  -  du  (K.1.39) 

where  y  and  u1  are  the  limiting  values  of  doublet  strength  on  the  two 
approaching  surfaces.  Thus  we  have 

u  -  y'  -  d  -  d'  (K.1.40) 

But  there  are  Infinitely  many  solutions  of  the  potential  flow  problem 
which  satisfy  (K.1.40),  since  do  may  take  on  any  value  without  changing  the 
character  of  the  flow.  Thus  In  the  limit  as  the  two  surfaces  approach  each 
other,  there  are  Infinitely  many  solutions  to  the  potential  flow  problem.  It 
is  therefore  necessary  to  make  the  problem  unique  by  specifying  another 
relation  between  y  and  y'.  We  consider  the  formulation  of  the  AIC  matrix  in 
the  presence  of  a  symmetry  plane  in  determining  this  relation. 

So  far,  our  recombined  boundary  condition  equations  always  relate  to  the 
vectors  x  *  x'  in  the  case  of  one  plane  of  symmetry  (see  equations 
(5. 7. 7-8)).  Thus  It  is  convenient  to  specify  a  relation  between  u  and  y'  on  a 
network  which  is  also  of  this  form.  That  relation  is 

y  +  y1  -  0  (K.1.41) 

Next  let  us  consider  the  behavior  of  the  source  strength  as  the  network  In 
figure  K.3  approaches  Its  image.  We  have 

o  .  fi  •  Vi  -  n‘ .  7  d0 

o'  -  nW'd'  -  fi'-$'d0  (K.  1.42) 

-  -  n-V'd'  +  n  •  Vd0  (K.1.43) 

Thus 

o  +  o'  -  n  -Vi  -  n.$'d'  (K.1.44) 


while  the  quantity  o  -  o'  is  free  to  take  on  any  value  without  changing  the 
flow  solution  since  a  -  o'  can  be  varied  by  changing  the  flow  solely  In  the 
Infinitely  small  region  between  the  network  and  its  Image.  So,  analagously  to 
the  case  of  doublets,  the  boundary  condition 

o  -  o'  -  0  (K.1.45) 

Is  Imposed  on  networks  which  lie  on  a  plane  of  symmetry. 


The  imposition  of  (K.1.41)  or  (K.1.45)  is  a  case  for  which  a  row  of  the 
matrix  AI C ^  +  AICj  is  computed  differently  from  the  corresponding  row  of 
A I C i  -  AICj .  That  is,  a  user-specified  boundary  condition  equation  of  the 
standard  form  (5.6.1)  is  overridden  by  the  imposition  of  the  equaton  (K.1.41) 
or  (K.1.45).  The  other  case  In  which  the  corresponding  rows  of  the  two 
matrices  are  computed  differently  matching  boundary  condition  at  a  plane  of 
symmetry,  is  discussed  In  section  K.5. 

The  discussion  above  notes  the  special  procedures  which  must  be  undertaken 
if  a  network  lies  infinitely  close  to  (that  is,  on)  a  plane  of  symmetry.  The 
same  situation  would  occur  if  two  distinct  networks,  both  of  which  have  a 
non-zero  doub’et  distribution,  or  both  of  which  have  a  non-zero  source 
distribution,  lie  infinitely  close  to  each  other  (that  is,  are  superimposed). 
This  is  because  a  plane  of  symmetry  In  effect  produces  a  second,  or  Image, 
network . 

The  difference  between  the  two  cases  is  that  the  superposition  of  two 
user-defined  networks  (except  of  source-alone  superposed  on  doublet  alone)  is 
impermissible.  No  attempt  is  made  by  the  program  to  determine  that  such  a 
superposition  has  occurred,  so  if  it  does  occur,  the  only  error  diagnostic 
given  the  user  is  that  the  AIC  matrix  is  singular. 


K.?  Known  Singularity  Parameters 


If  the  boundary  condition  at  a  control  point  is 
ao  o  »  b 

.or  CQ  u  -  b  (K.2.1) 

as  in  equation  (5.7.14),  the  source  strength  or  doublet  strength  at  the 
"hypothetical  location"  of  the  control  point  (the  grid  point  from  which  the 
control  point  has  been  receded  slightly)  is  specified.  This  does  not 
necessarily  define  a  known  singularity  parameter,  however. 

In  order  for  specification  of  the  source  or  doublet  strength  at  a  point  to 
define  a  known  singularity  parameter,  two  conditions  must  be  satisfied. 

First,  a  source  or  doublet  parameter  must  be  located  at  the  point.  Second, 
the  value  of  the  parameter  must  be  the  source  or  doublet  strength  at  the  point. 

For  simplicity,  known  singularity  parameters  are  defined  by  the  program  In 
only  two  cases.  A  known  source  or  doublet  parameter  Is  defined  when  source 
strength  or  doublet  strength  is  specified  at  a  panel  center  control  point  of  a 
source  or  doublet  analysis  network.  Reference  to  figures  D.l  and  D.2  shows 
that  these  are  always  source  or  doublet  parameter  locations. 

Next,  known  doublet  parameters  are  defined  whenever  a  portion  of  a  network 
edge  forms  an  "abutment  with  empty  space,"  that  Is,  an  abutment  containing  no 
other  network  edges.  In  the  case  of  a  corner  point,  the  corresponding 
singularity  parameter  Is  always  located  at  the  end  point  of  an  edge  spline, 
and  thus  (see  section  1.1.2)  has  a  value  equal  to  the  doublet  strength  at  the 
point.  If  a  segment  of  a  network  edge  beglongs  to  an  empty  space  abutnent, 
the  doublet  strength  Is  zero  on  the  entire  segment,  and  so  all  the  doublet 
parameters  on  the  edge  are  zero,  and  are  thus  set  to  zero  by  the  program. 

Known  singularity  parameters  could  conceivably  be  defined  In  one  or  two 
other  special  cases  (for  example,  source  strength  specification  at  a  corner 
point  of  a  source  design  network).  This  Is  not  done  because  of  the  rarity 
with  which  such  measures  would  be  used. 
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K.3  Aerodynamic  Boundary  Conditions 


Appendix  J  was  devoted  to  the  computation  of  the  panel  Influence 
coefficient  matrices  |.PICS]  and  [PIC^].  We  now  outline  the  assembly  of 
the  aerodynamic  Influence  coefficient  matrix  from  the  PIC  matrices.  This 
process  is  discussed  In  considerably  mure  detail  in  the  Maintenance  Document 
(section  5). 


K.3.1  Combining  for  Symmetry 


The  program  ultimately  deals  with  combinations  of  portions  of  the  AIC 
matrix  of  the  form 

AICi  *  AIC2  *  AIC3  *  AIC4  (K.3.1) 

as  discussed  in  section  K.1.3.  When  flow  symmetry  occurs,  not  all  these 
combinations  are  needed.  Thus  it  Is  advisable  to  put  Influence  coefficients 
In  their  combined  form  as  early  as  possible.  For  example,  we  may  multiply  PIC 
matrices  by  outer  spline  matrices  (see  section  K.3. 2)  first,  asssemble  the 
products  Into  partitions  of  the  AIC  matrix,  and  then  recombine  the  partitions 
as  In  (K.3.1).  On  the  other  hand,  we  can  recombine  the  PIC  matrices,  and 
assemble  the  recombined  AIC  matrices  from  those. 

The  latter  method  Is  more  efficient  In  cases  of  flow  symmetry  (since  there 
are  fewer  recombined  partitions  than  there  were  original  partitions)  and  is 
Implemented  in  PAN  AIR.  For  more  details,  see  the  discussion  in  the 
Maintenance  Document  of  SUBROUTINE  IC  of  the  MAG  module.  Thus  the  program 
computes  the  Influences  [PIC-|1  of  a  panel  and  Its  Images  on  a  control  point, 
and  hence  computes  recombined  matrices 

P!Cj  *  PIC2  *  PIC3  *  PIC4  (K. 3.2) 

All  the  remaining  manipulations  involved  In  assembling  the  AIC  partitions  are 
performed  on  the  recombined  matrices. 


K.3. 2  Computing  Influences  of  Image  Panels 


Given  the  geometry  data  for  a  panel  and  for  a  control  point,  there  are  two 
ways  to  measure  the  influence  of  an  Image  of  the  panel  on  the  control  point. 
One  Is  to  reflect  the  panel  geometry  In  the  plane  of  symmetry.  But  since 
there  are  hundreds  of  precomputed  panel  geometry  quantities,  this  would  be 
quite  Inefficient.  Thus  PAN  AIR  measures  the  Influence  0 *  the  original  panel 
on  the  reflected  image  of  the  control  point. 

But  while  i ,  "t-v",  and  "v-n  are  preserved  under  reflection,  (cf.,  section 
K.l),  It  follows  from  (K.1.14)  that  the  velocity  vector  l?1  is  not.  For, 

t  -  (K.3. 3) 
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and  thus  its  image  v'  in  one  plane  of  symmetry  is  given  by 

"v1  »  V*  4  ■  [1  -  2vv^]  *  [I  -  2vv^]  "v  (K.3.4) 

where  V*  is  the  image  of  V  under  reflection,  and  since  [I  -  2vvT]  is  not 
the  identity,  7'  reed  not  equal  v. 

We  recall  (cf.,  (5.6.8))  the  definition  of  the  PIC  matrices: 
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Now  suppose  tnat  the  Influence  of  a  panel  on  the  image  of  a  control  point  is 
given  by  a  matrix  PIC.  Then  by  (K.3.4-5),  the  influence  PIC1  of  the  reflected 
image  of  the  panel  on  the  control  point  Is  given  by 

[PIC1]  »  [Y]  [PIC]  (K. 3.6) 


where 


[Y]4x4 


0  • 


01-  2vvT 
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where  v  is  the  unit  normal  to  the  plane  of  symmetry. 


(K.3.7) 


It  is  straightforward  to  show  that  if  the  panel  is  reflected  in  both 
planes  of  symmetry,  (K.3.6)  holds  with 
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Partial  Rows 


Recall  from  section  5.5  the  outer  spline  matrices  [Bs]  and  [B&]  which 
give  the  dependence  of  the  panel  source  and  doublet  parameters  on  singularity 
oarameters  located  in  the  neighborhood  of  the  panel.  Combining  (5.5.8)  and 
(K.3.5)  we  get  the  perturbation  potential  and  velocity  induced  by  a  panel  on  a 
control  point  P  as 


'd(P)' 


V(P) 


rpRW]4x(ks+kd) 


M* 


,‘S 


xk 


(K.  3.9) 


where  ks  and  k<j  are  the  number  of  source  and  doublet  parameters  on  which 
the  panel  depends,  and  PRW  is  the  "partial  row"  matrix  defined  by 

[PRW]  .  [[PICS  Bs]  4xksj  [picD  B0]  4xko]  (K.3.10) 

That  Is,  the  partial  row  matrix  defines  the  contribution  which  a  single  panel 
makes  to  the  rows  of  the  dIC  and  VIC  matrices  corresponding  to  the  control 
point .  Thus  the  number  of  columns  in  the  partial  row  matrix  equals  the  number 
of  singularity  parameters  cn  which  the  panel  depends.  This  contrasts  with  the 
rows  of  the  dIC  and  VIC  matrices  corresponding  to  the  control  point.  These 
rows  describe  the  influence  of  the  entire  configuration,  and  thus  have  as  many 
columns  as  there  are  singularity  parameters  in  the  configuration.  In  writing 
(K.3.10)  we  have  assumed  no  configuration  symmetrv.  In  the  presence  of 
symmetry  (K.3.10)  holds  with  recombined  PIC  matrices  and  recombined  partial 
row  matrices  replacing  PICS,  PIC®,  and  PRW. 


K.3.4  Data  Manipulation  Problems 


The  assembly  of  partial  row  matrices  PRW  into  die  and  VIC  matrices  poses 
data  manipulation  problems  which  are  not  truly  within  the  scope  of  this 
document.  We  will,  however,  briefly  outline  the  problems  here. 

First,  approximately  1700  numbers  (spline  matrices,  geometry  data,  etc) 
are  precomputed  and  stored  for  each  panel,  in  order  to  make  PIC  computation  as 
efficient  as  possible.  These  quantities  are  stored  on  a  disk,  and  must  be 
retrieved  when  the  influence  of  the  panel  on  a  control  point  must  be 
measured.  Thus  is  is  advantageous  to  compute  the  influence  of  one  panel  on  a 
sequence  of  control  points. 

On  the  other  hand,  the  entire  dlC  and  VIC  matrices  for  the  entire  set  of 
control  points  on  the  conf iguration  can  not  be  kept  in  core  at  once.  Thus 
portions  of  these  matrices  must  be  retrieved  from  and  stored  on  a  disk  as 
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well.  One  may  reach  the  conclusion  that  both  a  "row-wise”  method  of  computing 
influence  coefficients,  in  which  the  influence  of  every  panel  on  a  control 
point  is  measured  before  passing  to  the  next  control  point,  and  a 
"column-wise"  method,  in  which  the  influence  of  a  panel  on  every  control  point 
is  measured  before  moving  to  the  next  panel,  are  inefficient. 

An  intermediate  "partitioned  column"  method  can  be  seen  to  be  more 
efficient  for  all  but  the  smallest  cases.  In  this  method,  a  block  of  control 
points,  to  which  conespond  several  rows  of  the  dIC  and  VIC  matrices,  is 
chosen,  the  influence  of  a  panel  is  measured  and  accumulated  to  the  dIC  and 
VIC  matrices  for  every  control  point  in  the  block,  then  another  panel  is 
considered,  until  the  influence  of  all  panels  has  been  measured,  and  the  rows 
of  dIC  and  VIC  corresponding  to  all  the  control  points  in  the  block  has  been 
computed.  The  program  thereupon  proceeds  to  the  next  block  of  control  points. 

The  value  of  the  partitioned  column  method  can  be  seen  when  estimating  the 
volume  of  data  transferred  for  large  cases.  For  the  row-wise  and  column-wise 
methods,  this  volume  is  proportional  to  the  cube  of  the  number  of  panels, 
while  for  the  partitioned  column  method  it  is  proportional  to  the  number  of 
panels  squared.  More  details  of  the  methods  are  provided  in  the  discussion  of 
the  MAG  module  in  the  Maintenance  Document. 

K.3.5  Imposition  of  the  Boundary  Conditions 


Given  the  (1  x  N)  dIC  and  (3  x  N)  VIC  matrix  for  a  control  point  P,  a  row 
of  the  /  natrlx  is  obtained  from  an  arbitrary  boundary  condition  expression 

of  the  fu..-  (K.1.17)  as  specified  in  section  5.7.  The  first  three  (1  x  N)  row 
vectors  in  equation  (5.7.1)  clearly  express  a/\  Ca  dA  and 

tA  .  va  at  the  control  point  in  terms  of  the  set  of  singularity 
parameters.  That  the  fourth  and  fifth  terms  of  (5.7.1)  express  ag  o  and 
egg  follows  from  (5.6.2)  and  the  analogous  equation  for  doublet  strength. 


u(P)  =  L1  n'  1  /  2  £  2  £„•  i/2„'2  [SPSPI.D]  [B^] 
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Finally,  we  must  show  that  the  last  term  in  (5.7.1)  expresses  tg  -Vu. 

Since 
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we  need  only  show  that 
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But  by  definition, 

3 V  I  3Xq 

Vv  *  4  3u/3yo 

3 U / 3^oj 

where  (x0,  y0,  z0)  are  reference  coordinates. 


(K.3.14) 


According  to  appendix  E,  the  gradient  operator  in  reference  coordinates  is 
a  dual  vector,  and  transforms  by 


at 
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(K.3.15) 


where  A  transforms  reference  coordinates  to  local  coordinates.  For 
completeness,  we  prove  (K.3.15)  here.  Let  f{£',  n\  ;  )  be  an  arbitrary 
function.  Then 
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where  < 
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L  is  the  origin  of  the  local  coordinate  system 
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We  obtain  similar  equations  for  the  y  and  z  derivatives.  Combining, 
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which  is  equivalent  to  (K.3.15) 

Now,  by  definition, 

u(  n1)  =  u0  +  +  Mn  +  1/2  n  + 
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Equivalently, 


u£  +  WCC  C'+  w  ^  n< 

un  +  £  +  Mpp  n 


'ivf  3£' 

0 

1 

0 

c 

n 1 

0 

-  > 

M0 

,  3u/8n' 

.  ■ 

0 

0 

1 

0 

c 

n' 

’ 

3u/3^' 

»  - 

.0 

0 

0 

0 

0 

0_ 

Wnn. 

nbining  (K.3.15) 

and 

(K.3.22) 

yields 
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K.4  Closure 


* 


The  closure  boundary  condition  (see  (5.7.3)  or  (H.2,4))  may  be  imposed  in 
place  of  a  source  or  doublet  matching  boundary  condition  at  the  control  points 
on  a  matching  edge  of  a  source  or  doublet  design  network.  The  boundary 
condition  is 

//  (a^  WA'n  +  ao  o)  dS  »  b 

column  (K.4.1) 

or  row 


where  the  column  or  row  of  panels  is  that  one  which  is  headed  by  the  edge 
control  point. 


The  row  vector  which  defines  the  integral  above  in  .arms  of  the 
singularity  parameters  is  computed  by  approximating  the  average  normal  mass 
flux  and  source  strength  on  a  panel  by  their  values  at  the  panel  center.  That 
is,  we  assume 
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(K.4. 2) 

Here  A.  is  the  area  of  the  i th  subpanel,  VIC.  is  the  VIC  matrix  for  the 

•  I  I  ' 

control  point  at  its  center,  (  £*,  n,,)  are  its  local  coordinates, 

[ SPSPI.T ]  the  source  subpanel  spline  matrix  for  the  subpanel  in  which  the 
control  point  lies,  and  the  5xN  matrix  (N  the  total  number  of 
singularity  parameters)  which  is  the  extension  of  the  panel's  outer  spline 
matrix  from  9  columns  to  N  columns.  Thus  the  row  of  the  AIC  matrix 
corresponding  to  the  closure  boundary  condition  is  given  by  the  row  vector 
multiplying  T  on  the  right  side  of  (K.4. 2). 
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K.5  Matching 


The  conversion  of  a  doublet  matching  boundary  condition 

Z  Si  vi  -  0  (K.5. 1) 

into  a  row  of  the  aerodynamic  influence  coefficient  matrix  is  straightforward 
in  light  of  (K.3.11).  Further,  if  there  is  one  plane  of  symmetry,  and  the 
abutment  is  located  away  from  the  plane  of  symmetry  (as  illustrated  in 
cross-section  by  abutment  Aj  in  figure  K.4),  one  also  wishes  to  impose  the 
boundary  condition 

Z  Si  ui ’  =0  (K.5. 2) 

where  the  Mi  are  the  values  of  doublet  strength  at  the  reflected  images  of 
the  original  points.  Equation  (K.5. 2)  insures  doublet  matching  at  the 
abutment  Aj  which  is  the  image  of  Aj. 

In  fact,  (K.5. 1-2)  are  Imposed  in  the  recombined  form  in  consideration  of 
symmetry: 


Z  Sj  (mi  Mi ')  «  0  (K.5. 3a) 

Z  s1  (mi  +  ui ‘ )  =0  (K.5. 3b) 

analagously  to  (5. 7. 7-8)  or  (K. 1.34-37). 

But  now  consider  the  abutment  A2  in  figure  K.4.  If  the  boundary 
condition 


u4  -  u4‘  +  M5  -  m5*  «  0  (K.5. 4) 

is  imposed  there,  doublet  matching  is  correctly  imposed,  and  there  is  no  need 
for  another  doublet  matching  boundary  conditon.  So,  we  have  a  boundary 
condition  of  the  form  (K.5. 3a),  but  none  of  the  form  (K.5. 3b).  Instead,  the 
row  of  the  matrix  AIC[  +  AICp  corresponding  to  this  matching  boundary 
condition  Is  generated  from  a  standard  user-specif led  boundary  condition  of 
the  form  (5.6.1). 

Finally  we  consider  the  case  of  an  abutment  which  lies  in  both  plane'  of 
symmetry,  as  Illustrated  in  figure  K.5.  The  single  boundary  condition 

m(1)  .  mU)  +  P(3)  _  u{4)  -  0  (K.5. 5) 

results  in  doublet  matching  along  the  entire  abutment  A.  Thus  a  row  of 
AIC 1  -  AIC2  +  A IC 3  -  AIC4  is  constructed  which  specifies  (K.5. 5). 

Here,  the  corresponding  rows  of  the  three  matrices  AI C 1  +  AIC2  +  AIC3 
+  AIC4,  etc,  are  computed  by  implementing  the  standard  user-specified 
boundary  condition  (5.0.1). 


K.6  The  Update  Capability 


The  purpose  of  the  influence  coefficient  update  capability  is  to  permit  a 
program  user  to  make  changes  in  the  geometry  (or,  occasionally,  the  left  hand 
side  of  the  boundary  condition  equation  (5.6.1))  of  a  portion  of  a 
configuration,  and  to  solve  the  resulting  potential  flow  problem  more 
economically  by  making  use  of  the  previqus  solution. 


The  program  user  specifies  certain  networks  as  "updateable",  that  is, 
subject  to  future  modification,  when  specifying  the  original  potential  flow 
problem.  The  program  then  identifies  each  control  point  and  each  singularity 
parameter  as  either  "updateable"  or  "non-updateable",  and  resequences  them  so 
that  the  updateable  ones  occur  last.  The  resulting  AIC  matrix  can  then  be 
partitioned 


r  aic")  = 


AICnu  l  AlCy, 1 


■mcU,2  !  AICU, 3 


(K.6. 1 ) 


When  the  modified  flow  problem  is  solved,  the  matrix  AlC^y  remains 

unchanged,  and  need  not  be  recomputed.  Only  the  matrices  AlCy  .  1  ■  1,  2, 

3,  defining  the  Influence  of  the  updateable  portion  of  the  configuration,  and 

the  influence  on  the  updateable  portion,  need  to  be  computed.  Thus,  if  r  is 

the  fraction  of  the  configuration  which  is  non-updateable,  a  proportion  of  the 

2 

AIC  computation  of  size  r  is  saved. 


The  Imposition  of  doublet  matching  causes  the  specif ication  of  updateable 
control  points  and  singularity  parameters  to  be  non-trivial.  Clearly  evn-v 
control  point  and  singularity  parameter  on  an  updateable  network  is  itself 
updateable.  In  addition,  though,  control  points  on  an  edge  of  a 
non-updateable  network  which  abuts  an  updateable  network  must  be  made 
updateable.  This  arises  from  the  possibility  that  the  abutment  in  question 
may  cnange  by  the  addition,  deletion,  or  change  in  panel  density,  of  the 
updateable  network.  As  a  result,  the  boundary  conditions  on  the  edge  of  the 
non-updateable  network  may  change  from  matching  to  a  standard  aerodynamic 
boundary  condition  (5.6.1)  or  vice  versa. 

In  addition,  the  modification  of  the  updateable  network  may  cause  the 
definition  or  deletion  of  extra  singularity  parameters  on  the  edge  of  the 
non-updateable  network  (see  figure  K.6).  Thus  the  edge  spline  on  this  edge 
may  change,  and  so  the  singularity  parameters  on  this  edge  must  be  specified 
as  updateable. 


K.6-1 


plane 


V'  -  V  -  2(0*V)  v 


Figure  K.l  -  Reflection  of  point  or  velocity 
vector  In  plane  of  syimetry 


3) 
Image 


Figure  K.2  -  Reflection  of  point  In  2  planes  of  symmetry 


Figure  K.5  -  Abutment  on  two  planes  of  symmetry 
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Figure  K.6  -  Extra  singularity  parameter  and  control  point 
dependent  on  existence  of  updateable  network 
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L.O  The  Constraint  Matrix 


The  fundamental  system  of  linear  equations  solved  by  PAN  AIR  is  of  the 
form  (cf.  (5.6.19)) 

[AIC1  (.  A  1  -  r B 1  (L.O.  1 ) 

where  each  column  of  [Bl  is  a  constraint  vector  bj,  and  each  column  of 
f  A  1  is  the  corresponding  vector  of  singularity  parameters  a ^ ,  and  i  is  the 
index  of  the  solution. 

The  construction  of  the  constraint  matrix  has  already  been  discussed  in 
other  portions  of  the  document.  In  section  5.7,  the  reorgani  zation  of  the 
constraint  vector  resulting  from  the  definition  of  known  singularity 
parameters  is  illustrated  (cf.  (5.7.12)).  Also  in  section  5.7,  and  in  section 
K.l,  the  recombination  of  constraint  vectors  in  consideration  of  symmetry  is 
discussed  (cf.  equations  (5. 7. 7-8)  and  (K.l. 34-37)). 

In  section  H.3  the  automatic  options  available  in  PAN  AIR  to  compute 
entries  of  a  particular  constraint  vector  were  discussed.  Summarizing,  for  a 
given  control  point  P,  the  entry  of  the  constraint  vector  corresponding  to  a 
boundary  condition  Imposed  at  P  may  be  of  the  form  (cf.  (H.3. 25)) 


b(Pl  a  b0  -  bn  U0*  n  -  by  tyU0 


S8 


2 


[14,  ,  P] 


where  b0,  bn,  by,  ty,  and  b«  are  user-specified,  LU  is  the 
"uniform  onset  flow,"  and  U0  is  the  "total  onset  flow"  (cf.  H.3. 22): 

iT0  (P)  -4,  +  AU  (P)  +  «  x  fP  -  P0) 


(L.O. 2) 


(L.O. 3) 


where  <u,  P0,  and  the  "Incremental  onset  flow"  AU(P)  are  user-specified. 


Finally,  in  section  5.8  the  "solution  update"  capability  was  discussed. 

If  the  program  user  expects  in  the  future  to  be  interested  in  additional 
"riqht  hand  sides"  (such  as  additional  angles  of  attack  or  sideslip,  but  with 
the  compressibility  axis  and  Mach  number  unchanged),  he  may  request  the 
factori zat 1  on  (5.8.2)  of  the  AIC  matrix  to  be  stored.  Future  solutions  may 
then  be  obtained  very  economically,  since  the  main  users  of  computer  time  in 
the  operation  of  PAN  AIR  are  the  construction  of  the  AIC  matrix  and  its 
factorization.  A  more  detailed  discussion  of  the  AIC  matrix  factorization 
procedure  is  given  in  the  portion  of  the  Maintenance  Document  which  discusses 
the  Real  Matrix  Solver  (RMS)  module. 
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t 
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M’0  Computation  of  the  Minimal  Data  Set 

the  combine  Mon  of  theap^andt^-G)auert0eo^at^POteni'3,  f,ow  prob,em  f  that  i 
conditions)  be  distilled  into  the  smalifcf  4  ^,th  a  set  of  b°^ary 
be  readily  convertible  to  sma’lest  possible  amount  of  data  vet  ctin 

»'■<««  ,1  Int.™,,  rhls  ».iie*  wi!i 

and  normal  component  of  mass  flux  sm/rri  ^  cons2?ts  of  th e  average  potential 
each  control  point  and  each  grid  point  on  L  l9  J  and  doublet  strength  at 
items  exists  for  each  solution  th L°  f!he  configuration.  Each  of  these 
^  X  mtcf.  (L.O.l))  In'our  l  Icu/JIT*  C0,Umn  M  the  solution 
solutions]^  °nl>  0,56  SOhlt'm-  though  the  program^il  1 1 btok!  of 

?ataUs”et  ^  t0  th*  ->-1 

influence  coefficient  matrix  Thic  0C  :y*  as  comPoted  from  the  vMocitv 
velocity  computation  (cal led' the  "boSSl  cSnHiff6  St\ndard  *PH»e  method  Sf 
see  section  8.4.1  of  the  User's  Manual)  method"  for  simplicity: 

potential  and  normal  mass  flux,  is  of  insufMc wPUteS  the  veloc1t>  from  the 
of  the  program  user.  or  ,nsuff,cient  accuracy  for  the  purposes 
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M.l  Recovery  of  the  Singularity  Parameters 

Solution  of  the  systems  of  equations  (K. 1.33-37)  produces  not  the  vectors 
x^),  i  -  but  rather  the  vectors 

xi  -tU)  +  x(2>  *t(3)  +  ?(4) 

?2  -t(l)  -t(2)  -t(3)  +T(4) 

r3  -  t(D  -t(2)  tt(3)  -t(4)  (M.l.  1) 

t4  ♦  t(2)  -t(3)  -tf4) 

Since  we  are  actually  Interested  in  the  vectors  which  define  the 

singularity  strengths  on  the  1th  image,  we  must  extract  these  from  the 
combination  vectors  T) .  Now,  it  Is  straightforward  to  verify  that 

W  -  1/4  (xi  +  ffc  ♦  *3  +  f4) 

t(2)  «  1/4  (iq  -  t2  -  T3  +  A^) 

x(3)  u  i/4  (iq  -  ?2  +  *3  “  M)  (M.l. 2) 

-  1/4  {\[  +  ^2  -  T3  -  ?n) 

Thus  we  can  separate  out  the  singularity  parametersjxertainlng  to  each  image. 
So,  from  now  on,  we  will  deal  with  a  single  vector  T  of  singularity  parameters 
on  a  single  image. 


M.P  Singularity  Strength  Calculation 


Obtaining  the  source  and  doublet  strength  at  a  control  point  or  grid  point 
P,  with  local  coordinates  (  from  the  vector  of  singularity  parameters, 

has  in  fact  already  been  described.  If  the  source  and  doublet  subpanel  spline 
and  outer  spline  matrices  for  the  subpanel  and  panel  on  which  the  control 
point  lies  are  SPSPI.S,  SPSPL^,  B^,-  and  B°  respectively,  then  by 
(5.6.?)  and  (K.3.11) 


o  (P) 


n'j  [SPSPlS]  [fiS] 


(M.2.1) 


and 


ufP) 


L1  n'  1/2  C2  ,£V  1/2  n'2j  [SPSPLD]  [B°] 


(M. 2.2) 


Here,  x^  and  are  the  source  and  doublet  parameters  in  the 
neighborhood  of  the  panel,  and  are  entries  of  T. 
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M.3  Computation  of  Potential  and  Normal  Mass  Flux 


Three  approaches  to  the  computation  of  potential  and  normal  mass  flux  at 
control  points  are  described  in  section  5.9.  One  is  the  multiplication  of  the 
influence  coefficient  matrices  by  the  vector  of  singularity  parameters  (cf. 
(5.9.1)).  The  second  makes  use  of  the  boundary  conditions  to  obtain  4a  from 
u  and  wa  .  n  from  o.  For  instance,  suppose  the  boundary  conditions 

il  -  0  (M.3.1) 

a  *  •  n  •  (M.3. 2) 


are  imposed. 

The  specification  of  (M.3.1)  insures  perturbation  stagnation  in  the 
configuration  interior.  Thus 

=  0  (M.3. 3) 

So, 

.  n  -  wl  .  n  ■  0  (M.3.4) 

Combining  (M.3. 2)  and  (M.3. 4), 
y?A  •  n  »  1/2  (wj,  •  n  +  •  n )  ■  1/2  w“u  •  n 

-  1/2  (wj).  n  -  wl*  n)  -  1/2  o  (M.3. 5) 

Simi  larly, 

4A  «  1/2  u  (M. 3.6) 

Thus  both  average  normal  mass  flux  and  average  potential  miy  be  obtained 
directly  from  the  singularity  strength. 

We  note  that  (M.3.6)  follows  directly  from  (M.3.1),  while  (M.3. 5)  only 
holds  when  boch  (M.3.1)  and  (M.3.2)  are  imposed.  The  average  normal  mass  flux 
can  however  be  computed  directly  from  the  boundary  conditions  in  other 
circumstances  as  well.  For  Instance,  if  tn«  boundary  condition 

wu  •  n  .  b  (M.3. 7) 

Is  Imposed,  then  it  follows  from  the  definitions  of  source  strength  and 
average  normal  mass  flux  that 

wa  *  n  *  1/2  (Wy  •  n  wj_  •  n)  «  w^ .  n  -  1/2  (wjj  •  n  -  wi_*  n) 


-  b  -  1/2  o  (M.3.8) 

Once  average  potential  and  normal  mass  flux  have  been  computed  at  control 
points,  they  may  be  computed  at  grid  points  by  a  splining  method  virtually 
identical  to  the  method  used  to  construct  the  doublet  spline  vector  SP^ 
which  defines  the  doublet  strength  at  a  grid  point  as  a  linear  combination  of 


M.3-1 


surrounding  doublet  parameters.  The  spline  vector  SP&  consists  of  a  *ow  of 
an  outer  spline  matrix  B^1  (cf.,  section  1.1).  That  is,  if  P  is  one  of  the 
nine  "panel  defining  points",  then  the  spline  vector  SP^  correspondi ng  to  P 
is  defired  by 


u  (P) 


lSPDj  lxk 


k  <  12 


(M. 3.9) 


where  the  x?  are  the  doubljt  parameters  located  in  the  neighborhood  of 
the  grid  point. 


Similar!),  a  "potential  spline"  row  vector  l  SP^  j 


is  computed  such  that 


l*a  fP)  Sa!">  •  "J  •  l 5PP 


i\  (wa  ■  n)j  '<x? 

<k  (“A  •  n’ik 


(M. 3.10) 


where  and  ! wa  •  n ) j  are  average  potential  and  normal  mass  flux  at  the 
neighboring  control  points,  rather  than  singularity  parameter  locations.  The 
row  vector  SPp  is  computed  by  the  same  least  squares  method  as  the  row 
vector  SP°,  but  the  choice  of  the  set  of  surrounding  control  points  is 
slightly  different  from  the  choice  of  surrounding  singularity  parameters,  as 
illustrated  in  figure  M.!. 


In  particular,  the  potential  at  grid  points  on  a  network  edge  depends  on 
control  points  in  the  interior  of  the  network.  An  "edge  spline"  can  not  be 
used  because  the  edge  control  points  are  receded  from  the  network  edge,  while 
singularity  parameters  are  not.. 


Whenever  the  proq'am  computes  the  velocity  at  control  points  oy  the 
influence  coefficient  method,  the  same  potential  spline  vectors  may  be  used  to 
defir:  an  average  velocity  vector  at  each  grid  point  P  by 

(kx3) 

(M.3.11) 

Wl  ’re  ^A.i  the  average  velocity,  computed  by  the  influence  coefficient 
method,  at  the  ith  control  point  in  the  neighborhood  of  P. 


v’a  (P )} 


LSPPj  n*!'l 


VA,  1 
VA ,"  k 
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N.O  Surface  and  Wake  Flow  Properties 


With  the  construction  of  the  minimal  data  set,  the  potential  flow  solution 
is  complete.  The  items  in  the  minimial  data  set,  however,  are  not  generally 
of  great  aerodynamic  interest.  Of  more  interest  are  the  velocity  and  pressure 
at  points  in  the  configuration.  In  section  N.l,  the  computation  of  velocity 
from  the  elements  of  the  minimal  data  set  is  discussed.  In  section  N.?  the 
computation  of  pressure  from  velocity  is  discussed.  In  section  N.3,  two 
semi-empirical  velocity  correction  formulas  are  discussed.  These  are  of  use 
where  the  magnitude  of  the  total  velocity  is  significantly  less  than 
freestream.  In  section  N.4,  the  effect  of  a  non-uniform  onset  flow  on 
pressure  coefficient  formulas  is  considered.  Finally,  in  section  N.5,  we 
define  the  additional  quantities  computed  by  PAN  AIR  at  points  on  the 
conf iguration  surface. 
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N . 1  Velocity  Computation 


The  splining  method  defines  a  distribution  of  potential  on  the 
configuration  surface,  with  this  distribution  being  defined  by  a  single 
quadratic  function  on  each  subpanel.  This  distribution,  when  differentiated, 
defines  the  tangential  component  of  the  velocity.  On  the  other  hand,  the 
normal  mass  flux,  equal  to  the  conormal  component  of  the  velocity,  is  also 
known.  From  these  two  components,  we  may  reconstruct  the  entire  velocity 
vector. 

First,  assume  the  distribution  of  potential  on  a  subpanel  is  given  by 


i  =  i 5  (  ,  n ' ) 

4 


(N.1.1) 


where  (£',n')  are  the  subpanel  local  coordinates,  and  the  subscript 
emphasizes  that  this  is  a  distribution  on  the  configuration  surface. 


Now,  applying  (K.3.15) 


3^5  /  3Xq 

3^5 / 3Xq 

► 

u 

*  [At] 

< 

a<s  /  a£' 

a<s/an' 

3^5 / 3Zq 

i. 

ais/a;' 

w 

-  TaT] 


3*s/a  £ ' 

.  tillin'  , 

0 


(N.1.2) 


where  A  ( cf . ,  equations  (E.0.1)  and  (E.1.1))  sends  reference  coordinates  to 
local  coordinates. 

Next,  the  tangential  component  of  the  velocity  "t  is  clearly  equal  to  that 
of  $ i  ;  that  is;  for  any  tangent  vector  T, 

t  •  v  *  t  *  (N.  1  •  j) 

On  the  other  hand, 

n  •  t  *  w  •  n  (N.1.4) 

where  n  Is  the  conormal  to  the  surface. 

Since  any  two  linearly  Independent  tangent  vectors,  alomj  with  n,  form  a 
set  of  three  Independent  vectors,  there  is  a  unique  vector  v-  which  sat  1  si f es 


N.l 


(N.1.4),  and  also  (N.1.3)  for  all  tangent  vectors  t.  Now.  consider  the 
expression 


v'o  =  (V  i)j  -  — . -LLY-AIl,  n  +  *_•  -D_.  n 

n  •  n  n  •  n  (N.1.5) 

where  (7  0)j  is  the  tangential  component  of  the  gradient  of  the  potential. 

We  see  that  for  any  tangent  vector  t, 

t-  t0  =  t  •  (  V  *)T  (N.1.6) 

and  that 

n  •  v0  =  w  •  n  (N.1.7) 

Thus,  t0  satisfies  (N. 1.3-4)  and  so 

v  =  t0  (N.1.8) 

Equations  (N.1.5)  and  (N.1.8)  apply  equally  well  to  average  and  difference 
velocity.  That  is,  applying  (N.1.2), 


Va  =  1'A  ]  7’  0A  -  - _ T'l . /  r  *  . n 

n  •  n  n  •  n 


=  tati  7'  4.  -  "  •  {aT  *'*a}  a  ♦  "a  •  "  ; 

vn  =  r  AT1  v'u 


J2 _ *  { V  * _ u}  n  w  o,  n 

n  •  n  n  •  n 


where 


V' 


3/3$' 
3/3.1  ’ 
0 


We  note  from  (E.1.70)  that  n  is  a  multiple  of  A"1 


r  -\ 

0 

0 
1 


Thus 


n-(AT  7')  «  (An)  .  7 


’  0  ' 

3/ax'i’ 

* 

0 

►  • 

3/3X-2 

a 

A 

0 

> 

(N. 1 .8a) 

(N. 1.8b) 


(N. 1.9) 


(N.1.10) 
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where  a  is  some  real  number. 
Substituting  (N.i.10)  in  (N.1.9) 


va  *  (7'i  a  )  +  —  n„  n 

n - h  (N. 1.11a) 


vo  -  At(7'u)  +  n 

n -n  (N. 1 . lib ) 

We  have  thus  decomposed  the  average  and  difference  velocity  at  a  surface  point 
into  tangential  and  normal  components.  In  addition,  we  see  that  they  can  be 
computed  from  the  "minimal  data  set"  consisting  of  ^a»  wA  n»  ancl  u. 

Finally,  upper  surface  and  lower  surface  velocities  may  be  computed  from 
average  and  difference  quantities: 


N.?  Pressure  Formulas 


!n  this  section,  we  assume  the  existence  of  <  uniform  freestream  velocity 
Msc  ,  aligned  with  the  x-direction  of  the  compressibility  coordinate  system, 
and  a  perturbation  velocity  at  a  point  P: 


In  this  section,  we  derive  the  pressure  coefficient  Cp  at  P  under  a  variety 

of  simplifying  assumptions,  thus  obtaining  a  collection  of  pressure 
coefficient  formulas. 

The  assumption  that  the  freestream  and  compressibility  directions  are 
identical  is  a  necessary  one  in  order  to  derive  the  results  of  this  section 
(except  when  the  Mach  number  is  zero).  In  practice,  however,  Pan  Air  does  not 
require  these  directions  to  be  identical.  If  the  user  chooses  the  "uniform 
onset  flow  method"  of  pressure  computation,  then  ail  the  equations  of  this 
section  are  applied  with  replaces  by  the  uniform  onset  flow  defined  in 

Appendix  H,  and  with  the  comoress ibi I i ty  coordinate  system  replaced  by  a 
"wind-axis  system"  whose  x-axis  is  parallel  to  lie  * 

In  addition,  Pan  Air  makes  available  a  "total  onset  flow"  method  of 
pressure  computation.  This  will  be  discussed  in  section  N.4. 


N.2.1  Prel iminary  Results 


First,  let  us  define  the  pressure  coefficient  as 


where  p  is  pressure  and  o  i$  density.  In  order  to  compute  Cp  from  velocity, 
we  need  some  basic  results  which  hold  for  "one-dimensional"  Hows  from 
Liepmann  and  Roshko  (Ref.  1.4),  A  precise  definition  of  one-dimensional  flows 
is  given  there  on  p.  39.  A  tube  of  streamlines  in  a  uniform  fluid  flow  in 
three  dimensional  space,  perturbed  by  an  object  of  finite  size,  is  such  a  flow. 


The  results  we  use  are: 

(a)  Bernoulli's  equation  (2.18b  in  Liepmann  and  Roshko) 

JJLlf  ♦  /  j!£_  -  constant 

2  3  0  (N.2.3) 


N.  2-1 


* 


/ 


where  the  path  of  integration  is  a  streamline,  and  V  is  velocity  at  a  point, 

(b)  The  integrated  form  of  Bernoulli's  equation  for  a  perfect  gas  (see  p,  55 
of  Liepmann  and  Roshko): 

—T—  _JL  +  1/2  I  vl  2  *  _JL_.  _&> _  +  1/2  \to\  2 

t  -  1  o  y  _  1  ( N .  2 . 4 ) 

where  y  is  the  ratio  of  specific  heats  (7/5  for  a  diatomic  ga>),  and 

(c)  an  expression  for  the  local  speed  of  sound  (equation  2.23) 

a?  = 

o  (N. 2.5' 

We  also  define  the  local  Mach  number 

M  =  ill 

a  (N.2.6) 

Finally,  for  isentroplc  flow  in  a  perfect  gas  (cf.,  Liepmann  and  Roshko,  2.21a) 

—  -  (-*-)  Y 

P-  \  /  (N.2.7) 

N.2.2  Constant  Density  Flow 

If  the  density  0  may  be  assumed  to  be  a  constant  o*  (for  instance,  for  an 
incompressible  fluid  or  at  zero  Kach  number),  then  (N.2.3)  reduces  to 

_\yl?  +  _P_ 

Solving  for  P, 

P  *  1/2  9>  ( 

and  so,  by  (N.2.2), 

Cp  »  1  - 

N.2-2 


l^»  I  ^  + 

2 


I  v.|  2  -  |v!  2)  +  P* 


llL2 

l£j  2  (N.2.10) 


4' 

J 


(N.2.8) 


(N. 2.9) 


N.2.3 


Compressible  Flow 


We  first  apply  (N.2.7)  to  (N.2.4)  in  order  to  eliminate  p  from  the 
equation.  It  follows  from  (N.2.7)  that 


,-l 


-1 


Thus 


(N.2.11) 


and  so  (N.2.4)  becomes 


(N.2.12) 


_  2 
1/2  I?  | 


1/2  \Z>\2 

(N.2.13) 


Next,  we  apply  (N.2.5-6)  to  the  rreestream  to  obtain 


hj  *  -T,  .Ha.  *  .Ly!? 

Thus 

^  2 
1/2  2  x  _l3iSe_ 

2 

Substituting  this  into  (N.2.2), 


(N.2.14) 


(N.2.15) 


CP  -  _  ?  (P  -  fto  ) 

v  Hi 


(J_ 


1) 

(N.2.16) 


N.2-3 


The  quantity  P/8 „ 


may  be  calculated  by  rearranging  (N.2.13): 


1 12  i  |Vj?  -  |  VU|  2)  (I'-l) 

Y 


«  (substituting  (N.2.15)) 


(N.2.17) 


i  -  <i  m i?.P 
2  lip 

Thus 


(N.2.13) 


.JL. 

P _  -  [1  -  (JlJ_L  -  1)  •  (  L-i  )  •  M.  2  ] 

litl2  2  (N.2.19) 

Substituting  this  expression  in  (N.2.16), 


cP  -  n  ♦  jd_  (i  -  Jill  )  ]  Y‘l  - 1 

yH,  2  |VU|  2  (N.2.20) 

This  Is  often  called  the  isentrcpic  pressure  coefficient  formula.  In  section 
N.2.5,  we  will  consider  certain  simplifying  assumptions,  and  the  behavior  of 
the  pressure  coefficient  formula  under  these  assumptions . 


N.2.4  Limitations  of  the  Formula 


Under  certain  circumstances  the  velocity  computed  by  the  potential  flow 
solution  is  so  unrealistic  that  the  resulting  pressure  coefficient  is 
meaningless.  One  such  case  is  a  velocity  for  which  th'  corresponding  pressure 
coefficient  is  more  .negative  than  the  "vacuum  pressure."  A  seconu  case  Is 
that  of  a  local  flow  exceeding  the  speed  of  sound  while  the  freestream  flow  is 
subsonic. 


N.2-4 


N. 2.4.1  The  Vacuum  Pressure  Coefficient 


The  isentropic  pressure  coefficient  may  only  be  evaluated  if  the 
expression  in  (N.2.20)  which  is  raised  to  the  power  y/(y-  1)  is  non-negative. 
Thus  the  isentropic  pressure  coefficient,  reaches  its  minimum,  or  vacuum,  value 
when  this  expression  equals  zero.  So,  we  write 


Cp, vac 


-2 

y 


(N.2.21) 


The  velocity  V  for  which  CD  is  attained  is  therefore  given  by 

m  i  |V ac 


i  +  x=i  •  (i  -  iKfilL  )  -  o 

2  |£|  2  (N.2.22) 

Solving, 


I'Ll  2  ( y-1 )  (N.2.23) 

Thus  the  speed 

Vm  -  I'Ll  [1  *  - 2~. -  1  1/2 

(y-l)Mi  (N.2.24) 


is  called  the  maximum  speed,  since  for  any  soeed  in  excess  of  Vm  the  vacuum 
pressure  is  exceeded. 


N.2.4.2  The  Critical  Speed 


In  subsonic  flow,  if  the  magnitude  of  the  velocity  exceeds  the  local 
speed  of  sound,  the  Prandtl-Glauert  equation  is  clearly  invalid.  Thus  a 
program  user  may  be  interested  to  know  if  the  "critical  speed,"  that  is,  the 
local  speed  of  sound,  has  been  exceeded. 

To  compute  the  local  speed  of  sound,  we  substitute  (N.2.11)  in  (N.2.5)  to 


N.  2-5 


/ 


obtai  n 


(  _L_  ) 


A_ 

y 


-Sa¬ 

fi- 


(applying  (N.2.5)l 


-1 


.)  y 


4- 


Thus  by  (N.2.19) 


4— 


So, 


SO 


1  -  <  '0  -  » 


Ivli. 


Jill 
ici  2 


jin 


9m 


2  *2 


Cl  ♦  id  •  m£  (1  -  ltli?  )]  |vu|  2 


Defining  the  local  Mach  nunber 


Ml 


11 


(N.2.2S) 


(N. 2.26) 


(N.2.27) 


(N.2.28) 


(N.2.29) 


(N.2.30) 


we  see  that  the  speed  attains  *ts  critical  value  Vc  If  the  locji  Mach  number 
Is  1 ,  or  If 


N.2-6 


i 

A 


(VC)?M.?  »  ri  -  jlzL  •  m£  (1  -  )1  |C|? 

2  f£o|  2  (N.?.31) 

Solving, 


(vc)2  ,  jr^L  *  2 

|VJ  2  Y+l  (y+1)h£  (N.2.32) 

Applying  (N.2.24), 


VC  .  (JtdL)W?  •  vm 

•'"l  (N.2.33) 

The  Pan  Air  user  may  request  the  program  to  compute  the  critical  and  maximum 
speeds,  and  the  corresponding  pressure  coefficients. 


N.2.4.3  Pressure  Coefficient  at  the  Critical  Speed 


Substituting  (N.2.32)  in  (N.2.20)  yields,  after  some  algebraic 
manipulation,  the  value  of  the  isentropic  pressure  coefficient  at  the  critical 
speed.  It  is 


*P.c 


Y* 


r  _L_  *  JCZ.L  •  ] 

Y+l  Y+l 


r-1 


IN.?. 34) 


N.2.5  The  Isentropic  Formula  under  Simplifying  Assumptions 


For  complete  generality,  we  have  avoided  the  assumption  that|l*«|  »  1. 
Thus  we  can  write,  in  compressibility  coordinates, 


(N.2.35) 


V 


(N.2.36) 


Thus  cp  is  a  function  of  u,  v,  and  w,  the  components  of  the  perturbation 
velocity.  We  now  look  at  (N.2.20)  under  a  variety  of  small  perturbation 
assumptions. 


N. 2.9.1  Second  Order  Theory 


First,  let  us  make  the  assumption  that  cubic  and  higher  order  terms  in  u, 
v,  and  w  may  be  ignored.  This  is  called  second  order  theory. 

According  to  the  binomial  theorem, 


(1  *  c) 


y-1 


♦  1/2 


«* 


♦  cuoic  and  higher  terms  in  * 


(N.2.37) 


We  will  substitute  (N.2.37)  in  (N.2.20)  with 


i  -  -X=L  •  (1  -  J0J-  )  ^ 

?  \t\  2  (N.2.38) 

■  y— 1  (1  ~  (  |  Vail  ♦  U)?  ♦  v2  ♦  w2)  ^ 

2  I VU  |  2  IN. 2. 39) 

■  y-1  .  (  -2u  _  u2  *  v2  *  w2  ) 

2  1*1  1*1  2  (N. 2.40) 

We  see  that,  neglecting  cubic  and  higher  order  terms 


?  4  9 

1*1  2 


(N.2.41) 


N.2-8 


and 


N.2-9 


and  substituting  in  (N.2.32),  we  see  that  at  the  critical  speed 


1  + 


2u 

i  Vtol 


higher  terms 


=1 

y+1 


T 

(y+1)M» 


(N.2.47) 


Thus  to  second  order 


...  u-l-  -  1/4  [  id  ♦ 

Itui  2  y+1 


(y+1)  Ml 


I]2 


(N. 2.481 


at  the  critical  speed.  Substituting  (N.2.32)  and  (N.2.48)  in  (N.2.44)  we 
obtain  a  second  order  expression  for  the  critical  pressure  coefficient 


cP,c 


1  -  _X 


-1 


r+1  (y+1)  M2 


J_  [Moo  2  -  2  +  ] 

(v+l)2  Moo  (N.2.49) 


1 


(2y  +  Ml 


dl-t-U 

Ml 


(y2  +  1) 

N.2.5  The  Second  Order  Theory  under  Additional  Assumptions 


(N.2.50) 


It  may  under  certain  circumstances  be  of  interest  to  calculate  the 
pressure  coefficient  under  the  additional  assumption  that  the  freestream  Mach 
number  is  nearly  zero,  and  thus  terms  with  coefficient  M  may  be  neglected. 
Combining  this  and  the  second  order  assumption  yields  the  "reduced  second 
order"  pressure  formula  (cf.,  (N.2.44)) 


itl  2  (N.2.51) 

Note  that  this  is  equivalent  to  the  constant  density  or  incompressible 
pressure  formula  (N.2.10).  Further,  if  the  Mach  number  is  zero,  they  are  both 
equivalent  to  the  second  order  pressure  formula.  Finally,  the  reader  may 
verify  that,  In  the  limit  as  Mach  number  approaches  zero,  the  isentropic 
pressure  formula  (N.2.20)  becomes  equivalent  to  (N.2.51)  also. 

Another  possible  simplifying  assumption  is  that  the  configuration  is 
sufficiently  slender  that  quadratic  expressions  in  u  may  be  Ignored.  This 
results  in  the  slender  body  pressure  formula: 


Cp  -  _^2u 

It  I 


y2  +  w2 

It  |  2 


(N.2.52) 


N.2-10 


Finally,  one  may  neglect  all  quadratic  expressions  in  components  of  the 
perturbation,  and  thus  obtain  the  linear  pressure  formula 


Cp 


(N.2.53) 


The  local  Mach  number,  the  critical  speed,  and  the  pressure  coefficient  at 
the  critical  speed  may  be  computed  under  each  of  these  simplifying 
assumptions.  The  validity  of  these  expressions  is  questionable,  since  the 
existence  of  a  point  at  which  the  local  Mach  number  equals  1  is  evidence  that 
the  particular  assumption  is  not  valid. 


N. 2-11 


N.?  Velocity  Corrections 


The  empirical  observation  on  which  the  two  velocity  corrections  are  based 
is  that  the  linearized  mass  flux  computed  by  a  panel  method  under  some 
ci rcu nstances  more  accurately  represents  the  true  mass  flux  than  the  computed 
velocity  represents  the  true  velocity.  Thus  a  corrected  velocity  V'  may  be 
calculated  from  the  computed  mass  flux  by  the  equations  below. 


(N.3. la) 


V 


y 


(N.3. lb) 


V 


z 


or  by 


(N.3. lc) 


o _  V'  -  W 


(N.3.2) 


That  is,  to  arrive  at  the  first  velocity  correction  formula, the  exact 
relation  for  isentropic  flow 


mV 

P.  V  .  w 

(N.3.3) 

is  applied  to  obtain  a  corrected  value  of  the  freestream  or  x-component  of 
velocity.  To  arrive  at  the  second  velocity  correction  formula,  equation 
(N.3.3)  is  used  to  obtain  a  corrected  velocity  vector  which  is  a  multiple  of 
the  mass  flux  vector. 


N.3,1  The  First  Velocity  Correction 


This  velocity  correction  is  only  applied,  and 
if  the  local  flow  is  slower  than  freestream,  that 


in  fact  is  only  well-defined 
is,  if 


u 


0 


In  that  case,  (N.3.1)  is  applied. 


(N. 3,4) 


N.3-1 


/ 


Mow,  substituting  fN.2.7)  in  (N.2,19)  we  see  that 


ri  +  (x^I)  4  (i  - 


[IP 


)] 


r-l 


(N.3.5) 


Thus  (IV.  3.  la)  becomes 


wx  =  Tl  ♦  (izi)  Mi  •  (1 
2 


|V'|2 


)] 


V\ 


(N.3.6) 

That* V°«T  Ir°m  that  Hx  is  a  monotonic  function  of  Vx. 

(Newto2!«  LfliJ?  «  IiS?,d05s  W*’  Thus  a  s,n,Ple  iterative  method 

°> «;■  -hi  siip""”  ,'x  as  *  f”c,,°n 

N.3.?  The  Second  Velocity  Correction 

tfie  US-fS.-ss;  «1^!Sh“iaS3*5S.,JScJ2ij; «  - » *»•  »f 

in  the  first  case,  we  assume  the  local  flow  is  aqain  slower  thm 
the' IS  rhe"  ("-3'2)  ,s  •»»«.  W  using 


~S—  =  1  +  (SB?  -  1)  V  •  \U 

0  It)  2 


(N.  3.7) 


Seo£«‘!o\K>!  (.""buil””  ,'l-3-5>  10  '"-!t  °r»r-  *  me  binomial 


-  1  -  MS 


(  _JLL 


-  1)  +  higher  terms 


?  l&l  * 

+  higher  terms 
and  then  (N.3.7)  follows  from  the  definition  ss?  «  1  - 


1  -  Jj  (  l  ) 

?  |t|  * 


(N. 3.8) 


N.3-2 


Thus  for  slower  than  freestream  flow,  the  correction  which  is  applied  is 


W  2 


(N.3.9) 


In  the  second  case,  the  local  flow  is  faster  than  freestream.  That  is 


■  v-  :  vc°_  >  0 


(N. 3.10) 


Under  these  circumstances,  the  magnitude  of  t  e  velocity  is  left  unchanged, 
while  its  direction  is  changed  so  that  it  is  proportional  to  the  mass  flux. 
That  is 


ifi 


(N.3.11) 


where  V  is  the  uncorrected  velocity  computed  by  the  program. 
This  concludes  our  discussion  of  the  velocity  corrections. 


N.3-3 


N.4  Onset  flow  Calculations 


We  now  consider  the  effect  of  a  non-uniform  onset  flow  on  the  pressure 
formulas.  That  is,  we  assume  that  the  velocity  is 

t  -  +  Uco  +  AV  (N.4. 1 ) 

where  aV  is  the  "incremental  onset  flow"  and  includes  both  rotational  cnset 
flow  and  a  local  incremental  onset  flow.  In  the  notation  of  appendix  H, 

aV  -  U0  -•  UU  (N.4. 2) 

Our  final  equations  will  be  based  on  a  number  of  simplifying  assumptions, 
which  will  be  discussed  as  they  come  up.  The  first  assumption  is  that 

U»  «  VL  (N.4. 2b) 

That  is,  the  uniform  onset  flow  must  be  aligned  with  the  compressibility 
direction  for  our  formulas  to  hold.  For  the  remainder  of  this  section,  we 
will  assume  that  (N.4. 2b)  holds.  When  the  pressures  are  computed  by  the 
program,  however,  the  vector  U*,  is  used  in  place  of  %>  whether  or  not 
(N.4. 2b)  holds.  Thus  if  the  program  user  violates  (N.4. 2b),  the  resulting 
presssures  may  not  be  correct,  nor  does  any  correct  method  for  computing  the 
effect  of  the  incremental  onset  flow  on  the  pressures  exist.  A  user  may 
violate  (N.4. 2b)  by  setting  o  )  gc,  |  )  ic  (see  section  (B.2.2)  of  the 
User's  Manual  for  definitions  of  these  quantities). 


N.4.1  Bernoulli's  Equation 


We  now  need  to  revise  Bernoulli's  equation  (N.2.4)  to  account  for  the 
incremental  onset  flow  av.  Both  (N.2.3)  and  its  Integrated  form  (N.2.4)  s;,atc 
that  the  total  energy  per  unit  mass  (kinetic  energy  in  the  form 
1/2  |T?o|2  plus  potential  energy  yp/((Y  -  1M  is  constant  at  any  point  on 
a  streamline.  Thus  to  correct  (N.2.4)  to  account  for  the  incremental  onset 
flow  we  must  add  to  the  right  hand  side  the  energy  per  unit  mass  aE  added  to 
the  system  by  the  incremental  onset  flow: 


-X_  . _ P_  +  1/2  |V|  2  «  _ l _  .  _Js_  ♦  1/2  |‘V00|  2  +  aE 

y-1  p  r-1 


(N.4. 3) 


Now,  this  added  energy  speeds  up  the  fluid  at  infinity.  Writing  Aifa 0  for 
the  incremental  onset  flow  along  the  streamline  infinitely  far  from  the 
configuration,  we  have 


1/2  |£,|2  +  aE  -  1/2  |C  ♦  aV  |2  (N.4. 4) 


N.  4-1 


At  present  there  is  no  mechanism  for  the  program  user  to  specify  either 
a E  or  ,  equivalently,  $  .  For  many  problems  involving  onset  flow,  it  will  be 
quite  reasonable  to  make  the  assumption 

aV oo  k  aV  (N.4.6) 

This  is  especially  true  if  the  control  point  at  which  the  incremental  onset 
flow  is  defined  lies  far  from  the  source  of  the  added  energy.  An  example 
would  be  the  analysis  of  an  airplane  flying  in  the  onset  flow  generated  by  a 
second  airplane.  On  the  other  hand,  (N.4.6)  would  be  highly  inaccurate  for  a 
control  point  on  an  airplane  wing  directly  behind  the  propeller. 

Nevertheless,  at  present,  the  program  assumes  that  (N.4.6)  holds.  That 
is,  it  computes  aE  by 

2  ■  aE  =  2\to  •  aV  +  |aV|  2  (N.4.7) 

We  may  now  recompute  all  the  equations  in  section  N.2  using  (N.4.3)  in 
place  of  (N.2. 4).  Following  the  algebra  of  section  N.2,  (N.2. 17)  becomes 


id. 

JL)  Y  =  1  -  1/2  (  jv-!2-  |iL|  2  -  2aE)  (.  .T.-.L)  •  —i Baa- 

Poo  V  Poo 

(N.4,8) 


N.4.2  Pressure  Formulas 


Similarly  (N.2. 20)  becomes 

_L_ 

Cp  ,  isentropic  =  2  .  [1  +  _ld_(l-  I V 1 2  -  2  a E  )m)2  ]  _1 

,«T  ^  iti2 

(N.4.9) 

The  vacuum  pressure  is  still  given  by 


t-P.vac 


-2 

- T 

Y  Moo 


(N.4.10) 


but  now  (N .2.22)  becomes 


1  +  ._Y-1  fl  _  (V)_2  -  2AE 

2  '  izrr 

and  (N.2.24)  becomes 


)  M2 


(N.4.11) 


I'M  [1  + 


(y-1)M& 
Next,  (N.2.29)  becomes 


_2iE_] 
Voel  2 


1/2 


(N.4.12) 


Ml2  =  I  Vl2  a  |~V|2 


HU  2 


M» 


1  +  (lzl)M™  2  n  -ltrrr*2AE 

2  HiF 


Setting  M]  >  1,  the  critical  velocity 


becomes 


(N.4.13) 


I'Ll  2 

or  (from  (N.4.12)) 


zL  + 

Y+1 


(y+D^  2 


-1^-  (  2_L) 

Y+1  lu,  |  2 


(N.4.14) 


v" 


Now,  substituting  (N.4.14)  Into  (N.4.9), 


(N.4.15) 


:p,c  -  — ?—  [  __L 

yMo»  2  Y+1 


—  +  -I=L  Mi  (1  +  —2^  E  )] 

m  1EH 


Y-l 


(N.4.16) 


N.4-3 


N.4.3 


Simplifying  Assumptions 


Next,  we  may  anoly  second  order  theory  to  (N.'I.O),  anJ  thus  we  obtain 


Cp,2nd  order 


.  1  -  Ivl2  -  L_iL_  *  M&  (JL-UV12 


It  I  2 


t  2 


t|  2 


(N.4.17?) 


where  aU  is  the  x-component  of  aV. 

Applying  equation  (N.4.5-6).  we  then  obtain 

cp,2„d  .  i  -  wi  .  ml  .  mil  .  ni  . 
I'M2  TM  | '‘-I  2 


TCP 


(N.4.i7b) 


Note  from  equation  (N.4.5)  that  aE  is  the  sum  of  a  first  order  and  a  second 
order  quantity.  Thus  if  2al  is  user-specified,  it  is  no  longer  clear  how  to 
evaluate  a  second  order  expression  for  the  pressure  coefficient.  One  poss<ble 
solution  may  be  to  use  the  user-specified  value  of  2aE  only  for  the 
computation  of  the  isentropic  pressure  coefficient  formula.  We  will  not 
address  this  problem  at  the  present  time;  rather,  we  will  assume  that  (N.4.6) 
holds. 


Now,  to  obtain  a  second  order  expression  for  Cp  c,  we  first  note 
that  by  (N.4.1) 


Ivl  2  -  Itl  2  + 

Thus  |v)  2  . 

iti 2  -  irvi*  - 

2v  .  AV  +  2v  •  t 

+  2  aV  . 

(N.4.18) 

|V|  2  * 

Itl  2 

_2u_  +  2aE 

It| 

+  second  order  terms 

(N.4.19) 

Substituting 

into  (N.4.14)  we  see 

that  at  the  critical 

speed 

1  +  2u  + 

2  aE  «  y-1  + 

2  +  Y-1 

(2aE  ) 

Itl 

|t|  2  v+l 

+ 

(y+1)M2  V1 

second  order  terms 

Itl2 

(N.4.20) 
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■  2  .  (1  +  2aE  )  +  _ ? _ 

(t+1)  |£|2  (y+1)M& 


+  2nd  order  terms 


(N.4.21) 


u2  x  1  ( i  +  2a£ 

ol 2  (y+1)2  I\uM 


J-  )2 


(N.4.22) 


at  the  critical  speed,  to  second  order. 

Substituting  (N.4.14)  and  (N.4.22)  ^nto  (N.4.17) 

Cp,C,2nd  order  “  - - -  •  2(y  +  *  (1  +  ^  2  "  (2y+i)) 

(,*1)2  [Cf2  «2 

(N.4.23) 

Further  simplifying  assumptions  may  be  applied  to  (N.4.17).  The  "reduced 
second  order"  or  small  Mach  number  assumption  yields 


CP  -  1  - 


lt| ! 

We  note  from  (N.4.18)  that 


(N.4.24) 


1  -  Eli 2  -  M  -  ;2u_  .  2'v-  AV  +  |y|2 

IM  2  l^»|  l^»l  2  (N.4.25) 

and  thus  the  slender  body  assumption,  applied  to  (N.4.17b),  yields 

Cp  -  -2u  _  2(vav  *  waw)+  y2  +  w2 

I'M  l^»|2  (N.4.26) 

where  we  again  make  use  of  (N.4.5-6),  and  Av  and  Aw  are  y  and  z-components 
of  AV. 

Finally,  the  linear  assumption  yields 


-2u 


(N.4.27) 
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Velocity  Corrections 


In  the  presence  of  an  onset  flow.  (N.3.6)  becomes 


_1__ 

wx  -  [l  ♦  (id)M?  (1  -  ill!!  ♦  24i_  )]  Y  1  v- 

2  !&|2  1  VU|  2  (N.4.28) 

and  is  used  to  solve  for  V'x  to  obtain  the  first  velocity  correction.  Also, 
(N.3.8)  becomes 

.  £_  «  1  +  -  (1  -  V I  )  +  higher  terms 

».  2  ICfr  ftp  (K.4  29) 

Applying  (N.4.19), 


■P-  ■  1  -  •  u  +  higher  terms 

‘fco  TH  (N.4.30) 

and  thus  (N.3.7)  still  holds.  Thus  equations  (N.3.9)  and  (N.3.11),  which 
define  the  second  velocity  correction,  remain  valid  in  the  presence  of  an 
Incremental  onset  flow. 

This  concludes  our  discussion  of  the  computation  of  pressure  coefficients 
in  the  presence  of  an  onset  flow. 

It  should  always  be  remembered,  however,  that  the  presence  of  an  onset 
flow  violates  the  basic  assumptions  from  which  the  Prandtl-Glauert  equation 
was  derived.  In  addition,  the  inability  of  the  user  to  specify  2-aE  means 
that  even  if  the  potential  flow  solution  represents  the  true  flow  well,  the 
effect  of  the  onset  flow  on  the  pressure  may  be  Incorrectly  calculated. 


N. 5  Associated  Data 


The  FAN  AIR  program  user  has  a  large  number  of  options  available  to 
instruct  the  program  in  calculating  flow  properties  at  a  point  on  the 
configuration  surface.  We  discuss  ter  the  ef'oct  that  certain  of  these 
options  have.  Some  options,  su„..  as  choosing  a  value  for  y  other  than  7/5, 
are  implemented  in  such  an  obvious  manner  that  they  require  no  discussion. 

Some  options,  such  as  the  cnoice  of  velocity  corrections,  have  already  been 
discussed  in  detai 1 . 

One  user  option  is  a  reference  speed  Ur  for  pressure  calculations.  This 
speeo  is  then  used  in  place  of  |"So|  whenever  that  quantity  occurs  in  pressure 
computation  formulas.  This  speed  must  be  specified  in  tie  rare  case  that 
|\u|  is  zero,  that  is,  when  there  is  no  freestream.  Otherwise  the 
appearance  of  |4|  in  the  denominator  of  various  expressions  will  cause  the 
program  to  terminate.  The  value  the  user  chooses  for  l'r  depends  very 
heavily  on  the  physics  of  the  problem,  and  will  not  ue  discussed  in  this 
document. 

Another  user  option  is  the  "computation  option  for  pressures."  The  user 
may  choose  to  compute  pressure  using  the  uniform  onset  flow  IL  ,  in  whic1 
case,  the  formulas  of  the  previous  sections  are  applied  with  4,  substitut.d 
for  .  Second,  he  may  choose  to  cgjnpute  pressures  using  the 
compressibility  vector,  in  which  case  is  replaced  by  'Jr  c0  where  Ur 
i ;  the  reference  speed  for  pressure  calculation  defined  above.  In  both  of 
f  lece  rases,  the  incremental  or.,et  flow  is  assumed  to  be  zero,  that  is,  the 
vector  is  set  to  zero  for  all  the  equations  in  rection  N.4.  Finally,  if 
the  user  requests  that  the  rocai  onset  flow  be  used  to  calculate  pressures, 
then  t,  is  replaced  by  IL  and  a V  is  included  in  all  equations  in  section  N.4. 
Nc  guidelines  are  given  to  the  user  on  the  appropriate  option  to  use,  since 
under  practica’ly  all  circumstances,  the  uniform  onset  flow  option,  which  is 
the  default,  is  appropriate. 

Next,  the  userjnay  request  the  computationjof  the  angle  between  the 
surface  vorticity  "y  and  the  velocity  V,  where  “  is  defined  by 

y  «  n  x  Vu  (N.5.1) 

(see  section  5.6  following  equation  (5.6.11)).  The  program  also  prints  the 
components  of  &  in  reference  coordinates. 
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0.0  Forces  and  Moments 


In  this  appendix  we  describe  the  computation  of  forces  and  moments  in  the 
PAN  AIR  system.  In  section  0.1  we  comment  briefly  on  the  defining  equations. 
In  section  0.2  we  describe  the  method  by  which  PAN  AIR  performs  the  required 
integration.  In  section  0.3,  we  discuss  edge  forces,  which  must  be  calculated 
separately  because  the  true  potential  flow  solution  for  velocity  at  a  subsonic 
edge  of  a  thin  configuration  is  infinite,  while  that  calculated  by  a  panel 
method  is  finite.  In  section  0.4  we  compute  the  properties  of  force  and 
moment  vectors  under  a  coordinate  transformation. 


V 


w 


i 
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0.1  8asic  Formulas 


A  force  is  defined  as  a  time  rate  of  change  of  momentum.  Ward 
(reference  1.5,  equation  4.6.3)  shows  that  for  potential  flow,  equation 
(5.9.9)  holds.  PAN  AIR  actually  computes  a  coefficient  of  force  defined 
analagously  to  the  pressure  coefficient  (cf.,  (N.2.2)): 


cp  -  ~  -A-  //  [  v(pv‘^)  +  Cp  njdS 

Sr  1/2  (J,  1 14.12  (0.1.1) 

where  Sr  is  a  user-specified  "reference  area"  available  for  normalization  of 
the  force  coefficient. 

Applying  the  relation  (N.3.3)  between  velocity  and  mass  flux,  we  have,  for 
either  the  upper  or  lower  surface  of  a  network, 


cp  «  -J_  Jj"  [  +  Cp  n]d$ 

Sr  |£|2  (0.1.2) 

We  note  that  the  first  term,  called  the  "momentum  transfer"  term,  is  zero 
for  Impermeable  surfaces.  This  term  makes  a  contribution  to  the  force  on  the 
surface,  however,  when  the  normal  mass  flux  is  non-zero.  Note  that  the  net 
force  on  a  network  of  panels  is  the  difference  between  upper  and  lower  surface 
forces.  Thus  the  net  force  on  a  fully  permeable  nacelle  face  Is  2ero,  though 
both  the  upper  and  lower  surface  forces  are  non-zero.  The  momentum  transfer 
term  is  only  computed  In  Pan  Air  when  requested  by  the  user. 

The  coefficient  of  moment  cm  Is  similarly  derived  from  (5.9.10)  and  Is 
defined  by 

cm  -  '-I-  //  [  C  t  -  R0>  x  V  (4^->+  Cp  {Q  -  R0}  x  n]dS 

LR  jVUj2  (0.1.3) 

Here  Lr  is  a  user-specified  reference  length,  Q  is  a  point  of  integration 
and  R0  is  the  point  about  which  the  moment  Is  calculated.  Once  again  the 
first  term  is  the  momentum  transfer  term.  If  the  surface  is  impermeable,  this 
term  makes  no  contribution  to  the  angular  force  exerted  by  the  fluid  on  the 
body. 
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0.2  Integration  Procedure 


Th;  integrand  in  (0.1.2)  may  be  evaluated  from  the  velocity  (see  Appendix 
N).  The  velocity,  in  turn,  may  be  computed  at  any  point  on  the  configuration 
by  the  splining  methods  (see  section  N.l).  In  fact,  a  velocity  distribution 
may  be  computed  on  each  subpanel,  and  it  is  theoretically  possible  to 
integrate  this  distribution  exactly  over  the  entire  configuration  to  obtain 
the  resulting  force  distribution.  In  fact,  the  integrals  are  precomputed  (in 
the  OQG  module)  for  an  arbitrary  piecewise  quadratic  pressure  distribution,  so 
that  the  integral  over  a  panel  may  be  obtained  by  the  CDP  module  during 
post-processing  by  matrix  multiplications. 

This  procedure  makes  use  of  the  far  field  moments  already  required  for  far 
field  influence  coefficient  calculation.  Recall  from  section  I. 4. 1.3  the  row 
vector  FFM  and  the  matrix  FFM  defined  by 


SB2 

SS  w  dS  -  ^FFMOj  fin 

K 

e  0  : 

lug  J 

(0.2.1) 

SB2 

//  u  n  dS  -  [FFM°]3x9  fill 

K 

E  1 

l  wg  J 

(0.2.2) 

But  now,  if  we  assume  that  the  pressure  varies  in  a  piecewise  quadratic 
manner  (as  p  does)  on  each  panel  we  may  apply  (0.2.2).  This  is  actually  a 
fairly  reasonable  assumption.  Since  we  approximate  the  doublet  strength  by  a 
quadratic  function  and  the  source  strength  by  a  linear  function,  (N.l. lib) 
shows  that  the  velocity  is  of  linear  accuracy.  Thus  by  (N.2.43)  and 
(N. 2. 51-53),  the  second  order,  reduced  second  order,  slender  body,  and  linear 
pressure  coefficient  formulas  can  be  adequately  represented  by  quadratically 
varying  fuctions.  Further,  the  small  perturbation  assumptions  on  which  the 
Prandtl-Glauert  equation  is  based  Insure  that  differences  between  the 
isentropic  and  the  second  order  formula  should  be  negligeabie  anyway. 

So,  we  may  compute  the  pressure  coefficient  Cp(q  at  the  nine  panel 
defining  points,  and  obtain 


-t»l  ■  SS  Cp  n  dS  -  [FFMO]  Cp 

K  E  1  (0.2.3) 

where  Cp  is  the  vector  of  length  9  whose  qth  entry  is  Cp^q. 

Similarly,  since  the  velocity  on  a  panel  is  of  linear  accuracy,  "V  (W-n) 
also  may  be  described  by  a  piecewise  cuadratlc,  and  so,  writing  {VqJj  for 
the  1th  entry  of  the  3x1  column  vector  giving  the  velocity  at  the  qth 
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panel  defining  point,  the  first  term  in  (0.1.2)  may  be  computed  by. 


_L»L  ff  {V)i  (2W.n)dS 
*  £ 
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lffm0j 


^l) i  •  (W *n)i 


{V9>i  .  ( W •  n ) 9 


«  2[VWN]1i.  lFFM9 
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(0.2.4) 


where  VWN  is  the  3x9  matrix  whose  i,q  entry  is  the  ith  component  of  Vq 
times  the  normal  mass  flux  at  the  qth  defining  ooint. 

Thus,  equation  (0.1.2)  becomes 


Sr  { CF}  i 


SB* 
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2  £ 
all  panels  q 


i  ( I&I 


[VWN]iq  [FFM% 
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'P.d 


(0.2.5) 


Next  we  consider  the  calculation  of  the  moment  coefficient.  Assume  that 
we  have  computed  the  3x9  matrix  NCPM^  ("normal  cross-product  moment") 
defined  by 


Jf(Q  -  Pg)  u  dS 
E 


[NCPMi]  tr 


(0.2.6) 


where  Pg  is  the  panel  center. 

This  matrix  is  precomputed  in  the  same  manner  as  the  remaining  far  field 
moments.  Similarly,  le  .  us  define  a  3x9  matrix  [NCPM2]  by 


tfu  (Q  -  Pg)  x  n  dS  -  [NCPM2j  v  (0.2.7) 

E 

The  computation  of  NCMPi  and  NCMP2  is  described  shortly.  We  may  then 
compute  (0.1.3)  using  the  above  two  matrices. 

First,  we  easily  see  that  tf  [CP  (Q  -  R0)  x  n]  dS  - 

E 

SS  cp  (Q  -  Pg)  x  n  dS  +  (Pg  - 10)  x  J/Cp  n  dS  (0.2.8) 

E  E 

=  [NCPM2]tp  ♦  (Pg-R0)x  [FFM?]  (fp 

SB2  (0.2.9) 
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Next  we  recall  from  appendix  E  the  permutation  synbol 


«Mjk:  1  1  *  J.*  <  3 

«  1  if  i,j,k  are  distinct  and  cyclic 
cij|<  «  -1  if  i,j,k  are  distinct  and  in  reverse  cyclic  order 

■  0  otherwise  (0.2.10) 

which  has  the  property  that  for  vectors  v  and  w, 

(vxw)k  -  E  cijk  Vi  Wj 

i  J  (0.2.11) 

Thus  JJ*  [  (Q  -  R0)  x  V  (C  n)  ]  dS  > 

1 J  ^  1  *1jk  dS  + 

c  fp“g  -  R"0)  x  JJ\T  (w“.n)  dS]  k  (0.2.12) 

Then  //  [  ( Q  -  "r0  )  x  V-  (W-n)  ]k  dS  - 

1,i(q  [NCPM2]1q  [VWN!jq  Mjk 

+  1  (*9  -  Mi  -JL_  C VWN ] j q  uFFMqj  q  eijk 

ij.q  SB?  (0.2.13) 

Combining  (0.1.3),  (0.2.9),  and  (0.2.13), 


Lr  5,  -  l  -[NCMP2]  Cp  -  (°g  -  R0)  x  Jl_  [FFM?  ]  C*p 

panels  I  ss2  ' 

-  - 2_  l  ( [NCMPj]  q  +  -JS —  (‘Pq  -  T0)  lFFmS  1  x  [VWN],  q 

Itl  2  ^  I  S32  q  J 

(0.2.14) 
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This  completes  our  discussion  of  the  integration  of  (0.1.3),  except  for 
the  computation  of  [ NCPM. 1 .  We  use  the  notation  of  section  1.4.  We  see 

’  C 

that  [NCPM, ]  is  constructed  very  similarly  to  [FFM?].  The  only 
differences  are  the  replacement  of  Q  by  Q  -  Pg  and  the  substitution  of  u  for 
o.  Thus  (cf.  (1.4.42)) 

8 

[iJCPMi]  -  £  [SPNCPMi  i] 

1-1  (0.2.15) 

where  [SPNCPM,  .]  - 

A  9  » 

(A | ]-l  [kD,  1 1  +  (cl 
SB2  l 

Next,  we  have 

8 

[NCPM?]  .  £  FSPNCPM?  i] 

1-1  *  (0.2.17) 

where  [SPNCPM? j ], tq  - 
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[SPNCPMi, 0.,q  x  "1 


(0.2.18) 


0.3  Leading  and  Side  Edge  Force 


0.3.1  Thin  Airfoil  Theory 

Consider  a  flat  plate  at  an  angle  of  attack,  as  illustrated  in  figure 
0.1.  It  is  known  that  such  a  configuration  experiences  zero  drag  in  subsonic 
two-dimensional  potential  flow,  where  drag  is  the  component  of  force  in  the 
freestream  or  x-direction.  Yet  the  surface  normal  has  an  x-component  and  the 
surface  is  impermeable,  and  thus  eauatlon  (0.1.1)  indicates  non-zero  drag. 

The  resolution  of  this  contradiction  is  found  in  the  existence  of  a 
leading  edge  force  resulting  from  an  infinite  leading  tdye  velocity  (see 
Ashley  and  Landahl,  Ref.  0.1,  section  5.3,  or,  for  more  detail,  Sears,  Ref. 
0.2,  section  D),  This  leading  edge  force  exactly  cancels  out  the  drag 
computed  by  integrating  the  pressure  over  the  configuration  surface.  Since 
the  surface  is  impermeable,  the  momentum  transfer  term  gives  no  contribution 
to  the  force  on  the  surface. 

In  linearized  thin  airfoil  theory  (see  Section  D  of  Sears)  it  may  be  shown 
that  the  x-component  u  of  the  perturbation  velocity  behaves  according  to 


(0.3.1) 


where  the  leading  edge  of  the  airfoil  is  at  the  origin  and  5  is  a  constant. 
Further,  the  resulting  leading  edge  force  is  in  the  freestream  or  x-direction, 
with 


R  • CR  (0.3.2) 

where  Cr  is  a  reference  chord  length.  Recall  that  b^  -  | 1  -  ^  |  . 

0.3.2  Linearized  Three-Dimensional  Theory 


These  results  are  extended  by  Sears  to  the  linearized  theory  of  a  thin 
three-dimensional  wing  by  the  assumption  that  the  leading  edge  force  per  unit 
length  at  a  point  on  the  leading  edge  depends  only  on  the  velocity  there.  The 
result  Sears  obtains  may  be  described  by  referring  to  the  wing  swept  at  an 
angle  A  illustrated  in  figure  0.2. 


First,  the  leading  edge  force  Is  zero  if  the  edge  Is  supersonic,  that  is, 
if  It  Is  swept  ahead  of  the  Mach  cone.  Otherwise,  let  Bn  he  the  value  of  s 
for  the  component  of  %,  in  the  x  -direction.  That  is 


Bn  >  1  -  Mbo  ^  cos2  A 


(0.3.3) 


where  the  fact  that  the  edge  is  not  supersonic 


Insures 


that  b„ 


2 


0. 
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Then  Sears  find  that  the  force  cp  is  in  the  xn-direct1on  (see  figure  0.2) 
with 


J_  |cf|  -  -ii_  is. ! 

dyn  Bn  Sr  (0.3.4) 

where  Sr  is  the  reference  area  and  Gn  is  a  constant  which  describes  the 
limiting  behavior  of  the  velocity  in  the  vicinity  of  the  leading  edge. 
Writing  vn  for  the  component  of  the  perturbation  velocity  in  the 
xn-direction,  Sears  finds  that  near  the  leading  edge 


vn 

per 


(0.3.5) 


where  xn  is  the  distance  along  the  xn-axis  from  the  leading  edge. 
Thus 


Gn 


-1/2 

iD —  11m  vn  (xn) 

I'Ll  xn^o 


and 
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CF 


-i_L84 _  f 

Sr  |  Vt»  |  2  span 


lira  (vn2  xn)  dyn 
xn-0 


(0.3.7) 


Sears  does  not  actually  assume  that  the  leading  edge  of  the  wing  is 
straight.  anW  '0.3.4)  and  (0.3.6)  may  be  generalized  to  a  curved  leading 
edge,  In^whlch  case  A  and  thus  sn  now  become  functions  of  y.  So, 
letting  en  be  a  unit  vector  normal  to  the  leading  edge,  and  lying  in  the 
(x,y)  plane 


Gn  -  _IlL  11m  (v(P)-en)  ((P  -  P0)-en)1/2 

Kl  P^Po 

where  PQ  1*  a  point  on  the  leading  edge,  and  so 
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0.3.3  Application  in  PAN  AIR 


Equation  (0.3.9)  is  implemented  in  PAN  AIR  at  user  request  even  where  its 
theoretical  validity  is  dubious,  such  as  for  highly  cambered  wings  or  wings  at 
a  high  angle  of  attack.  In  fact,  the  PAN  AIR  user  may  request  the  comoutation 
of  edge  forces  for  any  network  edge  in  the  configuration.  Unless  it  is  the 
leading  or  side  edge  of  a  th<n  configuration  such  as  a  mean  surface  of  a  wing, 
however,  the  limit  in  (0.3.8;  will  be  zero  and  no  edge  force  will  result. 

The  principal  problem  resulting  from  attempting  to  apply  (0.3.9)  to  a 
network  of  panels  is  the  question  of  generalizing  en.  In  linearized  theory, 
it  is  assumed  that  the  flow  direction  lies  in  the  plane  of  wing,  and  thus  en 
is  clearly  thu  normal  vector  to  the  leading  edge  lying  in  the  plane  of  wing. 
The  direction  vector  ep  chosen  fojp  the  edge  force  should  clearly  lie  in  the 
plane  normal  to  the  edge  tangent  t.  On  the  other  hand,  it  should  lie  as 
nearly  parallel  to  uL  (the  uniform  onset  flow)  as  possible,  subject  to  the 

previous  constraint. 

The  resulting  vector  Is  that  vector  which  lies  perpendicular  to  the  edge, 
while  still  in  the  plane  spanned  by  H,  and  n  x  tto. 

Thus 


ep  »  a  U<a  +  b(n  x  U») 

(0.3.10) 

where  ep  .  t  «  0 

or  aUoo't+b(nxU»).t  *  0 

(0.3.11) 

Further,  ep  Is  a  nit  vector,  and  so 

a2  \\L\  2  ♦  b2  |n  x  L|  2  -  1 

(0.3.12) 

Solving  (0.3.11)  for  b  and  substituting  in  (0.3.12)  yields 


a  „  _ t  |  t  »(n  x  Uoo)  | _ 

[juL|  2  (n  x  IL  )  •  t  +  |n  x  U»|  2  jy..  t|]WZ  (0.3.13) 

where  the  minus  sign  is  chosen  to  give  the  correct  solution  in  linearized 
theory. 

Then  solving  for  b  yields 


0.3-3 


b  =  . .  Poo'  » . . . . . . . 

[|U»  j  2|(n  x  Uo  )  •  t  |  2  +  |n  x  U«o|  2  lu®  •  t  i  2]1/2  (0.3.14) 

Thus 

eF  -  - . . _J _ 

fTTli  X  (Ll  2  ICU  ■  tf2~  W 
’  llU  2  I  (ft  X  Uoo  )  •  t|2 

♦  . „,1  _  n  x  ft, 

T»  iLn'x  LU  J  -  j_£_~ 

!  lt»‘  t.|  2  (0.3.15) 

So,  for  any  edge,  specified  by  the  user,  the  edge  force  Is  computed  by  PAN 
AIR  as  (cf.  (0.3.9)) 


Cf 


_  Z  cp(l  -  Mgg  2  cos2  A )  1  im  (v“(P)-en)2(  "p  -  P0) 1  ep)  L 

Sr  (CL  J  2  panel  P-^P0 

edges 


(0.3.16) 


where  L  is  the  length  of  the  panel  edge. 

Finally,  in  order  to  compute  the  limit  in  (0.3.16),  at  a  panel  edge,  PAN 
AIR  computes  the  required  expression  at  a  sequence  of  control  points  in  the 
column  or  row  of  control  points  perpendicular  to  the  panel  edge.  The  limiting 
value  is  then  computed  by  a  standard  numerical  method  known  as  Lagrange's 
formula.  It  has  been  found  experimental ly  that  a  small  number  of  control 
points  (such  as  three)  is  sufficient;  that  is,  the  limiting  value  does  not 
change  when  more  control  points  are  chosen. 
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0.4  Coordinate  Transformations 


* 

i 
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In  this  section  we  examine  the  behavior 
an  orthogonal  transformation  of  coordinates 


of  force  and  moment 


rectors  under 


(0.4.1) 


This  is  necessary  because  the  program  permits  force  and  moment  computation 
in  a  multiplicity  of  axis  systems.  These  axis  systems  are  defined  in  section 
8.2.1  of  the  User's  Manual. 


We  know  from  appendix  E  that  velocity  and  normal  vectors  are  dual  vectors 
w  transforming  according  to 

w  =  rTw'  (0.4.2) 


But  since  we  assume  T  is  orthogonal,  its  inverse  is  its  transpose,  and  so 
w'  =.  T*  (0.4.3) 


Further,  if  w  is  a  vector  rather  than  a  dual  vector,  it  also  obeys  (0.4.3), 
according  to  appendix  E,  because  det  T  =1.  In  fact,  because  T  is 
orthogonal,  vectors  and  dual  vectors  behave  identically  all  cases,  and  so  we 
make  no  further  distinction  between  them. 

Applying  (0.4.3)  in  (0.1.1)  we  obtain 

t'F  =  Tcp  (0.4.4) 

since 

(D  r  VJ.  n  pKT  rT  r  n  =  0  V-n  (0.4.5) 

and  T  ,  being  a  matrix  of  constants,  may  be  taken  out  of  the  integral 

(0.1.1). 

Next,  we  consider  the  transformation  of^the  moment  coefficient.  Let  us 
assume  we  have  computed  the  moment  vector  cm  about  the  origin  in  reference 
coordinates.  That  is. 


Cm 


-  Si  rq  X  v( 

LRSR 


-*■  A 

2W*  n 

TCT7 


+  Cp  o’  x  n]dS 


(0.4.6) 


We  now  wish  to  compute  the  moment  coefficient  Cm  in  the  primed  coordinate 
system  about  appoint  R0,  That  is,  C'm  is  defined  by  (0.1.3)  with  Q, 
ft0,  V,  it,  and  n  replaced  by  primed  cc  'nterparts. 
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CM  =  -  _L_.  [{TO-  TR'oJx  r^(2j.?r_n_)  +  cD  {fQ  -  fR0}  x  Tn]dS 


But  for  vectors  vq  and  #2,  we  have  (cf.  (£.1.12-13)) 
Twj  x  Tw2  =  Hwj  x  wp} 


(0.4.7) 


(0.4.8) 


Cj  -  -  JL.  tr(QxV}(2W^)  +  CprCQxS}ldS 

LrSr 

+  JL.  [  r{R“o  *  VX  -  )  +  cp  r(ff0  x  n}]d3 

LrSr  I H  2  (0.4.9) 

Noting  that  both  T  and  R0  may  be  removed  from  the  Integral, 

cj  -  tcm  +  _L  r{R0  xJKv(2|ip_ j  +  cp  fi]ds 

LRSR  I'M  1  (0.4.10) 

So,  substituting  (0.1.2)  In  (0.4.10), 


Cm  »  T  Cm  -  J—  r(R0  x  cp} 


(0.4.11) 


Thus  moment  vectors  transform  like  force  vectors,  except  with  an  extra 
term  which  results  from  a  shift  In  the  point  about  which  the  moment  Is 
calculated. 

An  addition  minor  complication  is  cause  by  the  use  of  separate  scaling 
factors  for  different  components  of  the  moment  coefficient  vector.  The  effect 
of  separate  scaling  factors  on  (0.4.11)  can  easily  be  computed  and  is  given  by 
the  code  in  SUBROUTINE  TRNSFM  of  the  CDP  module. 
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Figure  0.1  -  Effect  of  leading  edge  ,'orce 
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Figure  0.2  -  Vectors  associated  with  leading  edge  force 


